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NEW INEQUALITIES OF OSTROWSKI AND GRUSS TYPE
FOR TRIPLE INTEGRALS

B. G. PACHPATTE

Abstract. In the present paper we establish new inequalities of Ostrowski and
Griiss type for triple integrals involving three functions and their partial derivatives.
The discrete Ostrowski and Griiss type inequalities for triple sums are also given.

1. Introduction

In a well known paper of 1938, A.Ostrowski [6] proved the following inequality (see
also [5, p.469)):

b
‘f(z)ﬁ/ (0 dt] <

for all € [a,b], where f : [a,b] C R — R is continuous on [a,b] and differentiable on
(a,b), whose derivative f': (a,b) — R is bounded on (a,b), i.e. |[f'|, = sup |f' (t)] <
t€(a,b)

00.
In a celebrated paper of 1935, G Griiss [3] proved the following inequality (see also

[4, p.296)):
e dx( e )( a/abg(:wdx)‘

< 1@ 7). (12)

(v — %)

47 (h-a)

1 (b—a)[[f'll » (1.1)

provided that f and g are two integrable functions on [a, b] such that

< f(z) <P,y<g(x) <T,

for all « € [a,b], where ®, ¢, T,y are real constants.
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In the past few years, an enormous amount of attention has been given to the above
inequalities and numerious generalizations, extensions and variants have appeared in the
literature, see [1, 2, 4, 5, 7, 8, 9, 10, 11, 12] and the references cited therein. The main
purpose of this paper is to establish new inequalities for triple integrals, similar to those
in (1.1) and (1.2) involving three functions and their partial derivatives. The discrete
inequalities of Ostrowski and Griiss type for triple sums are also given. The analysis
used in the proofs is elementary and our results provide new estimates on inequalities of
this type.

2. Statement of results

In what follows R denotes the set of real numbers, let [a;, b;] (a; < b;) for i =1,2,3

are the given subsets of R and H = [] [as, b;]. The partial derivatives of a function e =
i=1

e(x,y,z) : H— R are denoted by Dije = 86 e, Doe = 88 e, Dse = ge D1Dse = %Z,ye,
DyDse = 3y 6Ze D3Die = 57— 6 eand D3DsyDie = azayaxe We denote by F/(H) the class
of continuous functions e : H — R for which Die, Dsoe, Dse, Dy Dse, DyDse, D3Dqe,
DsDsDe exist and are continuous on H. Let N denote the set of natural numbers,
A={12,...,a+1},B={1,2,...,b+1}, C ={1,2,...,¢+ 1}, for a,b,c € N and
E = A x B x C. For a function e = e(k,m,n) : E — R we define the difference
operators by Aje = e(k+1,m,n) —e(k,m,n), Ase = e(k,m+1,n) —e(k,m,n),
Ase = e(k,m,n+1) —e(k,m,n), A1Agse = A1 (Age), AsAse = Ay (Asze), AsAje =
As (Are),AsAsAje = As(AsAje). We denote by G(E) the class of functions e =
(& (k:,m,n) : EF — R for which Ale, Age, Age, AlAge, A2A36, A3A16, A3A2A16 exist
on E. We assume that e(k,m,n) = 0 for (k,m,n) ¢ E and also use the usual convention
that, the empty sum is taken to be zero.

First we give the following notations used to simplify the details of presentation.

Fori=1,2,3;a;,b; € R, (x,y,2),(r,s,t) € H and some suitable functions p, f, g, h
H — R, we set

A= (b —ay) x (ba — az) x (b3 —as),

I[p]= / / / D3sDsD1p (u, v, w) dwdvdu,

b1
J[p] = (b2 - a2) (b3 - a3)/ p(r,y,z) dr

ai

b2
+(by —a1) (bg — ag)/ p(z,s,2)ds

az

b3
+ (by —aq) (by — ag)/ p(z,y,t)dt,

as
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by bo
Lip] = (b3 — a3)/ / p(r,s,2)dsdr
' by ’ b3
+ (b2 - a2)/ / p (’I“, Y, t) dtdr
by s
+ (b1 — a1)/ / p(z,s,t)dtds,
A(fog9, 0, L A) (2,y,2) = f(2,y,2) g (x,y,2) h(z,y, 2
1 b1 b2 b3
g(x,y,2)h(z,y,2 { / / f(r, s t) dtdsdr}

3A
by pby by
+M%%@f@%@{JM—LM+/Q/)/1gm&ﬂﬁﬁw}
b pbs  pbs
+f(z,y,2) 9 (2,y,2) {J [h] — L [h] +/ / | h(r, s, t) dtdsdr}} ,

by b bs
B(fagahaj)(xvya )*g z, Y,z :L'ya / / / dtdeT'

by b2 b3
thie ) ) [ [ [ 1lg)dedsar
b be b
+f (:E,y,z)g(:c,y,z)/ / / I[h] dtdeT,
a1 Jax Jas

T(f,g,h;J, L A

b1 bo
= A/ / f x,y,2)g (x,y,2) h(x,y, 2) dzdydz
ay az as

b1 ba b3
i / / @ h @) U1 L1)

+h(z,y, 2 )f(w Y, 2 )(J[g]—L[Q])
+f (z,9,2) g (x,y,2) (J [h] — L[h])} dzdydx

by ba b3 1 b1 bo b3
< / / / (x,y,2) h(z,y, 2 )dzdydx) (—/ / f(x,y,z)dzdydat)
ay Jaz Jag ay Jaz Jas
bl b2 bd b1 b2 b3
( / / h(x,y,2) f(x,y,2 dzdydat) ( / / / (x,y,2 dzdydx)
ay Jaz Jag ay Jaz Jas
bl b2 bd b1 b2 b3
( / / flx,y,2)g(x,y, 2 dzdydx) ( / / / (x,y,2 dzdydx)} .
ay Jaz Jasg a1 Jaz Jas
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For a,b,c € N and some suitable functions p, f,g,h : E — R, we set

[l = abc

k—1m—1n—1

= Z Z Z A3A2A1p (U/a v, w) )

u=r v=s w=t

a b c
a b a ¢ b ¢
_[p]:cZZp(r,s,n)—l—bZZp(r,m,t)+aZZp(k,s,t),

r=1s=1 r=1t=1 s=1t=1

1

=1 s=

P (f.g,h;J,L;1) (k,m,n) = f (k,m,n) g (k,m,n)h(k,m
b c
>3]
a b
+h(k,m,n)f(k,m,n){J[g] L[g]+zzzg(ns,t)}

c

a
=1 s=1 t=

a b c

50
—l—f(k:,m,n)g(k,m,n){j[h] —E[h]—l—ZZZh(r,s,t)}} :

1
=1s=1t=1

Q(f,9,h; 1) (k,m,n)
a b c

:g(kamvn)h(kaman)z

r=1s=1
a b

+h (k,m,n) f kngZi
r=1s=1t=
a b

'\« |

=1

~

+f(k,m,n)g kmnzzz

M(f,g,h; J,L;l) = ZZkazmn (k,m,n)h(k,m,n)

klmlnl

a b c
,%ZZ Z{g(k,m,n)h(k,m,n) (j[f]*f’[f])

k=1m=1n=1

a b c c
—% l(%ZZZg(kz,m,n)h(l@mn) % Zka:mn)

k=1m=1n=1
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a b c a b ¢
+ <%ZZ Zh(kz,m,n)f(k:,m,n)) (%ZZ Zg(kz,m,n))

k=1m=1n=1 k=1m=1n=1
a b c a b c
+ <%Z Z Zf(k,m,n)g(k,m,n)) (%Z Z Zh(kz,m,n))] .
k=1 m=1n=1 k=1 m=1n=1

Our main results are given in the following theorems.

Theorem 1. Let f,g,h € F(H). Then

1
|A (fagah; JaL,A) (:c,y,z)| < 3_AB (|f| ) |g| ’ |h| ; |I|) (Zayvz)a (21)
for all (z,y,z) € H.

Remark 1. If we take h(x,y,z) = 1 and hence I[h] = 0 in Theorem 1, then by
elementary calculations we get

by ba bs
L g(x,y,z>{J[f1L[f]+/ / f(r,s,t)dtdsdr}

_‘_f(x’y,z){{][g]—L[g]+/al:1/azz/azgg(r,s,t)dtdsdr}]‘

b1 b2 b3 bl b2 bS
19 (2., ) / / I [f)|dtdsdrt|f (z,y, 2)] / / |I[g1|dtdsdr],<z.2>

‘f(l',y,z)g(l',y,z) - i

1
<
—2A

for all (z,y,z) € H. Further, by taking g(x,y, z) = 1 and hence I[g] = 0 in (2.2) and by
simple calculations we get

f(ac,y,z)—%

1 by ba b3
< A / / |I[f]| dtdsdr, (2.3)
al az as
for all (z,y,2) € H.

by b2 b3
J[f]—L[f]-i-/ / f(r,s,t)dtdsdr]

Theorem 2. Let f,g,h € F(H). Then
1 by ba b3

Tt Lid) < g [ [ [T BAA ol M) g 2) dedyde. (2.0
al a as

Remark 2. In the special case, when h(z,y,z) = 1 and hence I[h] = 0, it is easy
to observe that the inequality obtained in (2.4) reduces to the following Griiss type
inequality

1 by b b3
ay az Jas




122 B. G. PACHPATTE

by b b3
oxz | [ [ He@u G- LD+ £ @) (T1a] - Llg)) dedyde

1 b1 b b3 1 bl b b3
_ _/ // f(z,y, z)dzdydx —/ // g (x,y, z)dzdydx
A ay az Jag A ay a2 Jas
1 bl b b3 bl b2 b3
S oAz / / Ig(w,y,Z)I/ / / |T[f]| dtdsdr
2A2 ai az Jas ai az Jas

b1 bo b3
+|f (:E,y,z)|/ / / |7 (9]l dtdsdr] dzdydz. (2.5)
al a as

For similar results, see [8, 10].

The discrete inequalities of the forms (2.1) and (2.4) are given in the following theo-
rems.

Theorem 3. Let f,g,h € G(E). Then

P (.15 7, L51) (k)| < 55Q (1£1, gl 105 1) ), (26)

for all (k,m,n) € E.

Remark 3. Taking h(k,m,n) = 1 and hence I [h] = 0 in Theorem 3 and by simple
computations , it is easy to see that the inequality (2.6) reduces to

a b c
‘f(k,m,n)g(k,m,n)%l lg(k,m,n){J[f] L[f]+ZZZf(r,s,t>}

. \ . =1s=1t=1
+f(k‘,m,n){j[g] —i[9]+zzzg(ts7t)}

r=1s=1t=1

a b c

<3 l'ff(k’m’")lZZZ\I[fH 1f )| >3

r=1s=1t=1 r=1s=1t=1

C

‘I[QH] : (2.7)

for all (k,m,n) € E. Further, by taking g(k,m,n) = 1 and hence I [g] = 0 in (2.7) and
by simple computation we get

a b ¢
’f(kaman)_%[j[f]_i[f]'i_z f(rvsvt)‘H
S etk 28)

for all (k,m,n) € E. For similar results, see [7, 9].
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Theorem 4. Let f,g,h € G(E). Then

1 a b c B
|M (f,g,h: T, Ls1)] —2 ZZQ<|f|,|g|,|h|;\I\)(k,m,n). (2.9)
1m=1n=1

Remark 4. If we take h(k,m,n) = 1 and hence |I [h]| = 0 in Theorem 4, then by
simple computations we get the following discrete Griiss type inequality

ZZkamn (k,m,n)

=1m=1n=1

LSS S (o tkomn) (T = £ 1) + 7 o) (7o)~ L)

k=1m=1n=1

(EEsem) (gL

k=1m=1n=1

a b c
<o l|gkmn|zzzu ‘+|f(k,m,n)|222‘l_[g]|1. (2.10)

k=1 m=1n=1 k=1m=1n=1

For similar inequalities, see [9, 10, 11].

3. Proofs of Theorems 1 and 2

First, we prove the following identity

I[f]zf(x,y,z)—[f(r,y,z)+f(x,s,z)+f(x,y,t)]
+Uf(rs,2) + f(ry,t)+ flz,s,0)] = f(rs1), (3.1)

for (z,y,2),(r,s,t) € H, where
T py z
= / / / D3sDs D1 f (u, v, w) dwdvdu. (3.2)
T s t
From (3.2) it is easy to observe that
x y z Yy
I[f] :/ / DsD f (u, v, 2) dvdu—/ / Dy Dy f (u,v,t) dvdu
=5 [f] - L2 [f]. (3.3)

By simple computation we have

x oy
Il[f]:/ / DsD1 f (u,v, 2) dvdu
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/leuy, duf/ Dif (u,s,2)d

=fle,y,2) = f(ry,2) = fx,82) + f(r;s2). (3.4)

Similarly we have

L[f]= / / DsD; f (u,v,t) dvodu
= f(z,y,t) = f(r,y,t) — f(z,8,8) + f(r,8,2). (3.5)

Using (3.4) and (3.5) in (3.3) we get (3.1). Similarly, we have the following identities

I[g] :g(:c,y,z)f [g(r,y,z)Jrg(x,s,z)+g(:c,y,t)]
+g(r,s,2)+g(ryt)+g(z,st)]—g(rst), (3.6)

I[h] :h(m,y,z) - [h(r,y,z)+h(:c,s,z)+h(:c,y,t)]
+ [h (Ta S, Z) +h (Tvyat) +h (:L'a 57t)] —h (Ta Sat) ) (37)

for (x,y,2),(r,s,t) € H.
Multiplying both sides of (3.1), (3.6) and (3.7) by g(x, y, z2)h(x,y, 2), h(z,y, 2) f(x,y, 2)
and f(z,y,2)g(x,y, z) respectively and adding the resulting identities we get

3f(z,y,2) g (2,y,2) h(2,y,2)
—g(2,y,2) h (2,9, 2) {[f (ry,2) + [ (z,8,2) + [ (z,9,1)]
—[f(ros,2)+ f(ry, t) + f(z,s,0)] + f(r,s,0)}
—h(z,y,2) f (z,y,2){{g (r,y,2) + g (2,5,2) + g (2,y,1)]
—lg(r;s,2) +g(ry,t) +g (@ s )] +g(rs,t)}
—f(z,y,2) g (2, y,2){[h(r,y,2) + h(z,5,2) + h(z,y,1)]
—[h(r,s,2) + h(r,y,1)
=gz, y,2)h(z,y,2) I[f
+f(@,y,2)g(z,y,2) 1

(x,8,t)] + h(r,s,t)}
(@,y,2) f(2z,y,2) I |g]
hl. (3.8)

+
J+h
[
Integrating both sides of (3.8) with respect to (r, s,t) over H and rewriting we have

A(f, g, b J, L; A) (,y,2) = 5 B (f, 9,0 1) (2,9, 2) - (3.9)

1
3A
From (3.9) and using the properties of modulus we get the desired inequality in (2.1).
The proof of Theorem 1 is complete.

Integrating both sides of (3.9) with respect to (z,y, z) over H and rewriting we have

1 by ba b3
Tt i) = oo [ [ [ By dedyds. @10
al a2 as
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From (3.10) and using the properties of modulus we get the required inequality in (2.4).
The proof of Theorem 2 is complete.

4. Proofs of Theorems 3 and 4

We first prove the following identity

I[f]=f(k,m,n)—[f (r,m,n)+ f(k,s,n) + f (k,m,t)]
+[f(r,s,n) + f(r,m,t) + f (k,s,t)] — f(r,s,1), (4.1)

for (k,m,n),(r,s,t) € E, where

S

-1 1
I [f] = AgAgAlf (U,, v, w) . (42)

t

3

3
|

IS
I
3
<
Il
w
g
Il

From (4.2) we observe that

k—1m—1 [n—1

ZZ Z{Ag 1f (wyv,w+1) — f(u,v,w)}

k—1m—1 k—1m—1
_ZZAQ of (w,v,m) — ZZAQAIfUUt)
:1:1[f]*1:2[f]- (4.3)

By simple computation, we have

k—1m—1

I_l [f] = Z Z A2A1f (U7U7n)

U=T V=S8
k—1 [m—1

= Z Z {Alf(u,v + 1,71) - Alf(uavan)}

U=r V=S8

k—1 k—1
:ZAlf(u,m,n)*Zﬁlf(U;San)

1 -
:Z{f(u+17m7n)_f(uvmvn)}_z:{f(“+1757n)_f(“asan)}’
:f(kaman) ff(r,m,n)ff(k,s,n)Jrf(r,s,n). (44)

Similarly, we have
j2 [f] - f(kamat) - f(r,m,t) - f(kasat) + f(T’,S,t) : (45)
Using (4.4) and (4.5) in (4.3) we get (4.1). Similarly we have the following identities

j[g] :g(k,m,n)f[g(r,m,n)+g(k,s,n)+g(k,m,t)]
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+1g(r,s,n) + g (r,m,t)+g(k,s,t)] —g(r,s,t), (4.6)

I[h] = h(k,m,n) — [h(r,m,n) + h(k,s,n) + h (k,m,t)]
+[h(r,s,n) +h(r,m,t)+h(k,s,t)] —h(rst), (4.7)

for (k,m,n),(r,s,t) € E.
Multiplying both sides of (4.1), (4.6) and (4.7) by g(k, m,n)h(k, m,n), h(k,m,n)f(k,
m,n) and f(k,m,n)g(k,m,n) respectively and adding the resulting identities we have

3f (k,m,n)g(k,m,n)h(k,m,n)

=g (k,m,n) b (k,m,n){[f (r,m,n) + f (k,s,n) + f (k,m,1)]

—[f(rys,n) + f(rymt) + f (ks )] + f (rys, 1)}

—h(k,m,n) f (k,m,n){[g (r,m,n)+ g (k,s,n) + g(k,m,t)]
—lg(ris,n) +g(r,m,t) +g(k, s, t)] +g(r,s,1)}
—f(k,m,n) g (k,m,n){[h(r,m,n)+h(k,s,n)+ h(k,m,t)]

—[h(r,s,n) + h(r,m,t)+ h(k,s,t)] + h(rs,t)}
=g (k,m,n)h(k,m,n) [[f]+h(k,m,n) f (k,m,n)I[g]

+f (k,m,n) g (k,m,n) I[h] (4.8)

Summing both sides of (4.8) first with respect to ¢ from 1 to ¢, then with respect to s
from 1 to b and finally with respect to r from 1 to a and rewriting we have

P(f.9,05 7, 1) (om.m) = 55Q (£.9,:T) (k) (19)

From (4.9) and using the properties of modulus we get the required inequality in (2.6).
The proof of Theorem 3 is complete.

Summing both sides of (4.9) first with respect to n from 1 to ¢, then with respect to
m from 1 to b and finally with respect to k from 1 to a and rewriting we have

M (f,g.h;J, L;l) = ZQZZZQ f,9.h I) (k,m,n). (4.10)

k=1m=1n=1

From (4.10) and using the properties of modulus we get the desired inequality in (2.9).
The proof of Theorem 4 is complete.
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