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APPLICATION OF THE METHOD OF THE TWO-SIDED APPROXIMATIONS
TO THE SOLUTION OF THE PERIODIC PROBLEM FOR IMPULSIVE
DIFFERENTIAL EQUATIONS

P. S. SSIMEONOV AND D. D. BAINOV

Abstract. In the paper the application of the method of the two-sided approxima-
tions to finding the periodic solutions of impulsive differential equations is justified.

1. Introduction

Consider the impulsive T-periadic differential equation

% =f(t,:c), t £ Thy
Az = I (2), t = 7, (1)

wheret € R = (—00,00), k € Z = {0,:&1,:!:2,---}, z = col(z;,...,zn) € D C R"
and R is an n-dimensional vector space with norm ||z|| = maxigi<n |Zil-

Impulsive diflerential equations of the form (1) are an object of active research in
the recent years [1]-[10]. We shall note that the solution z(t) of (1) for ¢ # 7 satisfies
the differential equation dz/dt = f(t,z) and for t = 7 it satisfies the condition for
a jump Az = Ii(z) and z(rt) = z(n) + L(z(n)), 2(7y) = z(n). Here z(1f) =
limyr, 202(1).

To find the T periodic solutions of equation (1) we shall apply the method of the
two-sided approximations [11].

2. Preliminary Notes

Let the functions g(¢, z,y) and Ji(z,y) be such that

g(t,z,z) = f(,z), Je(z,2) = L(z) (t e R, k€ Z,z € D) (2)

Received November 10, 1990.
The present investigation is supported by the Ministry of Culture,
Science and Education of People’s Republic of Bulgaria under Grant 61.

275



276 P. S. SIMEONOV AND D. D. BAINOV

and instead of (1) consider the equation

dz
Et' :_(](t,a.:,l'), t # Tk
Az = Jilz,2), i = T (3)

Assume that the following conditions (H) hold:

Hil. 79 = 0, = < 7ry1(k € Z) and there exists an integer ¢ > 0 such that
Te4q = e + T(k € Z).

H2. The function g : R x D x D — R™ is continuous in the sets (7x—1,7¢] X D x
D (k € Z) and for any z,y € D and k € Z there exists the finite limit of g(,u,v) as
(¢, u,v) — (7%,z,y9),t > 7.

H3. The functions J; : D x D — R*(k = 1,---,q) are continous in D x D.

H4. g(t + T, z,y) = g(t,z,y) and Jr4q(2,y) = Ji(z,y)fort € R, k € Z;z,y €
D.

H5. There exist M, pu, Ly, €. € R™ such that the following inequalities hold

p < g(tz,y)
9(t, z,y)

Ai) ek _<.. JL-(J:, y)

S" S Lka (4)
S;“g(i,u,v), Ji(z,y) < Ji(u,v) (5)

fort € R; k € Z;z,y,u,v € R*,2 < u,v < y, where 2 < u means that z; <
u; (i = 1,7++,n).
i g
H6. D= {z€R":a<z<blandb—a> L(M - p)+2 Y maz(|Le|, |€]) = 2¢
k=1
where |z| = col(|z1],-..,|2zal), maz(z,y) = col(maz(zy,y),...,maz(zn, Yn))-

Remark 1. We shall note that if N is a nonnegative (n x n)-matrix and —N <
9L(t,z) < N then the function g(t,z,y) = 1[f(t,2) + Nz] + 1[f(t,y) — Ny] satisfies
conditions (2) and (5).

If the function h(t,z) is such that

hit,z) — h(t,u) < f(t,z) — f(t,u) < —=h(t,z) + h(t,u)
for x < u, then the function
1 1
g(t’x’y) = E[f(t’x) <4 h(t,.'l:)] i E[f(t)y) - h(t:y)]
also satisfies conditions (2) and (5).

Let g € D = {z € R® : a4+¢ < z < b— ¢} and dcfine successively the
sequences {um(f,z9)} and {vm(t, 20)} of T-periodic functions which in the interval [0,T]
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are given by the formulae:

uO(t; ;L'O) =

'U()(t,:ro) = Zo +

= 3 L | (6)

0<7‘k(t t<Tk<T
a(t) + (1 - —) Z Ly - Z £, (M)
0< k<t t<Tk<T

y t
ums1(t,20) = To+ (1- —)/ g(s,um(s,:co),vm(s,xo))ds

'ﬂ

/ g(s, vm(s, zo), um(s, zo))ds +(1- T Z Ji (um (7, Zo), Vm (Tk, Z0))

0< 7, <t

z Jk(vm(fk)$0) 'Um(TL,-'LO)) (8)

t<1’k<T

t 4
vme1(t, o) = 2o+ (1 - —-)/ 9(s, vm (5, z0), um(s, Z0))ds

i

t T
T/z g(s, um(s, o), vm (S, z9))ds + (1 - —) Z Jk(vm(rk,zo) U (Tk, Z0))

0<Tk <t

Z Jk(um(rk» 1:0)1 (O 1’0))» (9)

t<Tk <T

where a(t) = 2t(1 — %) for t € [0, T].
We shall find sufficient conditions under which the sequences um (2, zo) and v (2, zo)
two-sided and monotonely tend to the T-periodic solution X(¢,zo) of equation (3) for

which %(0,z0) =

Zy.

In the proof of the main results we shall use the following relations which are valid

fort € [0,T]:

—)jds+——/ ds =al) € 30 (10)
(1 - —)/ oo + & [ atsras = S+ TG0 < Ta®), ()
1 - —)i[o,t) P ATy <l -@-DF =@ @)
(1- ——) > aln) + 5 Z a(re) < 8—;{! = 5, (13)
0<Tk<i !<T*<T

q
1——)E7L+—Z7LSZ7L‘, (14)

0< T <t t<1'k<T k=1

. n
where v € R7,
snd 0 = W=

ve > 0, i[t,s) is the number of point {7} lying in the interval [t,s)
T = Thei o
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3. Main Results

Theorem 1. Let conditions (H) and zo € D..
Then:
1) The functions u;(t,z0), vm(t,z0) satisfy the relations:

Um(0,z0) = un(T,20) = vm(0,20) = vm(T,20) = =zo, (15)
uo(t,z0) < wi(t,z0) < ... < un(t, z0), (16)
vo(t,z0) > vi(t,z0) > ... > wm(t,z0), (17)

a < um(t,z0) < vm(t,z0) < b (18)

fort € [0,T}, m = 0,1,2,---.
2) The sequences {um(t,z0)}, {vm(t,z0)} are uniformly convergent in the interval
[0,T] end their limits u(t,zo), v(¢, zo) salisfy the relations:

u(0,z0) = u(T,z9) = v(0,z9) = v(T,z0) = zo, (19)
um(t,z0) < u(t,zo) < v(t,20) < vm(t,20) (L €[0,T], m = 0,1,2,---), (20)
u(t,zo) = zo+ (1 - -:;,—)/0- 9(s, u(s, o), v(s,z0))ds
T
- % g(s,v(s, z0),u(s, zo))ds + (1 — %) Z Ji(u(7e, 20), v(Tr, Z0))
t 0< T <t
_.1‘: Y Ji(v(m, z0), u(ms, 20)), (21)
t<7x<T

v(t,z0) = zo+(1- %)/0 9(s, v(s, zo), u(s,z0))ds

t [T t
— T-/t 9(s,u(s, zo),v(s, zo))ds + (1 — T) E Ji(v(7e, 2o), u(Tk, 20))

0< 7 <t

_% Z Jr(u(7, zo), v(TE, 20)). (22)

1< <T

Proof.

1) The validity of (15) is obvious. From (6), (7), H6 and property (14) it follows
that

a < up(t,zo) < wo(l,zo) < b. (23)

Taking into account (4) and (9), we obtain that

\ . § 7% t t
v(t, zg) < Joea . - 2: * x 2: -
1( Zo) < zo+( T)/o Mds T[ pds+(1 T) L T = vo(t,x)

0< T <t t<m<T
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for t € [0,T)]. Analogously, ug(t, z0) < ui(t, zo) fort € [0, 7.
From (8), (9), (23) and condition (5) it follows that

‘Ul(t, 1?0) — ul(t, 2!0)

=(1- %) ,/Ot[g(s,vo(s,zo),%(s,%)) — 9(s,uo(s, o), vo(s,z0))] ds

s (T
+ T /t [9(s, vo(s, za), uo(s, Z0)) — 9(s, uo(s, Zq), vo(s, 0))] ds

+(1- %) OSTZ“«[JL-(UD(TM 20), uo(7k, %0)) — Ji(uo(Te,Z0), vo (T, Z0))]

. 3 % > [J(vo(mr, 20), wo(7s, 20)) — Jk(UO(Tk»xO);UO(Tk,xO))]
t<7<T

Thus for ¢ € [0,T] we have
a S 'uO(t,.’Eo) S ‘ul(t,lo) S ‘Ul(t,l?o) S Uo(t,:to) S b. (24)

By induction on m in virtue of (24) it is proved that for any m = 0,1,2,--- and
t e [0,7]
Umt1(t,20) < um(t,z0) < vm(t, o) < vm41(t, o).

2) Consider the space PC(R,R") of piecewise continuous functions z : R — R"
which have points of discontinuity 7. (kK € Z) and are continuous from the left in R.
Let the norm of 2 € PC(R,R") be ||z||pc = sup,er ||2(2)]]-

From conditions H2 and H3 it follows that the functions u,,(¢,zo) and v, (t, zo)
belong to PC(R,R"). Since the sequences {un(t,z0)} and {vm(¢,z0)} are uniformly
bounded and quasiequicontinuous [5], then by Lemma 4, [5] they have convergent sub-
sequences. But from the monotonicity of the sequences {um(t,z0)} and {vm(t,z0)} it
follows that u,,(t,z0) and v, (2, zo) are convergent in PC(R, R") which means that there
exist functions u(t, z¢) and v(t, zo) of PC(R,R™) for which

mlingo um(t,zo) = u(t,zo), lim v,,(t,2z0) = v(t,z0) (25)
uniformly with respect to ¢t € [0,T].

(15)-(18) and (25) imply immediately the validity of relations (19)-(22). Theorem 1
is proved.

Consider the equation

¢ T
z(t) =20 + (1 - %)‘/0 g(s,z(s),z(s))ds — _%/ 9(s,z(s), z(s)) ds

t

1= ¥ Mam)am) - = Y Aen)a(n).  (26)

0< 7 <t t<n<T
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Theorem 2. Let conditions (H) hold and zo € D..
Then equation (26) has a T-periodic solulion z*(t) and the following relations hold:

z*(0) = z*(T) = =o,

um(t,zo) < z°(t) < vn(t, zo) (t € 0,7}, m = 0,1,2,--), (27)
u(t,zo) < z*(t) < v(t,zo) (t € [0,77). (28)

Proof. Consider the set 2 of functions z € PC(R,R") which are T-periodic and
satisfy the conditions

#2(0) = #(T) = #o, a < z(t) < b

Define the operator ¥ : @ — PC(R,R") by the formula

t 4
Fery =20 + (1 - %)/0 g(s,z(s),z(s)) ds — %/t g(s, z(s), z(s)) ds

-2 ¥ Be@)am) -z Y An)a(m).

0< 7 <t t<n<T

The following assertions are valid:
I. The set  is bounded, convex and closed in PC(R,R").
II. 7 maps (2 into itself. Indeed, if z € Q, then

¢ . (T
Fz(t) <zo + ( T)/0 M ds T,/: puds

+ {1 = %) Y L --ff Y & = wlt,z0) < b. (29)

0<7:<1t <<t
Analogously,
Fz(t) > uo(t,z0) > a (30)
and since ¥z(0) = Fz(T) = z¢ and Fr € PC(R,R™), then Fz € Q.
ITT. The set FQ is relatively compact in PC(R,R™). For the proof of this asser-

tion we apply Lemma 4, [5], taking into account that FQ is uniformly bounded and

quasiequicontinuous. We shall mention only that the quasiequicontinuity of FQ follows
from H2, H3 and the equality

Fz(ta) — Fz(ty) = /:2 9(s,z(s), z(s)) ds

3}

—ty T q
+ = [/0 g(s,z(s),z(s))ds + gh(r(rk),z(rk))]
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forz € Q and 1,22 € (71, 7], t1 < t2(k € Z).

Hence by the Schauder-Tychonofl theorem the operator F has a fixed point z* € Q,
i.e. there exists a T-periodic function z”(t) satisfying (26). From (29) and (30) there
follows the estimate

’U,o(t,zo) S .’B*(t) S 'Ug(t,l'o)

from which by induction on m = 0,1,2,---'we obtain that

um(t’mﬁ) < z.(t) 5 vm(t'xo) (t € [O’T]» m = 0:1)2"")' (31)

In (31) we pass to the limit and obtain (28).

Theorem 3. Let the following conditions be fulfilled:
1) Conditions (H) hold and zo € D-..
2) The functions g and Jy satisfy the estimates

g(t,z,y) — 9(t,y,2) < K(z —y),
Ji(z,y) — Jk(y,z) < C(z - y),

wherea < y < z < b and K and C are nonnegative (n x n)-matrices.
8) The modules of the eigenvalues of the matriz

R
P = EI\ K (32)
SC QC

are less than 1.

Then equation (26) has a unique T-periodic solution &(t, zo) for which #0,z9) = o
and

i(t,a:o) = u(t:zO) = U(t,.‘l?o) (t g [O!T’])

Proof. For m = 0 the following estimate is valid

wolt, ) = a(t,z0) = «O(M ~p)+(1=7) T (Le=t)+5 3 (La=t)

0< 7k <t t<7x<T

q
< at)(M = p)+ Y (Li — &) = a(t)ao+ bo.
k=1

For m = j let us have that

vi(t,z0) — uj(t,z0) < a(t)a; + b;.
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Then by (8), (9), (32), (10)-(13) we obtain

vi+1(2, o) — wj41(2, 2o)
: T
< (1- i)‘/ Kla(s)a; + b;]ds + %/t Kla(s)a; + bj]ds
+1=2) 3 Cla(me; +5]+ % Y Cla(m)a; +b;]

0< T <t t<n<T

o a(t)[%Kaj + ij] + [.S‘C'a,- + Qij].

Consequently, for m = 0,1,2,--- the following estimates are valid

vm(t, zo) — ?cn,(t,xo) < a(t)am + by (t € [0,T))

where

Am4l = %I{am + Kby, ap = M — p,

q
bmsr = SCam + QCbm, by = Y (Li — &). (33)

From (3), in view of condition 3 it follows that a,, — 0 and b,, — 0 as m — oo, i.e

limpy o0 [Um (L, 20) — wm(L, z0)] = (uniformly with respect to¢ € [0,T]).

Then u(t,z0) = v(t,z0) and by Theorem 2

Z(t,z0) = z*(1) = u(t,z0) = v(t,z0) (¢t € [0,7)).
Theorem 3 is proved.

Under the conditions of Theorem 3 we shall consider the question of existence of a
T-periodic solution of equation (3).

Introduce the mapping A(zp) : D — R" :

q

A(zg) = -—/ 9(s, Z(s, zo), (s, z0))ds + Z Je(Z(7k, 20), Z(7k, 20)),

where Z(2,zg) is the T-periodic solution of equation (26) for which Z(0,z¢) = zo
Since

14
(t,20) =20+ [ o(s,3(s,20),5(s, 20) ds
0
+ D J(E(mk,z0), E(7k, 0)) — 1 A (20)

057k<t
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then Z(t,zo) is a T-periodic solution of (3) if and only if &(zo) = 0.
From condition (5) and (27) it follows that '

Am(mﬁ) S A(1"0) S Am(a"o) (1!0 = DC) (34)

where

1 1<
Dm(z0) = —f/o 9(8,um(s, o), vm(s, z0)) ds + TZJk(um(fk,:vo),vm(rk,:ro)),
k=1

1 (T 1 ¢
A™(z0) = :7/0 g(s,vm (8, %0), um(s, zo)) ds + TZJ:.-(vm('rk,zo),um(n,zo))-
k=1

Inequalities (34) imply the following theorem.

Theorem 4. Lel the conditions of Theorem 3 hold and for some integer m > 0,
A (o) > 0 or A™(z0) < 0.

Then equation (3) has no T-periodic solution z(t) for which z(0) = =o.

The following theorem is also valid.

Theorem 5. Let the following condilions be fulfilled:

1) The conditions of Theorem 3 hold.

2) For some integer m 2 0 the mapping Dy (zo) has an isolated singular poini zg
(Am(zo) = 0).

3) The indez of the singular point zo is different from zero.

4) There ezisis a closed domain F C D, with a unique singular point zo such that
on ils boundary OF the inequalily

HZk + = zq:a(-r.)C]a + K+ LClbnll < inf | An@) I (35)
3 T e k m T m = _coF m

holds, where a,, and by, are defined by formulae (33).

Then equation (3) has a T-periodic solution z(t) for which 2(0) € F.

Proof. Following the proof of Theorem 5. 5, [11], p. 166, it suffices to prove that
| Am(2) | > || A(z) — Bm(2) |l (z € OF)
which follows from (34), (35) and the estimate
0 < Az) = OAm(z) £ A™(2) — Bnlz)

1 F g
S ?‘/0 A’(Um(s, 170) = '11471(3,130)) ds + ’;';ZC'(U";(TL-,.’L‘()) - um(Tlc,xO))

k=1

INA

T q
%/{; K [n-(s)(l.m -+ bm] ds + %—,;C‘f[u(m)am + bm]

T 1
= [3K + 7 3 a(m)Clan + [K + 7:C1bm.
k=1
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