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OPIAL TYPFE DISCRETE INEQUALITIES IN TWO VARIABLES

B. G. PACHPATTE

Abstract. The aim of the present note is to establish two new discrete inequalities
of the Opial type involving functions of two variables and their differences. The
analysis used in the proofs is elementary and the results established provide new
estimates on these types of inequalities. '

1. Introduction.

The discrete inequality

n g
S - i) € EEL S - wapt, (1)
F+E

valid for a nondecreasing sequence {u;} of nonnegative real numbers with uo = 0 and p >
1 is established in 1967 by Wong [8]. Inequality (1) is a discrete analogue of the variant
of Opial’s inequality [5] given by Hua in [2]. Subsequently, many results have appeared
in the literature concerning various generalizations and extensions of (1), see [1,3,4,6,7].
The main object of the present note is to establish two new discrete inequalities involving
functions of two variables which claim their origin to the inequality (1). An interesting
feature of the inequalities established here is that the analysis used in their proofs is
elementary and our results provide new estimates on these types of inequalities.

=1

2. Statement of results.

We first introduce the basic notations and definitions used in our discussion. Let
N ={1,2,---} and No = {0,1,2,---,n}, Mo = {0,1,2,---,m} for n,m € N and Q@ =
Ny x My. We shall use the usual convention of writing z(z,y) = 0 if z g Np or y & My
or both z ¢ Ny and y ¢ My where z(z,y) is a function defined on Q. We also use the
following definitions and notations of the operators:
V1Z(-’B,y) = Z(:C,y) = z(:c = l)y))
sz(l‘,y) = z(m,y) - Z(:C,y - 1):
V2 Vi1 2(2,y) = Vi2(z,y) — V1z(z,y — 1)
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for (z,y) € Q.
Our main result is given in the following theorem.
Theorem 1. Let u(z,y) be a real-valued function defined for (z,y) € Q for which

viu(z, ), Vau(z,y), V2 Viu(z,y) ezist for (z,v) € Q and such that u(0,y) =0, u(n,y)
=0, u(z,0) =0, u(z,m) =0 forz € No, y € Mgy and 1 < p; < 0o fori=1,2,3,4, then

Y3 ulz,y) Pl vau(z, v) P21 2 9(2,9) Pl v2 V1 u(z,9) [

z=1y=1
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where

K = nP1iPa=1lprtpa—1

2

As a consequence of Theorem 1, we have the following

( 1 ) 2p1+pa+ps

Theorem 2. Assume that in the hypotheses of Theorem 1 we have py = p2 = ps =
ps= 1. Then

Y3 1 u(z,y) | V1u(z,9) | V2 u(z,9) || V2 V1 u(=,) |

z=1y=1

n m
<KoY Y lvivau(z,y) % (3)
z=1y=1
where Ko = (%)2
A slight variant of the inequality (2) is embodied in the following theorem.

Theorem 3. Assume that the hypotheses of Theorem 1 hold ezcept that 1 < p; < 00
fori=1,2,3. Then

>0 lulz,y) Pl w1 u(z,y) P v2u(z,9) P

z=1y=1
< Lﬁ{i‘f: | V2 V1 u(z,9) P}, @)

i=l z=1y=1

where

2p14p2+
I = (%) P1+P2 panP1+Pa—2mP1+P2"2‘

As an immediate consequence of Theorem 3, we have the following
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Theorem 4. Assume that in the hypotheses of Theorem 3 we have py = pa = ps = 1.

Then

YY) 1wz, y) | i u(z,9) || vau(z,y) |

z=1y=1

< Ky EE | V2 V1 u(z’ y.) |3’

z=1y=1

where Ko is as defined in Theorem 2.

3. Proofs of Theorems 1-4.

()

From the hypotheses of Theorem 1, it is easy to observe that the following identities

hold: .

z Yy
u(z,y) = ZZVz V1 u(s, t),

s=1 t=1
u(z,y) = ~Z E V2 V1 u(s, t),
s=1t=y+1
n Yy
u(z,y) = — Z sz V1 u(s,t),
s=z41 t=1

3

u(z,y) = Z Z V2 V1 u(s, 1),

s=z4+lt=y+1

Yy
viu(z,y) = ) VaViu(z,1),
=1

VIu(x)y) = == Z Va2 V1 u(:c,t),
t=y+1
T
vau(z,y) = Y Va2 Viu(s,y),
s=1
Vzu(-‘!?,y) e Z Va2 V1 U(S,y),

s=z+41

for (z,y) € Q. From (6)-(9), (10)-(11), (12)-(13) we observe that

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)
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(o) | €GP YD | vavaulet) | (14)
| Trua ) | € 2 YT va @) |, (15)
| v2u(z,9) | £ ';‘ | V2 v1 u(s, ) |, (16)

s=1

respectively for (z,y) € Q. Taking on both sides of (14), (15), (16) the powers p1, pIZJ , P3
2

respectively and using the Holder’s inequality with indices p1 and = : T po and -
R g~
ps and - I 1 respectively on the right sides we get
s
e P < (3) 7 {nm)™ 35172 v u(s,) P (17)
’ = \2 2 Vi ’ )
s=1t=1
e P < (B) e 3 1 v ulant) P (18)
’ B t=1 , ,
| vaulzy) o < (5) 0 S 172 w1 u(s. 1) I (19)
) — 2 8=1 ) 3

respectively. From (17)-(19) we observe that

| u(z,y) [P*] 71 u(z,9) IP?] V2u(z, ) P*] V2 71 u(z,0)

< L{Zi | 72 V1 u(s,?) V"}{i |72 71 u(e) P
t=1

s=11t=1

' {}: | 72 V1 u(s9) I"’} | V2 V1 u(=,9) P - (20)
s=1

where L is as defined in Theorem 3. Now taking the sum on both sides of (20) first
from y = 1 to m and then from z = 1 to n and using Schwarz inequality repeatedly and
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rewriting the sums we observe that

n

S5 | u(e,) Pl vau(e,s) P2l vau(e,n) P19 Ve ez o) P

z=1y=1

< L{zn:i | V2 V1 u(s,t) |p1} ii{i | V2 V1 u(z,1) lpz}

s=11t=1 z=1ly=1 t=1
AX v v us,w) P} 1 v2 V1 u(=, ) P*
s=1
<L{3 > |2 vruls) I"‘}
s=1t=1
n m m n 1
(3T (v vz P) (v vauan) p) )
z=1ly=1 t=1 s=1
n m 1
LSS v v u(z9) )
r=1y=1
5wl S 5 i . m %
< Lem) {3 Y I vavautey) P} - (im) {0 1 72 92wl ) 1)
5 z=1y=1 z=1y=1 t=1
n 1 n m 1
O 1w vius: ) |2P:’)}2 : {ZZ | V2 V1 u(z,9) \2“}2
s=1 z=1y=1 k
4 n m 1 ’
= KH{ZZ | V2 V1 u(z,9) lzp"} -
i=1 z=1y=1

This completes the proof of Theorem 1.

Taking p1 =p2 =p3=pa =1 in (2) and using the Schwarz inequality on the right
side of the resulting inequality we get the required inequality in (3). This completes the
proof of Theorem 2. :

The proof of Theorem 3 follows by closely looking at the proof of Theorem 1 and
the proof of Theorem 4 is immediate by taking p1 = p2 = p3 = 11in (4) and using the
Hélder’s inequality with indices 3 and % on the right side of the resulting inequality.
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