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THE NONLINEAR CAUSTIC

NG KIN-CHUNG

Abstract. In this paper the boundary layer at the nonlinear caustic is discussed
and a nonlinear Airy equation is obtained by adapting techniques from linear the-
ory. It is shown that the incident beam undergoes a phase shift by an amount of
/2 as it passes through the caustic and becomes the outgoing beam.

1. Introduction
In the theory of nonlinear optics, one is led to consider a nonlinear reduced wave

equation
Viu 4+ En?(|u|PHu = 0 (1.1)

where n = n(|u|?) is a function of the intensity of the field and n is called index of
refraction.

Equation (1.1) is quite complicated. For the problems of optical phenomena, we
assume that the wave frequency w is high so that k is large. In order to study (1.1) we
use techniques which are developed from linear theory.

In the study of the linear version of equation (1.1) which is

Viu + k?n%u = 0, (1.2)

explicit formulas for the solution of boundary value problem for (1.2) can occassion-
ally be obtained but such results are generally not useful without further simplification.
Therefore asymptotic methods have come to play an important role in the solution of
problems for (1.2) in the ease where k is large. This is precisely the case that occurs
when dealing with optical phenomena. Write u = ae’*? where ¢ is the phase term and
a i1s the amplitude term. Substituting « into (1.2) we are led Lo consider two equations

[(V4)? ~n?la— 5% = 0 (1.3)

2V¢-Va + aVi = 0. (1.4)
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In the geometrical optics approximation we let £ — oo in (1.3) and obtain
(V¢)? = n? (1.5)

V- (a2V¢) = 0. (1.6)

The eiconal equation (1.5) determines the phase and the transport equation (1.6) de-
termines the amplitude. Using a perturbation method to solve the transport equation
we may obtain the geometrical optics result for (1.2). This result breaks down in some
regions where there are caustic or foci. Since the wave motion should be bounded in
the whole space the breakdown of the gecmetrical optics result must be recognized as
asymptotic phenomena associated with boundary layers. A boundary layer is a thin
region in which the dependent variable of differential equation undergoes sharp changes.
To study the asymptotic bebavior in the regions where geometrical optics result breaks
down, the boundary layer method is useful and the theory is well developed.

In this paper, we consider two dimensional problems for equation (1.1). Our object
is to obtain an asymptotic solution for (1.1) near a caustic. For convenience we infroduce
(&, 0) coordinates where £ measure the arc length along the caustic and ¢ measure the
arc length along the rays. We first obtain the equation of nonlinear geometrical optics
and discuss the boundary layer of the solution of (1.1). Then we introduce stretching
transformation to obtain nonlinear Airy equation from (1.1). We follow the linear theory
to discuss the asymptotic behavior of its solution. Finally we determine the asymptotic
behavior of an incident beam after passing through the eaustic region. We find that the
incident beam undergoes a phase shift by an amount of % as it passes through the caustic
and becomes an outgoing beam.

2. Boundary layer of the nonlinear caustic

To study how the field passes through a nonlinear caustic we consider the nonlinear
reduced wave equation

Viu + En®(Jul®u = 0 (2.1)

near the caustic region.

The rays for the geometrical optics solution of (2.1) are assumed to have a smooth
envelope. This envelope is called a nonlinear caustic. The equation of the caustic is
assumed to be

X = R(¢) (2.2)

where § is arc length on the caustic. The rays of the problem are the tangent lines to
the caustic and are given as

i€,0) = R(E)+ (e - R(€) - (23)
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where ¢ is arc length on the rays and R'(€) = &, is a unit vector tangent to the caustic.
To discuss the solution of (2.1) near the caustic it is convenient to write (2.1) in terms
of (¢, ) coordinates. Differentiating (2.3) gives

dF = &do + ";5é°2d§ (2.4)
where €3 = p—— d ‘ L and p(¢) is the radius of curvature of the caustic. Hence we have
- - g% p_ O, p 0Ou
Ll aaa[(f Vo't F— B v B @3
and (2.1) becomes
_Q_ ou 9. p Ou .0 T
e - G+ e gl ER B = 0. 26)
Assuming n?(Ju [?) =14+ mn; |u |2 +ny |u|*+--- and
u = 71_;weik” (2.7)
we have
aplv_ w1 0. w8 p dw
z]‘:[26:7 f—a]+§—060[(£ ")aaH E—aaf[f—d o€
+Ekny |wPPwtn |w|fw+ - = 0. (2.8)
Equation (2.8) can be expressed as equations for a and ¢ by letting
w = ae£¢ (29)
where a and ¢ are real.
Then 5 5 96
i A W W
3r = br° ae A1)
and 5 96
w a :
B v = —L]et®
£ do {—o] Lk do £ — 30']6 211
0 ow 0 ,0Oa ; .0
5.1~ 501 = 5.5, (€ —0)e'® +iz el (€ — o)) (2.12)
: o? 3 0 0 ;
=il(f-0) 3y ¢ ¢ "(g 7) — -—ga]e“ﬁ

+{—-[(€— )871—( 22 )a(e - o))eit
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0 p vy 0 b (00, 0
af[f O 3E€ +zaEae )] (2.13)
0. p P
- 3¢ t¢
Rt BTG o
igro P 0309 6¢6 p p
i oe TOBE o6 E—o) T E—o €T
Therefore, we obtain on factoring out e'®
) Oa a 8a 3¢9 a 8¢ 0% p? da ¢
e o ) v £—aaa+aaa2+2(£—0)26£3£
5 00 p W9 p’ _f_?_
P _3_ p Qa__ e T .
+ el a . (5—6)2“(645)
—2kag§-+knlas+n2a5+ o }=0. (2.14)

Equation real and imaginary parts to zero, we have

da_ o, ,0a0, §° 0ad '
M2, =2 t 5,00 T e —or o B¢ @.15)
Po_ 108, p 0 p 0
+olg s " Foots T = 5E -0 O
. 3245] _
TE-oroe T
and
da p 0. p Oa 0% p:  9%¢
= 060[(6 )Ba]+£—0'3£ f-—-aaf] 0602—‘1(5—6)2 €2
- 2akg§ +knja® + nqa® +--- = 0. (2.16)
(2.15) and (2.16) can be written as
e (2.17)
and
Via —a(V9)? - 2ka% + knya® + knga® +--- = 0. (2.18)

do

If we neglect the diffraction term VZ2a and higher order nonlinearities we obtain

21:99i (V¢)? = knya? (2.19)
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and

¢

£ (2.20)
as the “equations of nonhear geometrical optics.”

To see if we can find any beam-like solutions of these equations we stretch variables
in the ¢-direction and thus emphasize a particular ray, say £ = 0. Then near { = 0 we

set

£ = K"y ' (2.21)
so that é% = k"-(,% We have
(Vo = e (G + (3
= L%y By (2.22)

So we must set r = % and (2.19) becomes

228 4+ 22y = mae?s 5 = 4(0) (2.23)

to leading oder.
Also (2.20) becomes

00 o 2 0ad6 g 5%

ket ot aa2 57 = 0. (2.24)

A simple solution of (2.23)-(2.24) may be found by assuming that

pesalh bedl | (2.25)

Then (2.23) becomes
0 ;
25; = n1a2 (226)
and (2.24) becomes
fda a
2-3_0’ + ;’ = 0. (2.27)
Thus we have
a = i 2.28
and )
A
¢ = i logo. (2.29)
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Even if we retain the diffraction term V2a in the equation, under the above stretching
we still have the above solution (2.28). We note that this solution does not have the form
of a beam. In order to get a beam solution of (2.23)-(2.24) we set

_ A®)
= (2.30)
in (2.24). Since
da 8 _ 50 A0, 140)
230 * o 260'( Vo )+ o o . (2:82)
we have 2 406 Aly) PP %
P D =
202 w - 3')‘+ A 0. (2.32)
This gives .
()28 5
24 (7)67 + A(7)672 =0 (2.33)
or P 96
e [ A2 (N =L] =
S F = 0 (239
so that
A2 = Bt (2.35)
97
where B(o) is arbitrary. From (2.23) we now have
o6 , P2Bo) _ A1) -
2ot o) =™ (2.36)
and we may solve for ¢ as
— M 42 _ p’ ’ B*(a)
¢ = 2A (y)logo 2A4(—y)/ = do + H(7) (2.37)

we must choose H(7) to get consistency. Differentiating (2.36) with respect to vy, we
have

2 2 41 2
and this gives
2B'(0)o — 4”2;4'(7) BY9) _ gn a3(y)4'(v). (2.39)
A3(y)
It appears that we must set
| A(y) = 0; B'(e) = 0 | (2.40)

so that A(y) is independent of 7.



THE NONLINEAR CAUSTIC

359

The above result tells us that it seems hard to construct a beam solution for (2.23)-
(2.24) by above method. But by using the perturbation method we are able to obtain
a beam-like solution of (2.1) for that system of rays discussed above. To show this, we
introduce the caustic coordinate system (£, o) and express (2.1) in the form (2.6). Then

we set

1 e
U = —=ae
vk
with
a = Zajk_j; ¢ = Z¢jk_j
j=0 j=0
we have 3 5
P02 P Odo\2 _
(B + gl G = 1
and we choose
$o = 0
to obtain the required system of rays. The equation for ag is
aﬂ ... = 0
0o €E—o
and we conclude that
_ 9
ag =
E—o0

where g(€) is a given function.

If we assume that g(€) = e=¢/®" then (2.46) looks like a beam.

For ¢,, we obtain

2_6_?_1 2

= nia
do .

so that
b1 = —5 0" (©)log(€ — o)

For a;, we have
fa1 a 3p’n19°(€)

L _ L= 1T s .

Jo §€-—o 2(¢ —0)%/2

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(248)

(2.49)

where we have retained only the most singular term near the caustic where o = £. Then

_ _m p*g%(§)
“ =7 m* '
_m p*g*(€)

vy (E—a)a ag + -

(2.50)
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. . a o
The asymptotic series for a becomes disordered when =L ~ ag and this yields

k
2
_mpie*§)
So that 8
2/3,2/3
E—0 = -t pkllg (E); ¢ = constant. (2.52)
9(§)

That is, when £ —o = O(k~1/3) the caustic regien begins. Since ag = i we see that
-0

ao = O(k'/®) near the caustie. For the linear case, to obtain the standard geometrical

optics expansien, we set
u = we't? (2.53)

in (2.1) where n; = ny = 0 and w is expanded in powers of (ik)~'. Then

2 2
woe = \/%—(:i)_.;; w; = -(?g% = ‘wD({fo’)a (254)

. w .
near the caustic. Thus _kl ~~ wy yields
i

3
§—0 == ¢ €= constant. (2.55)
This shows that the caustic regions determined from (2.52) and (2.55) differ by
the factor ni/ 292/3(€). As ny and g(€) are increased, the self focusing effect becomes
enhanced and the caustic becomes more sharply defined. This should be compared
with the expression for the focal length and its relation to the amplitude and nonlinear
refraction term n;.
We now study the field in the neighborhood of the caustic. We stretch the dependent
and independent variables as

E—o=k"n £ =X w=F0 (2.56)
Then (2.8) becomes
k> 8 Ov, k"p 3 p,0v v
— ikt 2 + + k=
[ ] - an[n ]+ = — ot ][ ( 377)]
+k1+2’n1|v |2v+k4’nz|v |4v+--- = 0. (2.57)

In order to simplify the above equation, we only keep the significant terms in (2.57).
According to the linear theory, the coefficient of k" should be retained. We also have to
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retain at least one second derivative term in (2.57), this term comes from the coefficient
of k* . To retain a nonlinear effect we must set

l+r = 4r = 1+2s (2.58)

so that
1 1
r= -3— ’ s = '6 (259)

v v, p2d 10v 2 . _
—z[2an+n]+ . an[-——]+n1|v| v= 0. (2.60)

This equation may be simplified by letting

in®
v = e#V(z) (2.61)
where
2

This yields a nonlinear Airy equation
123

A\ VEVE) = (2.63)

V"(2) + 2V (2) o

or

| VIV = (2.64)

"
. 1% +[z+ 41/3

The above equation shows that the turning point for the Airy equation is approxi-

mately given by
nyp?/3

t+ S V=0 (2.65)
If we set
(3
V&= (E=o)ki3 (2.66)
we find that
2 2/3
(4,)2)1/3 + n;fls V() |” (2.67)
glp:)t:/)3 L nifls g*(€)¢ - o) k3 = 0.
Thus
2
€-0) = _n1p%¢%(§) -

k
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which agrees with (2.52) and yields
E—o = —mPp k3 3(g). (2.69)

Roughly speaking this may be thought of as a shift in the location of the caustic curve
from € = o in the linear case to

o = &+ny/2p2 3132 3(¢) (2.70)

in the nonlinear case. The direction of the shift depends on the sign of n;.
With z replaced by —z, (2.63) becomes

V"(2) - 2V %2/317 2¥(z) = 0 2.71
(2) = 2V(2) + YIVE | V(2) |°V(2) = (2.71)

where

V() = V(-2). (2.72)
If we assume that V' is real and set
V(2) = V2(n1p*Pa~ 32w (2);  n;>0 (2.73)
then (2.71) can be simplified as
W"(z) — zW(2) + 2W3(z) = 0. (2.74)

This nonlinear differential equation is the second equation of painleve [!. The solu-
tion of (2.74) can not be represented by elementary functions. We need to define a new
function for its solution which is called second painlevé transcendent. It has been shown
that the solution of (2.74) can be given by the solution of the linear integral equation

ken) = FCEY - [T ke nrE 8 EE aas e @15)
2 : 2 2

where F'(£) is the solution of
F"(&)—€F(€) = ¢, ¢ = constant. (2.76)
If ¢ = 0 the solution of (2.76) that vanish as £ — co are multiple of the Airy function

F &) = 2A:i(8). (2.77)

A detailed discussion of the above can be found in Ablowitz and Segur. [2]

3. The asymptotic expanssion near a nonlinear caustic
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To get an approximate solution of (2.74) we use the result of Miles [3]. There is a
solution of (2.74) with the behavior

W(z) =~ aAi(z) ; @ = constant (3.1)
~ %w'llzdz_ll‘iexp[—g—zsn] ; zZ — 00

with the property
|W(z)]| < o ; —00 < z < 00, (3.2)

In terms of V(z) we have
n = =
V(z) =[5 P W (~2) (3.3)
~r oz =
a[-—2lp2/34 1/3] 1/244,'(—1)
~ &[2n11rp2/34'1/3]‘1/2(—2)‘1/4exp[-—%(—-z)an]; # =5 B,

Further, as z — oo the asymptotic behavior of V(z2) is

V(z) =~ az /4 sin[gz:al2 -+ %az log z + 6] ; z — 00 (3.4)

where «, 6 are constants.
This expression for V(z) must be related to the result (2.41). In view of (2.62) we

have

4)1/12},-1/6 2
(o ) E sm[lﬂ- 53 3a2 log

E-oyz M3,

n
@Y7

V xa + 6] (3.5)

3 2100 2 /(454Y1/3 2
a(4pt)l /12116 +s[3 7+ 7@ logn*/(4p%)"/° + 6 — 2]
E=or?

3 1
1 a(4p?)V/ 12118 —=[*—3 z + 70 logn®/(4p*)'/° + 6 - 3l
2 (-

==
— 8

oy
Since W = kl/6y = k1/6¢37 V(z), we have W = O(1) in k. From (3.5) we may say that
it contains two fields. One is incident field and the other one is outgoing field. Two fields
coexist in the region near the caustic. Because the equation is nonlinear, anyone of two
fields may not be a solution of the equation. We can not discuss them separately. From
the view point of geometrical optics we can obtain the geometrical optics solutions of
equation (2.63) in two sides of the caustic. From the given initial condition the incident
geometrical optics result can be easily determined. Our problem is to try to determine
the geometrical opties result for the outgoing field. The result of (3.5) is not useful to
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us, because it is not possible to match these fields with our geometrical optices results
one by one, so that we have to discuss (2.63) directly.
To solve (2.63) approximately, we set
s =83 V = &£% (3.6)

where ¢ = O[k™!]. Substituting (3.6) into (2.63) we have

et 2! 4 0 zv+ AeY |V PT = 0 (3.7
2/3
where A = n;f/a .
Eqation (3.7) can be simplified as
7 +e 3o+ A2 |5 2T = 0. (3.8)
Let
v = ae'?/* (3.9)

where a, ¢ are real. (3.8) becomes

(e%z — 724" )a + ic(2¢'a’ + a¢”) + " + Ae?r=2)a® = 0. (3.10)
In order to keep both z and ¢ in (3.10) we set 3s = 2. Eqation (3.10) becomes

e=2(z — ¢'%)a+ic~ (24’ + ad") + a” + A2~ 3a® = 0. (3.11)

Equating real and imaginary parts of (3.11) to zero, we have

ez — ¢ )a+a" + Ae¥~3a® = 0 (3.12)
and
2¢'a’ + a¢” = 0. (3.13)
We expand ¢ and a as
¢ =) ¢ (3.14)
j=0

and

[o20]
a =) ae. (3.15)
j=0
Inserting these expressions into (3.12) we obtain

2
(z — ¢5°)ao + €(265¢1 )ao + 'A52'+§a3 + e2af + %(24p01a1) = 0. (3.16)
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According to (3.5) the field is equal to O[k~ %] so we choose r = 1/6 and equating
the coefficient of each power of € to zero, we have

o' =z; >0 (3.17)
and
20408, + Add = 0. (3.18)
Solving (3.17) we have
2 2 §—o)?k?/3
¢30 — "‘g:l:g = —§Z§€; z = -(-“(47))1#;*- (3.19)
2 3 2 o —&)2k?/3
$oo = 32 = §Z§€; g = -(—W— (3.20)
From (3.13) we have
24paq + aogy = O. (3.21)

Solving (3.21) and (3.18) we obtain

a0 = W = -;—1,70,-(5) (3.22)

where C;(£) is are arbitrary function of £, and

b = 298 00 2 4 ay(e) (3.23)

where a;(£) is an arbitrary function.

2
If we repeat the same calculation for ¢gp = 51:% we have

C
a0 = Ol(li) - z1/4 e n(®) (3.24)
and AC
Uy = —-giglogz + asll) (3.25)

where Co(¢) and ay(€) are arbitrary functions.
Now we have two different asymptotic expansions for the solution of (2.63). One
asymptotic result is obtained from (3.6), (3.9), (3.19), (3.22) and (3.23)

W) = SRy eI (3.2
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According to (2.41), (2.44), (2.46) and (2.48) we have the incident field of the geometrical
optics

_ L o)) pe-ige'(@)sle—0)

S VEe9 '

using (3.26), (2.7), (2.56) and (2.61) we also obatin the incident field near the caustic

£>o0. (3.27)

i AC? :
1 o) wer 29 10gz i)
U = Ws‘ 21/4 € . (328)
A second asymptotic result follows from (3.6), (3.9), (3.20), (3.24) and (3.25)
C’o 3]
C, s—zﬂ —i——*log z + i (f)
Vo(z) = ‘;(,i) (3.29)

Since the ray structure is similar for both fields, the outgoing field of geometrical optics
can be written as

ny o, ;
_ L go(§) k=i 9b(€)log(o — &) +igu(€).
VEVT-¢ ’
where go, g1 have to be determined. Using (3.29), (2.7), (2.56) and (3.25), the outgomg
field near the caustic can be written as

o>€ (3.30)

AC? -
1 Co(€) ika-i%logz+ux2(£)
Yo = 173 S1/4 ¢

We must specify the terms C;(€), Co(€), go(€) and g1(§). To determine C;(§), we
match the most significant term in (3.28) and the most significant term in (3.27) in the
region k >> (€ — 0)3k >> 1 where we also have ko >> log z. The most significant term
in (3.28) is

(3.31)

e s Ci(6) iko ioy
. (3.32)

_ 1 Ci(¢) 21/5 1/3iko giaa(§)
VEVE=<

The most signficant term in (3.27) is

o1 g(&)
u; & \/;\/f—:;e (3.33)
comparing (3.32) and (3.33) we obtain
Ci(§) = 21%% (3.34)
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and '
a1(€) = 0. (3.35)
Then (3.28) becomes
oo L
. 9(6) —yjq totiga(€)log 2 (3.36)

W = k1/321/sp1/3z

Now we must determine Co(€), go(€) and g1(§). Because i; is incident on the caustic
(¢ > o) and 1o is outgoing from the caustic (¢ > £) it is not possible to match them to
obatin Co(£). In order to solve our problem we consider the linearized version of equation
(2.63) which is

V'(z)+zV(z) = 0. (3.37)

Equation (3.37) has two linearly independent solutions A;(—2) and B;(—z) where A;(z)
and B;(z) are the Airy functions. From the formula [4]

Ai(2) = —whi(wz) - w?Ai(w?2) (3.38)
and
Bi(2) = iwA;(wz) — iw? A;(w?2) (3.39
where w = ¢~27/3 we find that
P(2) = a1(€) 5 [Bi(~2) — idi(~2)] (3.40)

= ay(£)A;(—wz) ; E>0

is a solution of (3.37) where a;(§) is a function to be determined. Using the asymptotic
formula

Ai(2) =~ 2\1/1?'::‘16—%23/2 s |Argz|< m, |2|>>1 (3.41)
we can write (3.40) as
5 L aax gl
V(z) = ay(¢) z74e’1aeTs%? §>o0. (3.42)

2yx

Because z >> 1 we have z >> log z and (3.26) becomes

Vi(z) ~ Ci(€)z—ie~i3s? (3.43)

~ 98 1 iz.3

~21/Gp1/32 € ’ zZ>> 1,£>0'.

To specify a;(§) we compare (3.42) with (3.43) in the region z >> 1, we have

a1(§) = Va2¥Cpm13(£)e' 5. (3-44)
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Because equations (2.63) and (3.37) in the (¢, o) variables are unchanged if (§ — o) is
replaced by (¢ — £). Thus for & > £ the solution of (3.37) has the form

1

V() = aal€) 5y idi(—2) + Bi(~2) (3.45)
= ay(é)A;(—w?z)
where a3(€) has to be determined.
Using formula (3.41) we have
7 1 ek S ,'22‘-}
V(z) = az(ﬁ)zﬁz ietiae!s®? z2>> 1. (3.46)

By the same reason as for V;(z) from (3.29) we have
Vo m Co(€)r-teidsdea® 551 (3.47)
Comparing (3.46) with (3.47) we have

aa(€) = 2/FCo(E)e=O 5], (3.48)

Two linearly independent solutions of (3.37) become

V(z) = Va2 8 p=13g(8)e' T3 Ay (—w2) ; E>0 (3.49)
and
V(2) = 2/7Co(€)ell*2O-Blh(—w?2); o >¢. (3.50)

To determine Co(€) and a3(€), we require that the field below the caustic be exponentially
small. In order to use this fact, an approximate expression for the distance along the
normal line to the caustic, valid in the boundary layer region, will be found. In the
system of rays (2.3), the wavefronts are the curves o =constant. They are orthogonal to
the rays and the rays are tangent to the caustic. Thus, along the wavefront, distance is

€ — o]

given as ds = =——d¢. According to (2.56) the boundary layer region is determined

p
by £ = o + O(k~1/3). Integrating ds along the wavefront o =constant, in the boundary
layer region, we obatin

s ~ %(g - 0)? (3.51)
2

— (Py1/3,-2
—(2) k™32,
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where (2.56) and (2.62) were used. Within the boundary layer the variable s yields a
measure of distance along the normal line to the caustic, i.e. in the rays region. Negative
values of s correspond to points below the caustic. Using (3.51) we express (3.49) and
(3.50) in terms of £ and s, we have

7(2) = ﬁ25/5p-1/3g(5)e‘f5A.-[—u(%)%k‘s‘s] (3.52)
and 9
V(z) = 2\/7?00(5).:‘[“(0“fslA.-[—wz(;)ékés]. (3.53)

We expect that Co(§) must be exp13$sed in terms of g(¢). To establish this relationship
we examine the total field V(z) + V(2) in the boundary layer region. Because there is
no distinction between € > ¢ and ¢ > £ at a point (&, s), the total field is gives as

V() +V(z) =~ ﬁ25/6p—1/3g(5)e‘%A.-[-w(%)1/%2/33] (3.54)

i gﬁco(g)ei[az(f)* 5l A, [—w?( %)1/3&:2/33].

In order to guarantee that the field is exponentially small below the caustic, we have
to write the right hand side of (3.54) as a multiple of A;[—(= )1/ 312/35] which decays as
s — co. Thus, the right hand side of (3.54) have to be wntten as

\/7?25/6p41/3g(£)e‘i'5A;[—w(%)ék§~9] (3.55)

+24/7Co(€)ele2O- B4, (w2 (2) ks
P

5/6 ,1/3 i
o \/7?2 P y(f)e (——w)A;[—w%)%kgs]

—W

2,/mCo(€)efle2 ()15
+ 2
—W

( L )“1'.[ W (p) : E]
5/6 -1/3 ¢ -5 2 1.2

7238 p= 11315 g(£) B 2100(5)61'[:1:(6)-1‘5
—w B —w?

(3.56)

Solving (3.56) we have

Co(§) = 21%2,3 ; az(f)z—%- (3.57)
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Thus according to (3.57), the outgoing field near the caustic has the form

R 9(¢) -3 fko—ix
Uy w2 k1/321/6p1/3z et 7703 (3.58)
~ . 9¢) giko—i%

Vo =¢

where k >> (o — £)3k >> 1.
To determine go(¢) and g,(¢€) in (3.30), we express (3.30) in the region k >> (o —
§)%k >> 1 where k >> log(o — €) we have ‘

up ~ % g;(i) fe""“"f"!"l'(_'f). (3.59)
To match (3.59) with (3.58), we have
go(f).= 9(§) (3.60)
and
n®) = -3. (3.61)

According to (3.30) the outging geometrical optics field can be written as

= L 9O o-inp©ugo-o-is (3.62)

= ivo—¢

From the above results, we know that the incident and outgoing geometrical optics fields
have the same amplitude term. If we compare the phase terms in (3.27) and (3.62), we
find that the difference between two phase terms is an'amount of 2. It means that, when
an incident beam is passing through the caustic region, it must undergoes a phase shift
by an amount of Z and then becomes an outgoing beam. Similar result can also be found
in the linear theory.
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