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A NOTE ON FLAT MODULES OVER /·ALGEBRA§ 

BORIS LAVRIC 

bstr&d. Let A be an Archimedea.n. uniformly complete unitllll J-&lgebr&. It is 
proved that the following conditions are equivalent: (1) A is & Bezout ring; (2) A 
is & PF-ring; (3) Every ideal of A is flat; (4) Every submodule of a free A-module 
is .flat. This extends & result by C. Neville on algebraa of type O(X). 

Introduction 

Let X be completely regular Hausdorff topological space, and let C(X) be the 
ring of all continuous real-valued functions on X. Using the well known topological 
characterization of spaces X for which C(X) is a Bezout ring [5] C. Neville has proved 
in [7] that the following conditions are equivalent. 

{1) C(X) is a Bezout ring. 
{2) C(X) is a JPF-ring. 
(3) Every ideal of C(X) is flat. 
(4) Every submodule of a free C(X)-module is flat. 
It is the aim of this note to extend this result to uniformly complete Archimedean 

unital /-algebras. 

For the terminology and general theory of rings and modules we refer the reader to 
[IJ, [4], and for elementary /-algebra theory we refer to [6] and [8]. 

All rings considered in the paper are assumed to be commutative and with unit 
element. A ring R is called a Bez'out ring whenever every finitely generated ideal of R is 
principal. A ring R is called a PF-ring if every principal ideal of R is & flat R-module. 
A ring R is said to be reduced (or semi.prime) if it has no nonzero nilpotent elements. 

A lattice ordered real algebra A is called an J-algebrn whenever 

a Ab = 0, a, b EA implies ac Ab = ca Ab = 0 
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for all c E A+. It is well known that an Archimedean /-algebra A with unit is commu 
tative, reduced, and that a, b EA satisfy ab= 0 if and only if lal A lbl = 0. An /-algebra 
A is said to be normal if 

a, b E A+, a A b = 0 implies {a} d + { b} d = A, 

where Gd= {h EA: IYIAlhl = 0 forall g E G} for G CA. It follows that an Archimedean 
unital /-algebra. A is normal if and only if 

ab= 0, a, b EA implies ann(a) + ann(b) = A. 

Results 

First we state a criterion characterizing those principal ideals of a ring R which are 
flat R-modules. Since the criterion is an easy consequence of [2, Prop. 2.3] or [1, I.2.11. 
Cor.l], we omit its proof. 

Lemma 1. A principal ideal (a} of a ring R is a flat R-module if and only if for each 
b ER satisfying ab= 0 there exist elements a1,a2, ... ,an E (a) and b1,b2, ... ,bn ER 
such that 

n 

a= La,bi and bib= 0, i = 1,·2,·· ·,n. 
i=l 

roposition 1. For a ring R the following conditions are equivalent. 
(i) R is a PF-ring. 
{ii) a, b ER, ab= 0 implies that ann(a) + ann(b) = R. 

Proof. {i)=>{ii}. Let a, b E R satisfy ab = 0. If R is a PF-ring, then (a) is flat, 
hence by Lemma 1 we have 

n 

a= Z:::aibi and bib= 0, i = 1,2, · · · ,n 
i=l 

for some a1, ... , an E {a), bi, ... , bn ER. Write 

a;= c;a, Ci ER, i = I, 2 · · ·, n. 
It follows that a= (Ei':1bici)a, and therefore 

n n 

1 - L bici E ann(a), L bici E ann(b), 
i=l i=l 
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so (ii) follows. 
(ii)==>(i). We shall prove that (a) is fiat for each a ER. Suppose that b ER satisfies 

ab= 0. By (ii) there exist c E ann(a) and d E ann(b) with c + d = I. So 

a = al = ac +ad= ad and db = 0, 
thus by Lemma 1 (a) is flat. 

Corollary. Let A be an Archimedean unital /-algebra. Then A is a PF-ring if and 
only if A is normal. 

Since by (6] C(X) is normal if and only if X is an F-space, the above corollary 
generalizes (7, Cor .1. 7]. 

Lemm& 2. Let R be a reduced Bezout ring. Then every ideal of R is flat. 

Proof. Since a module is flat if and only if every finitely generated submodule is 
flat, and since R is Bezout, it suffices to show that Risa PF-ring. 

Now for any a, b ER with ab= 0, we shall check that ann(a) + ann(b) = R. 
Since (a, b) = (c) for some c ER, we have 

for some a1, b1, a:;i, b2 E R. Since R i~ reduced, 

implies a1b1c = 0. It follows that d = a1a2 satisfies 

and 
a(l - d) = a--: aa1a2 = a1c - aa1a2 

= a1(a2a + b2b) - aa1a2 = a1b1~b2 = 0. 
Hence 

1 = (1- d) + d E ann(a) + ann(b), 
and therefore ann(a) + ann(b) = R. 

We are now in a position to extend a part of theorem 3.1 from [7] on modules over 
reduced Bezout rings. A short proof suggested by the referee is based on (3]. For the sake 
of completeness we shall repeat briefly the arguments used in the proof of [3, V .Lemma 
6.8]. 

Proposition 2. Let R be a reduced Bezout ring. Then every submodule of a free 
R-module is fiat. 
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Proof. Let F be a free module with base X, and let M be its submodule. Assuming 
the axiom of choice we may suppose the elements of X are well ordered: z1, x2, ••• , Za, .... 
For each ordinal ex, let Ma be the submodule of those elements of M which are linear com 
binations of the z /J with /3 < ex, and let Na be the submodule of all linear combinations 
of the zp with /3 < ex. 

Each m E Ma is decomposed uniquely into 

m = n + r{m)za, n E Na, r(m) ER, 

so Ma is a direct sum of Na and Ka = r(Ma)z0• Observe that Ia= r(Ma) is an ideal 
of R, and that M is a direct sum of all Ka [3]. Since by Lemma 2 each Ka is flat, it 
follows by [l, 1.2. Prop.2] that M is flat. 

We are prepared to prove the main result of the present note. 

Theorem. Let A be an A rchimedean uniformly complete uni.ta/ f -algebra. Then the 
following conditions are equivalent. 
(i) A is a Bezout ring. 
(ii) A is a PF-ring. 
(iii) Every ideal of A is flat. 
(iv) Every submodule of a free A-module is flat. 

Proof. The implication (i)=>(iv) follows by Proposition 2, while (iv)=>(iii) and 
(iii)=>(ii) are obvious. To prove (ii)=>(i) suppose that A is a PF-ring. Then by 
Corollary A is normal, hence Bezout by [6, Theorem 6.6]. 

Some other characterizations of an /-algebra satisfying the cqnditions of the above 
theorem &re contained in [6J, where also the following example is given. It shows that 
the uniform completeness cannot be drop})ed from the Theorem. 

Example. Let A be the /-algebra of all real functions / on the aquare E 
[O, 1] x [O, I] for which there exist disjoint sets E1, ... , En(/) such that E = E1 U ... En(J), 
and polynomials Pri: E R[X, Y] satisfing 

!IE,.= Pi:, k+I, ... ,n(f). 

Clearly A is an Archimedean unital /-algebra. By [6] A is normal, hence a PF-ring, 
although A is not a Bezout ring [6]. We claim that A does not satisfy the condition (iii) 
of the Theorem. 

Let I be the ideal generated by elements 

/,g EA,_ /(z,y) = z, g(z,y) = y. 
We will show that I is not flat. Consider the exact sequence 

o-K-AeA~1--o, 
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where cp is defined by <p(a, b) = af +bg, and suppose that I is flat. Then by [2, Proposition 
2.2] or by (4, 11.27] there exists a homomorphism 1P: AeA--> K such that 1/J(g, -/) = 
(g, -/). If 

then 
aif + big = a2/ + b2g = 0, 

g = aig - a2/, -f = big - b2f. 

Using the fa.ct that these equalities cannot hold in R[X, Y] it is not difficult to see that 
they a.re contradictive also in A, so I is not flat. 
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