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A NOTE ON COPSON’S INEQUALITY INVOLVING
SERIES OF POSITIVE TERMS

B. G. PACHPATTE

Abstract. In the present note we establish some generalizations of Copson’s in-
equality concerning series of positive terms. The method used in the proofs is
elementary and our results provide new estimates on inequalities of this type.

1. Introduction.

In 1927, Copson [2] found an interesting inequality concerning series of positive terms of
the following form.

Letp>1, Ay >0, ap > 0, EX,al converge, and further let A, = Z?___l Ai, Ap =
E?:l )\,—ai. Then

S < P Tt (1
The special case of (1) when A, = 1 is first proved by Hardy [4] in an attempt to give
a simple proof of Hilbert’s double series inequality [7, p.226]. Hardy deduced his result
from the corresponding theorem for integrals. However, the best possible constant in
Hardy’s series inequality [7, p239] is determined by Landu in [11]. In [2], Copson proved
inequality (1) by using the method employed by Elliott [3] in presenting a simplified proof
of Hardy’s inequality [7, p.239]. The purpose of this note is to give some generalizations
of Copson’s inequality (1) concerning series of positive terms. The analysis used in the
proofs is simple and based on the direct adaptation of Elliott’s argument given in [3] and
some elementary inequalities.

2. Statement of results

In this section we state our main results concerning the series of positive terms to
be proved in this paper.

The following result is central to the concerns of this paper.
Theorem 1. Let f(u) be a real-valued positive convez function defined for u > 0.

Let p > 1 be a constant, A\, > 0, a, > 0, LA, fP(a,) converge, and further let A, =
er'z:]_ AS‘) Aﬂ = Z?=1 Aia;‘- Then
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Sar(5) € () L s @)

Remark 1. We note that in the special case when f(u) = u, the inequality (2)
reduces to the Copson’s inequality given in (1) which in itself contains as a special case
the series inequality given by Hardy in [4] involving best constant.

We next establish the following inequalities which in the special cases reduce to the
variants of inequality given in Theorem 1.

Theorem 2. Let fj(u), j = 1,2 be real-valued positive convez funclions defined for
u>0. Letp; > 1,  =1,2 be constants, A, > 0, a(")>0 3=1.2 XX, fp‘+p’(a(1)) =
1,2 converge, and further let Ay = >0, A, AY) = e )\,afJ), j=1,2. Then

(1) (2)
5 Af? A (A o [ R P1+ P2 Jpa+ea
p1+p2—1

)ZA fP1+P2(a(1)) 11-)§.2p2)2/\nf{)1+p2(a1(12)) (3)

[P1+P

Remark 2. If we take p; = py = p, a) = a® = a,, AL = 4P = 4,
fi = fo = f, then the inequality (3) reduces to the followmg inequality

S ST S () M S (an). (1)

We note that the inequality obtained in (4) is a slight variant of the inequality given in
Theorem 1.

Theorem 3. Let f;j(u),j = 1,2,3 be real-valued positive convezr functions defined
foru > 0. Let p; > 1, j = 1,2,3 be constants, A\, > 0, a) > 0, j = 1,2,3,
ZAnf; P’(a(J)) 7 =1,2,3 converge, and further let A, = E7_\;, AP = Eg’:l)\,-afj), =
1,2, 3 Then

(1) (2) (2) (3) (3) (1)
S GG + B GG + o A)]

n n n

3

< Z(#)?Pi{zwfﬂ(a%}. (5)

J=1

Theorem 4. Let f;,p;, A, ag), An,ASlj) be as defined in Theorem 3 and
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T f4p’(a('1)) 7 =1,2,3 converge. Then

A(l) A(z) A(3) A(l) A(z) A(3)
2o M (TR () [ (G + 15
i 4
4p; Pi(q(i)
‘ < §(4p,_1) {}:A 177 (a§ )}
Remark 3. In the special case when p, = p, = p3 = p, a (1) —| a(2) = a$,3) = il

A(l) A(z) A(3) An, fi = fo = f3 = f, inequalities (5) and (6) reduce respectively
to the inequality (4) and

An 4
P Au U E (o

which are the variants of the inequality (2) given in Theorem 1.
To this end we establish the following interesting generalization of Copson’s inequal-

ity (1).
Theorem 5. Let fj(u), j =1,---,m be real-valued positive convez functions deﬁned
Jora > 0. Letp; > 1, 7 = 1,+ mbeconstants,/\ > 0, a(1)>0 J = 1,%~,m,

A me;(a(J)) j=1,---,m converge, and further let A,, = £ A% A(J) =X 1’\ a(J)
j=1,---,m. Then

2% 3 A S (an), ™)

) mo o
55, IG5 < 2 (T« @
j=t

Remark 4. We note that in the special case where pi=p 0 (" ) = —F 7% A9 = A,,
fi=fforj=1,---,m, inequality (8) reduces to the following 1nequa.1ity

An mp
ZAnme(E) 2 (m l)mp ZAnfmp(an): (9)
which in turn when m = 1 redures to the inequality (2) given in Theorem 1 and in
addition if we take f(u) = u it contains the Hardy’s inequality given in (7, p.239).

3. Proofs. of theorems 1-5

From hypotheses of Theorem 1, since f is convex, by Jensen’s inequality (see, [10,
p.133]), we have

F,
f(E) S (10)
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where F,, = I, ; f(a;). We write o, = F,A;! and agree that any number with suffix

0 is 0. Now, by making use of the elementary inequality (see [1,7])
2"t 4 ny™tl > (n+ 1)z, z,y > 0 reals,
we observe that

Anar’; - pp'%lAnf(an)afzﬂl

= )\naﬁ = pf 1(1{;_1 [anAn — an_lAn_1]

= (An— I%An)aﬁ & —f-An_laﬂ_lag-l

=L [ohy + (p— D)ot

. p%l [An_laf,_l ~ Aqad).

By substituting n = 1,---, N in (11) and adding the inequalities we see that
d 1
Z[Ana” - —/\ nf(as)oh™ ] £ __IANQ};" < 0.
& P

From (12) we observe that

s o < P S [y =
Yoanat < 77 Y {Ms@n} {37 et}

Using Holder’s inequality with indices p, ;T;Ll on the right side of (13) we have

né)« of < ——-{ZAnf (a,,)} {Z,\ o} 5

(11)

(12)

.(13)

Dividing the above ineqality by the last factor on the right and raising the result to the

pth power, we obtain

N
S (P < (

Now from (10) and (14), we have

N N

A, F,
z M fP(—) < E al—
n=1 f (An) - n:lA (An) S

N
P l)PZ:lAnfp(an).

N
B l)P;,\nﬁ(an).

(14)

(15)
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By letting N tend to infinity in (15), we obtain the desired inequality in (2). This
completes the proof of Theorem 1.
By using the elementary inequality (see [1,7,12])

p1$P1+P2 i pzypﬂ'l") s (p1+p2)IPlyP2 2 0’

where z,y > 0 and p; > 0, p2 > 0 real, we observe that
(1) (2)
Z)\nfpl Arn A

AL
P1+p2 1+p2 n
P1+P2)Z)‘ f ( P1+P )E ( )

Now a suitable application of Theorem 1 on the right side of the above inequality
yields the required inequality in (3) and the proof of Theorem 2 is complete.

In order to prove the inequalities in Theorems 3-5 we first observe as follows:

Using the elementary inequality cjca + cac3 + cze; < €2 + ¢2 + 3 (for ¢y, ¢3, c3 real)
we observe that

ORNC) A® A(s) A(s) e
Yo [ TG + (G G ]

< Z{anff”(ﬁ—"))}. (16
j=1 e

By making use of the elementary inequalities

1
cicacs(cr 4+ c2+¢3) < 5(0162 + cac3 + 6361)2,

(c1co + cacz +e3c1) < el +c2+c2 and  (c1+e2+e3)® < (242 +c2),
(for ¢1, ¢z, c3 real) (see [14,pp.201,203]) we observe that

A(l) AD 4@ ) AD @)
S G GG + G+ (G

< ;{z,\nf;"«%))}. )

Using the elementary inequalities  {][;_, cj}m < =Z7L.c; and {E0 0™
<mm Y e (for 1, -+, em > 0 real and m > 1) (see [15 p-272]) we observe that
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A9 m G
5% Hf”’ AL an[{gfff(%)}m]

1 L'\
o L8 S ), (18)
g=1 n

Now suitable applications of inequality (2) on the right sides of (16), (17) and (18)

yields the required inequalities in (5),(6) and (8) respectively. This completes the proofs
of Theorems 3-5.

Remark 5. We note that in [2] Copson also proved a companion 1nequahty under
the same hypotheses as in his first inequality (1) except that A, = 22 ada 4 "X:i';“ +-
of the following form:

DAl < PP Y Andh. (19)

In 1928, Hardy in his paper [5] noted that the inequality (19) does not require a separte
proof, but can be derived from Copson’s first inequality (1) (see, also [9, p.133]). In view
of this remark, we do not discuss the generalizations or variants of Copson’s inequality
(19). For other interesting generalizations and extensions of Hardy’s and Copson’s series

inequalities in different directions, we refer the interested readers to [8,9,13,16] and the
references givén therein.
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