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ON A CLASS OF CERTAIN ANALYTIC FUNCTIONS
OF COMPLEX ORDER

VINOD KUMAR, S. L. SHUKLA AND A. M. CHAUDHARY

Abstract. We introduce a class, namely, Fn (b, M) of certain analytic functions.
For this class we determine coeflicient estimate, sufficient condition in terms of
coefficients, maximization theorme concerning the coefficients, radius problem and
a necessary and sufficient condition in terms of convolution. Our results generalize
and correct some results of Nasr and Aouf ([2],[3]).

1. Introduction.

Let A denote the class of functions f(z) = z + Y 4, axz* which are analytic in the unit
disc U = {z :| z |< 1}. We use B to denote the class of analytic functions w(z) in U
satisfying the conditions w(0) = 0 and |w(z) |[< 1 for z € U. Let f(2) = 2 + ) _poqy arz*
and g(z) = z + ) _po, bi2® belong to A, then the convolution or Hadamard product of
f(z) and g(z), denoted by f(z) * g(z), is defined by

(L.1) f(2) r9(z) = 2+ Y axbps*, z€ U,
k=2

Let n € No = {0,1,2,3,...}. The n'* order Ruscheweyh derivative (see, [1]) of f(z),
denoted by D" f(z), is defined by

2(z""1f(2))™)
(1.2) DPf(z) = ( 17‘{'( ) , n € Np.

- Ruscheweyh [9] determined that

(1.3) Bf(a) = W * £(2).

We now introduce a class, namely, F,,(b, M) of analytic functions.
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A function f(z) of A belongs to the class Fy(b, M) if and only if 2-£Z) £ 0 in U
and

b—1+zw
ol bDf(") ~M|<M, z€eU,

(1.4)

where M > % and b is any non-zero complex number.
It follows by {6] that g(z) € Fy ar if and only if for z € U

LI _ 1+u(z)
9(z)  1—mw(z)’

(1.5)

where m = 1 — 37 and w(z) € B.
One can easily show that f(z) € F,(b, M) if and only if there is a function g(z) €
Fo pr such that

(16) D7 f(z) = o[22,

4

Thus from (1.5) and (1.6) it follows that f(z) € F,(b, M) if and only if for z € U

DM f(2)) 14+ {41+ m)— m}w(Z)’

(1.7) T Drf(z) 1 — mw(z)

where w(z) € Band m=1- (M > 1), _

By giving specific values to n,b and M, we obtain the following important subclasses
studied by various researchers in earlier works:

(i) Taking n = 0, the class F,(b, M) coincides with the class F(b, M) studied by
Nasr and Aouf [2].

(ii) Taking n = 1, the class Fy,(b, M) coincides with the class G(b, M) investigated
by Nasr and Aouf [3].

(ili) Taking n = 0,5 = cos Ae™**(| A |[< Z) and M = oo, the class F,,(b, M) coincides
with the class $*,| A |[< I introduced by Spacek [14].

(iv) Taking n = 0 and M = oo, the class F,(b, M) coincides with the class S(1 — b)
investigated by Nasr and Aouf [4].

(v) Taking n = 0 and b = cosde™**, the class F,(b, M) coincides with the class
Fy pe | A |< % studied by Kulshrestha [6].

(vi) Taking » = 1 and b = cosAe™®*, the class F,(b, M) coincides with the class
Gamr | A [< § investigated by Kulshrestha [7].

(vii) Teking n = 1,b = cos de™**(| X |< %) and M = oo, the class Fj,(b, M) coincides
with the class C*,| A |< T introduced by Robertson [11].

(viii) Taking n = 1 and M = oo, the class Fn(b, M) coincides with the class C(b)
introduced by Wiatrowski [15] and studied by Nasr and Aouf [5].
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(ix) Taking b = 1 and M = oo, the class F,(b, M) coincides with the class R,
introduced and studied by Singh and Singh [12].

(x) Taking b = 1 -0 < B < 1),n =1-2¢(0 < a < 1)and M = oo, the
class Fy,(b, M) coincides with the class R(a, ) introduced and studied by -Sheil-Small,
Silverman and Silvia [13].

(xi) Taking b = 1—-a,n = 1-2a(0 < a < 1) and M = oo, the class F,(b, M)
coincides with the class R, introduced and studied by Ruscheweyh [10].

From the definitions of the classes F'(b, M) and F,(b, M), we observe that

(1.8) F(z) € Fo(b, M) <= D"f(z) € F(b, M).

The purpose of the present paper is to determine coefficient estimate, sufficient
condition in terms of coefficients for a function to belong to F,,(b, M) and maximization
of | az—pa? | over the class F,,(b, M) for complex value of . Further we obtain the radius
of disc in which Re{z(%:'tf%l))i} > 0, whenever f(z) belongs to F,,(b, M) and a necessary
and sufficient condition in terms of convolution for a function to be in F,(b, M). We
also obtain the correct form of Maximization theorems concerning the coefficients for the
classes F'(b, M) and G(b, M), by taking n = 0 and n = 1, in our maximization theorem
for the class F,(b, M) respectively.

Our results generalize the some results of Nasr and Aouf ([2], [3], [4], [5]), Kulshrestha
([6], [7]), Ruscheweyh [10], Robertson [11], Singh and Singh [12], Sheil-Small, Silverman
and Silvia [13], Spacek [14] and Wiatrowski [15].

2. Preliminary lemma

In our investigation we require the following Lemma due to Keogh and Merkes [8]:

Lemma 2.1. Letw(z) =Y ;o ciz® belongs to B. If i is any complez number then

(2.1) | 2 — pef |< max{1,| p |}

Equality may be attained with the functions w(z) = 22 and w(z) = 2.

3. Coefficient estimate

Theorem 3.1. If f(z) = z+ Y 4o, axz* belongs to F(b, M) and
L=|b]*(1+m)+2m(j — 1)Re(d) + (m — 1)(j — 1),

then
1 k-2
(3.1) laklglk_lé(n_lk)Hlb(l+m)+m£|, when L > 0
o ? £=0
and
1
(3.2) lai |< TERCESN | (1 +m) |, when L <0,

where m =1 3-(M > 3) and §(n,k) = (21%).
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The inequalities (3.1) and (3.2) are sharp.
Proof. Since f(z) € Fn(b, M), so from (1.7) we have that

(D) _ 1+ (81 4+ m) = mu(:)
Drf(z) 1 — mw(z)

or

i(j —1é(n —1,7)a;2? = [b(1+m)z+ Z{b(l +m)+m(j—1)}6(n — 1,5)a; 27 w(z)

j=2
or
k-1
Z(] —1)6(n —1,j)a;2’ + z d;jz? = [b(1+ m) z+Z{b(l+m)
j=k+1 §=2

+m(j — 1)}8(n — 1,5)a; 27 |w(2),
where d;’s are some complex numbers. Then since | w(z) |< 1, we have

k-1

(3.3) |61+ m)z + > _{b(1 +m) + m(j — 1)}é(n - 1,5)a; |
j—2
>| Z(J— 1)é6(n —1,5)a;z + Z d; |.

j=k+1
Squaring both sides of (3.3) and integrating round | z |= r < 1, we get, after taking

the limit when r — 1 |

k-1
(34) (k= 12{6(n— L)Y |ax [2 < b(1+m) [P + S0 b(1+m) +m(i—1) [

j=2

~ (= D*Hé(n - 1,7} |a; |-

On solving, we get |

(k= 1)*{8(n = 1,k)}* | a |?
k-1

< o1 +m) 2+ [(1+m){|b|* (1+m)

Jj=2
+2m(j — D)Re(d) + (m = 1)(j — 1)*}}{é(n — 1,/)}* | a; |”
(k ~1)*{8(n—1,k)}? | ax I <| (1 + m) |?

k-1

+ ) (1 +m)L{s(n — 1,5)}* | a; %,
j=2
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where

L={b]>(Q+m)+2m(j — DRe(d) + (m - 1)(j — 1)’}

Now we consider the following two cases:
Cases I: When L > 0. In this case (3.4) gives successively for k = 2,3,4,...

| 5(1 + m) |
é(n—-1,2)"°

|b(1+m)||b(1+m)+m|

<
o |< 26(n — 1,3) ’

| ag |<

and hence by induction

k-2
1
TSt IT16+m)+mi].
e ! =0

| ax |<

The above inequality is sharp for the function f(z) defined by

D"f(z) — { (I=mz)pFm)/m 1 for m#0

zexp(bz), for m = 0.

Case II: When L < 0. In this case (3.4) gives

| ax |< |6(1+m) |

1
(k—1)6(n —1,k)
This inequality is sharp.

Theorem 3.2. Let f(z) = z+ Y puparz®. If for some n > 0 and A, B with —1 <
B< AL], ' '

(o0}

(3.5) D [(k = 1)+ | (1 + m) + m(k — 1) [|6(n — 1,k) | az |<| (1 +m) |,
k=2

holds, then f(z) belongs to F,(b,m), where §(n, k) = (:i’f) and m=1- (M > 1).

Proof. Suppose that the inequality (3.5) holds. Since f(z) = z + ) jun6(n —
1,k)ayz¥, we have for z € U

| 2(D"f(2)) — D"f(2) | — | (1 + m)D"f(z) + m{z(D" f(2))’ — D" f(z)} |

=Y (k—1)6(n —1,k)axz* | - | b(1+m){z+ > _8(n - 1,k)arz*}
k=2

k=2

+m E(lc —1)é(n — 1,k)az 2" |
k=2

<Y (k-1 —1,k) |ax | *
k=2
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~{lb(1+m)|r= " |b(1+m)+mk—1)|8(n—1k)|a]|r"}
k=2

:i(k—l)+|b(1+m)+m(lz—1) 6(n—1,k) |ax | rF= b1+ m) |~

Z [(k = 1)+ | b1 +m) + m(k —1) [J6(n — 1,k) | ai | — | 5(1 + m) |
by (3.5)
Hence it follows that

D*f(2)) _
G5 -1 <1,zeUl.
b(1+ m) + m{z ELLEN 1)

Letting
(2) {z D’:uff(i) -1}
wlz) = n 1 b
b(1 + m) + m{ ZEHEY 1}

then w(0) = 0,w(z) is analytic in | z |[< 1 and | w(z) |< 1. Hence we have

(D f(2)) _ 14 {b(1+m) — mhu(z)
Dn f(2) 1 — nuw(z)

which shows that f(z) belongs to F,,(b, M).
4. Maximization of | az — pa3 |

Theorem 4.1. If f(2) = 2+ Y 1o, arz* belongs to Fp(b,M) and p is any complez
number then

|61+ m) |

4.1 — na?

where
2pb(1 4+ m)é(n —1,3) — {b(1 + m) + m}{é(n -1 2)}2

= (n - L2

This inequality is sharp for each p.
Proof. Since f(z) belongs to F,(b, M), so that from (1.7) we have

(D) _ L4 {1+ m) — mu(z)
Dnf(z) 1 — mw(z)
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or
w(z): {Z(an(z))l—an(Z)}
[{8(1 + m) — m}D" f(z) + mz(D"™f(2))']
. S5 (k = 1b(n — 1, E)ag 1
= B+ ) + T, (b m) + m(k — 1)}o(n — L, Fjazz>1]
_ Yoreg(k = 1)é(n — 1,k)ap 2%t
B b(1 +m)
[1 3 Z;:)___?{b(l + m) + m(k - 1)}6(11 . 11 k)a’kzk’-l]—l
b(1+m) '
Equating the coefficients of z and z? on both sides, we get
(14 m)ey
") 2= 5m=1,9)
and
(14 m) 2
(43) (23 - 26(” _ 1,3) [62 + {b(]' + m) + m}cl]'
Hence
b(1+ m)
B PO ks . NG
(4’4) a3 I“‘az 26(71 . 1’ 3) [C2 dcl]’
where
5 2ub(1 +m)é(n — 1,3) — {b(1 + m) + m}{é(n — 1,2)}*
{6(n —1,2)}? '
Taking modulus both sides in (4.4), we have
b(1 4+ m) |
‘. . IO L L. | ST T
( 5) I as Hay I Qé(n _ 1,3) I C2 dcl i
Using Lemma 2.1 in (4.5), we have
b(1+m) |
gl g LA 8] | df.
|a3 Has |_ 26(”— 1,3) maX{l,l |}

Since the inequality (2.1) is sharp, so that the inequality (4.1) must also be sharp.
Corollary. If f(z) belongs to F,(b, M), then

| 6] (1+m)
(4.6) | a2 |< Sn-1,2)
and
(4,7) | az |< %max{l,|b(l+m)+m 1}.

The 1nequalities (4.6) and (4.7) follow directly from (4.2) and (4.3) respectively.



108 VINOD KUMAR, S. L. SHUKLA AND A. M. CHAUDHARY

Remarks.

(i) We obtain the maximization of | a3 —pa3 | over the class F(b, M) which is studied
by Nasr and Aouf [2], in correct form, by taking n = 0 in our maximization of | az— paj |
over the class Fy,(b, M).

(ii) We also obtain the maximization of | az — pa3 | over the class G(b, M) which is
studied by Nasr and Aouf [3], in correct form, by taking n = 1 in our maximization of
| a3 — pa2 | over the class F,(b, M).

5. Radius theorem
The following theorem may by obtained with the help of (1.8) and Lemma 3 of Nasr and
Aouf [2].

Theorem 5.1. Let f(z) = 2+ Y poy ar2* belongs to Fy(b, M). Then

z(D" f(z))'

B Do ()

} >0 for | z|< ra,

where
rm = 215 (L4 m) + []b 2 (14 m)? — 4{Re(B)(—=T) - 1113},

Remarks. In the above mentioned result

(i) Putting n = 0, we get the sharp radius of starlikeness of the class (b, M) which
is studied by Nasr and Aouf [2].

(ii) Putting n = 1, we get the sharp radius of convexity of the class G(b, M ) which
is investigated by Nasr and Aouf [3].

6. Necessary and sufficient condition

Theorem 6.1. A function f(z) belongs to the class Fp(b, M) if and only if

[(ﬂ+1)+x{b(1+m)—m(ﬂ+1)}]zz

-b(14m)z
(1— z)nt2 L

(6.1) f2) 2

in0<|z|<1, wherez=1 and :cV;é 1.
Proof. Let f(z) belongs to the class Fi,(b, M), then

(D)
Dnf(2)

|z|=1and z# 1in0<| z |< 1. Equivalently

14+ {6(1+m)—m}z
1—-mz

=

’

(6.2) (1 —=mz)z(D"f(2)) = [1+ {b(1 + m) = m}z]D" f(2) #0in 0 <] z |< 1.
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We know that, by the definition of D" f(2)
(6.3) 2(D"f(2)) = (n+1)D"*' f(z) — nD" f(2).
Using (6.3) in (6.2), we have
(1 —mz)[(n+1)D"*' f(z) = nD" f(2)] - [1+ {b(1 + m) —m}z] D" f(2) # 0in 0 <] z |< 1

or —b(1+ m)ez + [(n+1) + 2{b(1 + m) — m(n + 1)}]*
flay s [==F (= 2y s

Since z # 1 and b is any non-zero complex number, we have

foys SRR
(1—z)"t2

which is the required condition.
The converse part follows easily since all the steps can be retraced back.
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