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INTEGRALS OF CONFLUENT HYPERGEOMETRIC FUNCTIONS

GIOVANNA PITTALUGA

Abstract. The moments of the weight functions w(z) = e~*z#(Inz)?, p = 0,1, 2,
on [0, 00) with respect to the Confluent Hypergeometric function ¢(a—n,c;z),n =
0,1,2,..., are explicitly evaluated.

1. Introduction

In a previous paper Blue [1] gave a simply expression for the integral
fol Pn(2z — 1) In(1/z)dz, where P,(2z — 1) is the shifted Legendre polynomial. Gautschi
[5] treated fol z*In(1/z)P,(2z — 1)dz, o > —1.

The evaluation of these integrals is related to the construction of the modified mo-
ments with respect to certain classes of polynomials [4].

Afterwards Gatteschi [2] generalized these results by considering and explicitly evalu-
ating the modified moments of the weight functions w(z) = z°(1—2z)*In(1/z), @, p > —1,
on [0, 1], with respect to the shifted Jacobi polinomials P*(*#)(g) = P,(,a’ﬁ)(Q:z: —1), and
wy(z) = z?e~*(Inz)?,p > —1,p = 1,2 on [0, 00), with respect to the generalized Laguerre
polynomials Lg,a)(a:).

In a more recent paper [6], Kalla, Conde and Luke have considered a different
problem, not necessarily related to the modified moments. More precisely, they have
examined the integral f_ll(l —-z)*(1+ :c)bP,Ea’p)(:c)dx, Re(a), Re(b) > —1, and its partial
derivatives with respect to a and b, where P{*"” )(:L') is the Jacobi function which reduces
to the Jacobi polynomial if v is a positive integer. Gatteschi’s result about Laguerre
polynomial integrals has been considered again by Kalla and Conde in a more recent
paper [7].

The purpose of this paper is to evaluate the moments of the weight functions w(z) =
ezt (lnz)?,p = 0,1,2,... on [0,60) with respect to the Confluent Hypergeometric
function ¢(a,c;z), that is the integrals

(1.1} ILia;u)= / e "zh(Inz)’d(a,c;z)dz,c #£0,-1,-2,....p0> —-1,p=1,2,...
0
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Since, by putting

£00

(1.2) J(a,p) = | e "z*d(a,c;z)dz, c#0,-1,-2,..., p>-1,

2

o
IP(G’#):Z)';[EJW"L)’ - 3 B

the evaluation of integrals (1.1) follows from that of J(a,u) and its partial derivatives
with respect to pu.
Here and throughout this paper, we use the notation of Gatteschi [3].

2. Integral-J(e,p) and related derivatives

For the cemputation of the integral J(a, u) we make use of the known expansion [3, p.61]

NOES
21 &, &)= ——,
(21) CEREIW ~re-
Indeed, by using (2.1) and termwise integration, we can write
o0
(@)r(p+ 1) 1
2.2 Jia, i) =Tl 1S -2EET b
(2.2) (a,p) =T(p )kE 0: % H

=T(p+1)F(a,p+ 15¢1),

where #{a, u + 1;¢;1) is the gaussian hypergeometric function.
To insure the absolute convergence of the series (2.2), we must require Re(c — a —
p—1)>0. |
Consequently, taking into account that [3, p.50]

_I(e)l(c—a—pu-1)

F(a,p+1;61) = F(c—a)(c—p-1)

we obtain

- o) = T4 EEZemu= 1)

c#0,-1,-2,..., p>—1, Re(c—a—pu—-1)>0.

We now consider the problem of evaluating the integrals (1.1).
We first examine the case p = 1. Differentiating (2.3) with respect to u gives

Ca) I =hlaw
I(e)T(c—a—p—-1)
[(c—a)l(c—p-1)

A+ +¥(c—p—1)—t(c—a—-pu-1)},
c#0,-1,-2,..., p> -1, Re(c—a—p—1) >0,

= Dlu+1)
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where ¥(z) = I'(z)/T(z) is the logarithmic derivative of the gamma function.
The evaluation of (1.1) when p = 2,3, ... can be obtained by repeatedly differenti-
ating (2.4) with respect to u. We shall only examine, with some details, the case p = 2.
By a partial differentiation of (2.4) with respect to y, we have

32
(2.5) C7?;5,](¢1,;1):I2(a,u)
I(e)M(c—a—p—-1)
F'ec—a)l(c—p—-1)
A+ 1) +9(c—p-1)—plc—a—p-1)]
+W' e+ +¢(c—a—p-1)-¢(c-p-1]}
c#0,-1,-2,..., p> -1, Re(c—a—p—-1)>0.

=T(p+1)

3. Some sequences
In this section we will evaluate the sequences of integrals (1.1) and (1.2) obtained from
(2.3), (2.4), (2.5) when we change a into a — n, where n =0,1,2,... and a # 0.

By remembering that I'(z + 1) = zI'(z), we may derive a useful algorithm for the
computation of the moments J(a — n, ).

Indeed, it is easily seen that, by putting

J(a—n,ﬂ) = Qn,

that is,
B Fe)l(c—a—p+n-1)
%=+ e et iie—p = 1)
we have
c—a—p+n-1
(3.1) an+1:an c__a+n ) n=0,1’2,...,
ag = J(a, p).

Moreover, for the computation of (2.4) when a is substituted by a—n, n = 0,1,2,...,
if we use the previously recalled property of function I'(z) and the recurrent relation
Y(z + 1) = ¢(z) + 1/z, we may construct, in addition to (3.1), the following sequence

1
52 n = )
( ) ﬂ+1 ﬁn+c_a_#+n__1

Po=d(p+1)+d(c—p-1)—¢P(c—a—p-1),

n=01.20::

hence

Iifa—n,p)=0n-0h; =0,1,2,:;::.

Similarly, by replacing in (2.5) @ with a — n, n = 0,1,2,..., and recalling that
¥'(z + 1) = ¥/(z) — 1/2?, we obtain, together with the recurrent relationships (3.1) and



134 GIOVANNA PITTALUGA

(3.2), the recursion formula

1
C—a—lj+n—1)2’ -
v=v(@E+D)+d(c—a—p—1)—9 (c—p—1),
and, finally, the useful algorithm

(3.4) Ii(a—n,p) = an{B2 + 7}, n=0,1,2,....

(3-3) 7n+1=‘rn—( R T . N

4. Particular cases

The results of the previous Sections reduce to the Gatteschi ones [2] when we assume
a = —n in (2.3), (2.4) and (2.5) or a = 0 in Section 3 and, after setting ¢ = a + 1, we
change g in o + p.

This can be shown remembering that the Confluent Hpergeometric functions reduce
to Laguerre polynomials when a = —n,n =0,1,2,..., and, more precisely,

LN z) = (n : a) é(—n,a + 1;z).

For instance from (2.3) we derive

(-D)"T(p+1)I(p+a+l)

/ e~ L) (z)dz =
0

n! T(p—n+1)
which is the formula given by Gatteschi [2, p.1295].
We consider now the case u+1—¢=m,m = 0,1,2,.... Recalling that, for any
integer r > 0, '
. ¢(_r + E) e r—=1_1
11—{% L(—r+¢) (-0,

from (2.4) we obtain

Il(a’”’) ve gl_{% Il(avﬂ - 6)

=T(p+ 1)I(c) LG ;(C: : Z)_ - P—r.% #Ez -_- Z: i i 3

= {1t L) _p(u+1)T(=a — m)T(m + 1),

c—a)
p+l—c=m, m=0,1,2,..., Re(a) < —m, p > -1.

Analogously, for the evaluation of I»(a, ), we have from (2.5)
(41) Ixa,p) = clir% Iy(a,p—€)

_ T(p+ l)F(IfZZ(_C;)“ i 1){A(u) +2B(p)},

where
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Y—p—1+9-¢lc—p-1+¢
Fc—p—-1+¢) ’

A(p) = lim

Ple—p—1+¢)
Flc—p—1+¢)

B(w) = lim{[$(s + 1~ ) = Y(c—a—p—1+¢) }.

By means of the two series expansions

I(z)= EOF L + iak(z + )k
rl z4r = ’
=1 ) B . .

i) =——= +¢(1+r) +§:bk(-r+r)"

k=1
which hold for | z + r |< 1, it is easily seen that

A(p) = (=122 + p— T2 + p — ©),
B(p)=(-1)""T2+p—){¢(p+1)—(c—a—p-1)}.

Hence, substitution into (4.1), yields the final result

— (_1ym-19L(p + DI(T(—m
I2(aal‘) == (_1) '2 I‘(C _ a)

A¥(m+1)+9(p+1) - ¥(-m—a)},
p+l—c=m, m=0,1,2,..., Re(a) < —m, p> —1.

~ ) r(m+1)
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