TAMKANG JOURNAL OF MATHEMATICS
Volume 21, Number 2, Summer 1990

ON INTEGRAL INEQUALITIES RELATED TO OPIAL’S INEQUALITY

TIAN-SHOW HWANG AND GOU-SHENG YANG

1. Introduction

In 1960, Z. Opial [4] proved the following integral iﬁequality:

Theorem A. Let u be of class ¢! on [0,d], and satisfy u(0) = u(b) = 0,u > 0 on
(0,5). Then
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where the constant b/4 is the best possible.

We note that if we replaced u(0) = u(b) = 0 by u(0) = 0 (or u(d) = 0), then (1)
becomes

b b
[ 1sew@ <3 [ 1ve) i (v)

C. Olech [5] showed that (1) is valid for any function u which is absolutely continuous
on [0,5], and satisfies the boundary conditions u(0) = u(b) = 0, and Olech’s proof of (1)
was simplier than that of Opial.

In 1967, E.K.Godunova, and V.I.Levin [1] generalized (1') and (1) in the following
forms:

Theorem B. Let u be absolutely continuous on [a,b] with u(a) = 0. If f is convez
increasing on [0,00) and f(0) = 0. Then
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Theorem C. Let u be absolutely continuous on [a,b] with u(a) = u(b) = 0. Let p

be positive on [a,d] and f p(z)dz = 1, and let f,h be convez increasing on (0,00), and
f(0) = 0. Then
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In 1966, G.S.Yang [6] generalized (1’) and (1) in the following forms:
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Theorem D. If u is absolutely continvous on [a,b] with u(a) =0, then

n
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m+n
where m > 0,n > 1.

Theorem E. If u is absolutely continuous on [a,d] with u(a) = u(b) =0, then

n b—a
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where m > 0,n > 1.

Theorem F. Let p be positive on [a,b] with f: ﬁdm < 00, and let q be positive,

bounded and nonincreasing on [a,b]. If u is absolutely continuous on [a,d] with u(a) =0,
then
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The aim of this paper is to establish some new integral inequalities which generalize

(2), (3), (4), (5), and (6).

2. Main results

Throughout, we assume that n is a real number such that n > 1, and k = (b—'a)”'l.

Theorem 1. Let uy, uy be absolutely continuous on [a,b] with uy(a) = us(a) = 0.
Let f1, fo be nonnegative, continuous on [0,00) with f1(0) = 0 such that f, f} ezist,
nonnegative, continuous, and nondecreasing on [0,00). Then

b
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Proof. For z € [a,b], and i = 1,2, define
w(@) = [ 1) o
Then y(z) =| ui(z) |, and using Holder inequality, we have

) P< (@) 14" < =) [ uie) P do) < k).
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Since fi, f! are nondecreasing, nonnegative, and continuous on [0,00), we have

b
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This completes the proof of Theorem 1.
Remark.

1. Let n = 1, and fi(z) = f(z), fo(z) = 1, u1(z) = uz(z) = u(z) in Theorem 1.
Then, it follows from (7) that

b b
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which is the inequality (2). [ See also [2], p159, Theorem 13 ]
2. Let fi(z) = z(™t")/n where m > 0, and let fa(z) = 1, uy(z) = ua(z) = u(z) in
Theorem 1. Then it follows from (7), and Holder inequality that

n_1
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L | u(z) ™| u'(z) |* dz < {k/a | w'(z) | dz}(m+")/"
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which is the inequality (4). [ See [6], Lemma 7 }

3. If ¢ is a positive, bounded, and nonincreasing function on [a, ], and p is a positive
function with f: Rl;ﬁdz < 00, let fi(z) = 22, fo(z) = 1, n = 1, and u1(z) = uy(z) =
J7 /a() | w'(t) | dt in Theorem 1. We have

b z b
2 [([ VA 1w | a0Va@ 1) | de < ([ VaE) |4(c) | ey

Since ¢ is nonincreasing, we have

[ VaD1v@ a2 Vi@ [ 1w 1221 Vi@ [ Vo i= Vi@ |ue)|
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Thus
b b T
2 [ @) lu(@) 1w(e) [z <2 [ ([ Va0 140 | d0VaE) | (o) | e
; b
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b
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which is the inequality (6). [ See [6], Theorem 3 ]

Theorem 2. For i = 1,2, let u;, f;, f! be as in Theorem 1. Let p; be positive on
[a,b], and fab pi(z)dz = 1. If h is a posilive, convez, and increasing function on [0,00),
then

b
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Proof. For ¢ = 1,2, it follows from Jensen’s inequality, that
ui(z) |?
e / | ul(z) " dm) < / p,(:n)h(l i{ ())' s,

Since h is increasing, so that

[ 146 1 de s 27 men )

which together with Theorem 1 imply that

b |
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This is the desired inequality.

Theorem 3. Fori = 1,2, let u; be absolutely continuvous functions on [a,b] with
ui(a) = us(b) = 0. Let f; be nonnegative, continuous, nondecreasing functions on [0,00)
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with f1(0) = 0 and that f] ezist, nonnegative, continuous, and nondecreasing on [0,00).
Then .

b
/ (1] wa(@) M) f5(1 wa(z) 1) | uh(@) [ +F2(] waz) I wa(2) 1) [ ui(2) [P]d=

n—1 b (a+b)/2
P ek [ 1@ P asip@ e [ 1) 1 de)

<
b
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and

b |
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Proof. For i = 1,2, we note first that, by defining y;(z) = f: | ui(z) |* dz, and
using a similar argument as in the proof of Theorem 1. We see that the inequality (1)

still holds if we replaced u;(a) = uz(a) = 0 by u1(b) = ua(b) = 0. Now for any ¢ € (a,b),
we have

[t wate) P ) 1) 150) 520 s(e) 1A a(2) 1) (o) Pl
< Litks [(14@) P o) [ 1) 1" de)

where &, = (¢ —a)*~?, and
/ 2l ) PV ae) ) e) -+ ) P o) 7 [ 4C2) P
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where kz = (b—c)* L.

Hence

b
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+

By taking ¢ = “2" in (10), we have k) = kp = 2!~™k, and since f, is nondecreasing, so

that
/ b[fl(l ui(z) [*)f2(l u2(2) I7) | uz(z) I +£2(] wa(z) )Fi(| va(2) I7) | wi(2) [")dz

2n 1 (a4b)/2
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This is the inequality (8).
If we choose ¢ in (4) so that

< b 1 b
[ru@rda=[u@rda=g [ luere,
a c a

then,
/ T w1(e) 1750 wa(e) ) | 402) I+l wae) VAL @) ) | () Pl
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This completes the proof of Theorem 3.

Remark. For m > 0, let fi(z) = (™77 fo(2) = 1, uy(z) = uz(z) = u(z) in
Theorem 3, it follows from (8), and Holder 1nequallty that

/ | u(e) [ '(2) " dz < —2—(

which is the inequality (5). [ See [6], Theorem 6 ]

/ | '(z) |™*" dz,
a
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Theorem 4. Fori = 1,2, let u;, f;, f{ be as in Theorem 3. Let p; be positive on
[a,b], and f:p,-(z)dz = 1. If h is a positive, convez, and increasing function on [0,c0),
then

/ 10 (@) M) F2(] va(2) ") [ux(=) [* +Fol ual=) ) fi(| wa(2) [7) | wi(2) ["]dz

< 2 (LB yaay potnt( [ pa(am L2 iy

Proof. For i = 1,2, it follows from Jensen’s inequality, that

; ()"
i [ i) o) < [ pen L,

Since h is increasing, we have

/ | wi(z) " dz < 2673 / p,(z)h('“'f‘f))'")dx). (12)

The desired inequality (11) is then follows from (9), and (12).

Remark. For i = 1,2, let p;j(2) = p(z), ui(z) = u(z), and let n = 1, fi(z) =
f(z), fa(x) =1 in Theorem 4. Then it follows from the inequality (11) that

[ 70 b 1@ 1 < 270 e By

which is the inequality (3). [ See also [2], p159, Theorem 12 ]
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