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MULTIPLIERS FOR | C,é | SUMMABILITY OF
FOURIER SERIES

W.T. SULAIMAN

Abstract. Recently PANDEY([2] proved a result on | C, 1 | summability of Fourier
series improving the conditions of some previously known theorems on the absolute

(C,1) summability factors of Fourier series. In the present paper we extend that
result.

1. Introduction

Let Xa, be a given infinite series with partial sums s,. Let o) and ¢} denote the
n** Cesaro mean of order 6(6§ > —1) of the sequences {sn} and {na,}, respectively. The
series Yay, 1s said to be absolutely summable (C, §) with index k > 1, or simply summable
C, 8l i

oo
an"l o - 6f_; [F< o
n=1 ‘

or equivalently
(e o]

Zn’l [ [F < oo,
n=1
Let f(t) be Lebesgue integrable periodic function with period 27 and 22 04n(t)
denote its Fourier series. Then for n > 1,

* Ale) = ‘/O7r @(t) cos nt dt
where ¢(t) = f(z + 1) + f(z — t) — 2f(z).

We write
)
o = [w 4@ du, 0<y<n
t

Py = (Hﬁ;i log® n) (log*n)'*¢, logtng >0, £ >0, £ = 2,

where logén = log(log®~! n),---,log?n = loglogn.

Recently, PANDEY([2] has proved the following theorem including some previous
results
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Theorem A. If

e(t) = O{(log"(1/t))"} as t — +0,

then the series
o0
Z An(x)/l‘n
n=ng

s summable | C,1| for0 < n <.

We give the following extension of theorem A.

Theorem B. Let {An} be any sequence of constants. Let 9(u) and h(u) be positive

functions such that H(u) = uh(u), uPg(1/u) are both nondecreasing for some 3, 0 < 8 <
1. Suppose for k > 1

e(t) = O{g(1/t)}, t—0;

Do a0 )Pl < oo

n=1

and

M8

R AN, F [A()]F[e(n)]* < oo

1]
-

n

Then the series End,h(n)An(z) is summable | €8 lp D6 € L

2. The following results are needed:

Lemma 1[1]. Ifo > ~1 and 0 — § > 0, then

]

— AL _ 1
E nA;':‘ -

o—6—-1"
n=u BAL

Theorem 2. The series SA,a, is summable |G8, B > 1,0 8 < 1. if the
following holds:

Nk

nk—0k-1 [ Ikl B ]k < o0;

1

n

M8

=t AR, ¥l P v

n=1

Proof. Let T? be the nth Ceséaro mean of order § of the s

equence {nA,a,}. Then
we have
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n

o= L&ZAJS l’UA vQy,

where

Al =

n —

n+68) _ (6+1)(6+2)---(6+n) n’

n - n! rg+1)
T8 = —l-—[ni{ A5,y + (v + 1)AASL A s

e o A;f" - v Vv

+ (v +1)AE IA/\USU} -I—n/\ns,,]
=Ty + Tao + Tis + ‘449 say.

To prove the Theorem, by Minkowski’s inequality, it is sufficient to show that

Do T F< o0, r=1,2,34.

n=1

Applying Holder’s inequality, we have

m m k
DT < > k{Z 1l ]}
n=1 n=1 (n)
m 1 n—1 » . v ] k—1
-1
S;"Ag; v,AUI|‘Ul {Aglen-u}
=0<1)Z Ag“ " s,
Aal
=0<1>Z|A Hsvl”

=v
hence, by lemma 1

oo (o)
Yool = O(1) Y vt [ Ay [¥| o |*
u=1

n=1

o0
- 0(1)ka—-6k——l I’\v Ikl 5o !k
v=1
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2 ,gln_(zlﬁg(” DF | A4S 112 [F] sy ¥
{Z oA )
=0(1)Z (Aé)k ka | AALZL ) A [ 50 ¥
(as. 31041 = 0{ Z(n—v)6~2}:0(1), 0<6<1)
- O(l)vaul | ulkZ'M
= 0(1)2;#-“-1 | A [¥] sy |¥ Z(n —v)°?

therefore

_i" 21‘_0(1)Z’°5’°1]\||sv[’“

n=1

m B m 1 n— i
Zn T = 0(1)2-@{;“6 18N (s |}
m

1 n-—1
O() 3 D v* 4SS | A, [ 5, ¥
n=1

noy=1

()

n

= O E nx14’5

A&l
=0(1)Zv’°|mu||sv1'°2 =t

n=-1
Zv"Ai:%, | A), [¥] 5, |F

then, by Lemma 1
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(o0] o0
2 e R = oy | s e P
v=1

n=1
n=1 4 a n=1 n(Aé')k

[ee]
= Q1) 3 nF - o, L F .

Lemma 3. Suppose g(u) is a positive function such that uPg(1/u) nondecreasing
for some B, 0< B < 1. If

e(t) = O{g(1/t)}, t—0,

then

| "16() | du = Oftg(1/)}.

Proof.
[ 166 14 = [ -ue'tan
= [~upw)] /{ B p(u)}u=P du

= O{tg(1/1)} + O{q(1/1) /0 uPdu)
= Ofte(1/1)}.

3. Proof of Theorem B.

Let S,(z) be the n** partial sum of the sequence {H(n)A,(z)}. Then we have
n b
Sn(z) = Z H(v)/ cos(vu)p(u)du
v=1 0

- {/on_l 4. /n: }{ X:;H(v) cos(uv)}d’(")du

= Il + I2J say.

Since H(u) is nonnegative, nondecreasing, thus, we have by Abel’s lemma
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| v;H(v) cos(vu) | = O{H(n) max | t;cos(vu) | }

= O{sH(n)},
where s = n or u~1,
Therefore
1] = ofn H(n) / 60 | du} = ofH(ma(m},
51 = ofHe [~ v o) [au} = of Hm(w).
Hence

|Sa(2) | = O{H(n) g(m)},
| Sa(2) I* = O[H(n)]*[g(n)]*.
The theorem follows by making use of theorem 2.

Remark. If we are putting : k = 1, § = 1, h(n) = n~1, A\, = p, and g(n) =
(log® »)" in theorem B, we obtain theorem A.
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