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MULTIPLIERS FOR I C, b lk SUMMABILITY OF 
FOURIER SERIES 

W.T. SULAIMAN 

Abstract. Recently PANDEY(2] proved a result on I C, 1 I summability of Fourier 
series improving the conditions of some previously known theorems on the absolute 
(C, 1) surrunability factors of Fourier series. In the present paper we extend that 
result. 

1. Introduction 

Let :Ban be a given infinite series with partial sums Sn. Let <1~ and t~ denote the 
nth Cesaro mean of order 8(8 > -1) of the.sequences {sn} and {nan}, respectively. The 
series :Ean is said to be absolutely summable ( C, 8) with index k 2'. 1, or simply summable 
IC,8lk, If 

00 

"""""nk-1 I afi - <16 lk < oo ~ n n-1 
n=l 

or equivalently 

n=l 
Let f(t) be Lebesgue integrable periodic function with period 21r and :E~=oAn(t) 

denote its Fourier series. Then for n 2'. 1, 

7r An(x) = 11r ¢,(t) cos nt dt 
where ¢(t) = f(x + t) + f(x - t) - 2/(x ). 

We write 

cp(t) 1-Y u-1 I ¢( u) I du, 

µn = ( IT!:C~ logv n) (loln)1·t\ Iol no > 0, € > 0, f 2'. 2, 

where lol n = log(lol-1 n), · · · , log2 n = log log n. 
Recently, PANDEY[2] has proved the following theorem including some prev10us 

results 
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Theorem A. If 

cp(t) = O{(lol(l/t))'7} as t--+ +0, 

then the series 

n=no 
is summable IC, 1 I for O < 17 < c:. 

We give the following extension of theorem A. 

Theoren1 B. Let {..\n} be any sequence of constants. Let g(u) and h(u) be positive 
functions such that H(u) = uh(u), uf3g(l/u) are both nondecreasing for some /3, 0 < J3 < 
1. Suppose for k ~ 1 

cp(t) = O{g(l/t)}, t --+ O; 
00 L n2k-6k-1 I >.n lk [h(n)t[g(n)t < 
n:l 

oo; 

and 
00 

L n2k-I I 6>.~ lk [h(n)t[g(n)t < oo. 
n=l 

Then the series En>.11h(n)An(x) is summable IC, 8 lk, 0 < 8 :S 1. 

2. The following results are needed: 

Lemma 1(1]. If a-> -1 and a- - 8 > 0, then 

oo A6 1 
L n-µ - - 1· ~~ · - u-6- nA~ µAµ n=µ 

Theorem 2. The series E>.11an is summable IC, blk, k ~ 1, 0 < 8 :S 1, if the 
following holds: 

00 L nk-6k-l I An lkl Sn lk < 
n=l 

oo; 

00 L nk-l I 6).n lkl Sn lk < 00. 

n=l 

Proof. Let T~ be the nth Cesaro mean of order 8 of the sequence { n).n an}. Then 
we have 
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where 

A,5 = (n+b) = (b+1)(8+2)···(b+n) ,.._,---.!!!_ 
n n n! r(o + 1)" 

n-l 

1~ = ~6 [L { - A~-=_~,\vsv + (v + 1)6A~-=_~,\vsv 
n v=l 

+ (v + l)A~-=_~_16AvSv} + nAnSn] 

= T,~ 1 + ri 2 + ri 3 + T~ 4, say. , , J , 

To prove the Theorem, by Minkowski's inequality, it is sufficient to show.that 

CX) 

L n-1 I T~,r lk < oo, 
n~l 

r = 1, 2, 3, 4. 

Applying Holder's inequality, we have 

m l n-1 l n-1 k-l 

< L nA6 LA~-=_~ I Av lkl Sv lk {A6 LA~-=_~} 
n=l n v=l n v=l · 

m n-1 

0(1) L n!.5 LA~-=_~ I Av lkl Sv lk 
n=l n v=l 
m-1 m 6-1 

0(1) L I Av lkl Sv lk L ~~7 
v=l n=v n 

hence, by lemma 1 

CX) 

L n-l I ri,1 lk 
n=l 

CX) 

0(1) L V-l I Av lkl Sv lk 
v=l 
CX) 

0(1) L Vk-bk-l I Av lkl Sv lk 
v=l 
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oo m n-1 

; n-1 I T!,d s; ; n(1~)• { ;<v + 1) I L'.A!:~ JJ -\, 11 s, I}' 
(when 8 = 1, T~,2 = 0 as 6A~:.~ = 0) 

m n-1 

:S ~ n(1~)k ~(v + lt j 6A~-=_~ II Av lkl Sv lk 

n-1 k 1 · { L I 6A~-=-~ I } - 
v=l 

m n-1 

= 0(1) ~ n(1~)'; v• J L'.A~:~ JJ ,\, J'J s, J' 

n-1 

( as, L I 6A~-=_~ I 
v=l 

therefore 

n-1 

o{ L(n - v)6-2} = 0(1), O :S 8 < l) 
v=l 

0(1) I: v• J -\, 1•1 s, 1• f I~~~:~ I 
v=l n=v ( n) 
m 

n=v 

00 00 L n-1 I T~,2 lk = 0(1) L vk-fik-1 I -\v lkl Sv lk 
n=l 

m L n-l I Tn,3 lk 
n=l 

then, by Lemma 1 

v=l 

m l n-1 k 

0(1); n(A~)k {;VA~-=_~ j 6,\v II Sv I } 
m n-1 

0(1) L n~fi L vkA~:_~ j 6,\v lkl Sv lk 
n=l n v=l 

1 n-1 k-1 

{ Afi LA~-=-~} 
n v=l 

m n-1 

0(1) L n!fi L Vk A~:_~ j 6,\v lkl Sv lk 
n=l n v=l 

0(1) I: v• If'.,\, 1•1 s, 1• f ~~~, 
n=l n=v n 
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00 

0(1) L Vk-l I 6..\v lkl Sv lk 
v=l n=l 

~ n-1 I T6 lk < ~ nk I An lkl Sn lk 
~ n,4 - ~ n(A6)k 
n=l n=l n 

00 

0(1) L nk-6k-1 I An lk I s'n lk . 
n=l 

Lemma 3. Suppose g(u) is a positive function such that uf3g(l/u) nondecreasing 
for some /3, 0 < /3 < 1. If 

cp(t) = O{g(l/t)}, t --+ 0, 

then it I ¢(u) I du O{tg(I/t)}. 

Proof. 

it -ucp'(u)du 

t t 
[-ucp(u)L + Jo { uf3cp(u)}u-f3du 

O{ tg( l/t)} + O{ tf3 g( 1/t) lot u-/3 du} 
O{tg(l/t)}. 

3. Proof of Theorem B. 

Let Sn(x) be the nth partial sum of the sequence {H(n)An(x)}. Then we have 

Sn(x) = t H(v) 11r cos(vu)</J(u)du 
v=l O 

{ [_, + [. }{ tH(v) cos(uv) }¢(u)du 
0 n v=l 

Ii + h, say. 

Since JI( u) is nonnegative, nondecreasing, thus, we have by Abel's lemma 
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n 

I LH(v)cos(vu) I 
v=l 

n 

O{H(n) max I I:cos(vu) I} 
I<r<n 
- - v=r 

o{ sH(n) }, 

where s = n or u-1. 
Therefore 

-1 

I I, I = o{ n H(n) [ I ,j,(u) J du} = o{ H(n)g(n) }, 
I h I = o{ H(n) 1:

1 
u-1 I </>(u) I du} = o{ H(n)g(n) }. 

Hence 
I Sn(x) I 

I Sn(x) lk 
o{ H(n) g(n) }, 
O[H(n)t[g(n)t. 

The theorem follows by making use of theorem 2. 

Remark. If we are putting : k = l, 8 = 1, h(n) = n-1, An = µn and g(n) 
(Iol n)11 in theorem B, we obtain theorem A. 
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