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AN ANHARMONIC FOURIER ANALYSIS FOR USE IN PROBLEMS 
OF HEAT CONDUCTION AND MEIJER'S G-FUNCTION 

S.D. BAJPAI AND SADHANA MISHRA 

Abstract. In this paper, we develop a.n anharmonic Fourier analysis for use in 
problems of heat conduction. We also evaluate an integral involving Meijer's G­ 
function and show how Meijer's G-function can be utilized to solve a problem of 
heat conduction in a rod under boundary conditions of special kind with the help 
of our anharmonic Fourier analysis. 

1. Introduction. 

The first object of this paper is to develop an anharmonic Fourier analysis for use in 
problems of heat conduction. The second object of the paper is to evaluate an integral 
involving Meijer's G-function and employ it to derive a solution of the equation of heat 
flow in a one-dimensional rod with constant thermal properties and no sources, under 
boundary conditions of special kind. 

Cases in which heat is produced in the solid are becoming increasingly important in 
technical applications [13, pp. 11-12]. 

The use of special functions is becoming increasingly important in technical ap­ 
plications. Space research and nuclear reactor also given rise to several problems of 
the application of special functions. The application of the special functions associated 
with the names of Legendre, Bessel, Hermite, Laguerre, Jacobi etc. in applied problems 
were given by several mathematicians from time to time. Now, mathematicians, physi­ 
cists and engineers strongly urge that the applications of the generalized hypergeometric 
functions should be attempted in the fields of applied mathematics, physical sciences and 
engineering. This paper is a humble contribution to satisfy that urge. 

Most of the practical problems, where elementary functions are used, are capable 
of being generalized with help of generalized hypergeometric functions such as the gen­ 
eralized hypergeometric series, MacRobert's E-function, Meijer's G-function and Fox's 
H-function. These generalizations may appear only mathematically interesting, and not 
appear to give meaningful physical interpretations at present. Nonetheless, it is expected 
that extensive study of the generalized hypergeometric functions together with the de­ 
velopment of computers in future will 9pen new frontiers of their applications which are 
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hither to unknown. However, some particular cases of our results may lead to meaningful 
physical interpretations. 

Bajpai [1-12], Kalla and Kushwaha [17], Prasad and Siddiqui [20,21], Prasad and 
Singh [22], Shah [23,24], Sharma (25], Singh and Varma [26] and some others [18, 19, 
27] have used generalized hypergeometric functions in finding the solutions of one - di­ 
mensional boundary value problems relating heat conduction, electrostatic field between 
two spherical conductors, potential theory, forced symmetrical vibrations in a circular 
elastic plate, angular displacement in a shaft, free oscillations of water in a circular lake, 
transverse vibrations in a circular memberance etc. 

Meijer's G-function is a generalization of almost all special functions appearing in 
physical sciences and engineering (15 p. 434-444]. Therefore, the solution obtained in 
this paper is of a general character and hence may encompass several cases of interest. 
Our solution is a master or key formula from which a large number of solutions may 
be obtained for MacRobert E-function, Hypergeometric functions, Bessel functions, Leg­ 
endre functions, Whittaker functions, Orthogonal polynomials and other related higher 
transcendental functions [14, pp. 215-222]. The results so derived may be found of great 
value for computing different values of f(x) for several special functions. 

The following formulate are required in the proof. 
The Meijer's G-function introduced and defined by Meijer will be represented as 

follow (14, p. 207, (1)] : 

a;;; ( zl a1,···,ap) 

1 IT.i=If(bi - s)II)'=1f(l - ai + s)zs 
b · q · ds, 

C rrj=u+l r(l - bj + s)ITj=v+l f(aj - s) 
where C is a suitable Barner contour. 

The multiplication formula for the Gamma - function [14, p.4,(11)] : 

(I.I) 

(1.2) 

where mis a positive integer. 
The following modified form of the integral [16, p.372,(8)]: 

IL . 7rX 7rX Jo (sm L )w-I cos >.m ydx 
7r . 

L cos >.m 2 f ( w) 
Rew> 0. (1.3) 

2w-1 f( w + >.m + l )f( w - >.m + 1)' 
2 2 

In what follows for sake of brevity ap stands for a1, ... , ap; d is a positive integer 
and the symbol ~(d, w) represents the set of parameters 7, wjl, ... , w+~-1. 
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3. Anharmonic Fourier analysis. 

We develop the following anharmonic Fourier analysis for use in problems of heat 
conduction. Generally, we consider half range Fourier series, which proceed according to 
harmonic (integral) overtones of a fundamental tone, e.g. 

A oo oo 

f(x) = T + LAncosnx and f(x) = LBnsinnx, 
n=l n=l 

We now consider the problem of expanding an arbitrary function f(x) in the interval 
O < x < 1r into a series of the form 

00 

f(x) = LAk cos,\kx, 
k=l 

where Ak is given as the roots of a transcendental equation, e.g. 

(3.1) 

cot ,\1r = a>., (a being an arbitrary number). (3.2) 

The equation (3.2) has infinitely many roots. 
We. now show that the function cos >.kx form an orthogonal system with weighting 

factor g(x) = 1, i.e. 

{ 

0, 

~(l sin2>.k1r) 
2 + 2>.k1r ' 

When k f:. f, expressing from the product of cosines to the cosines of sums and 
differences, we obtain from the left hand.side of (3.3) the given expression: 

if k f:. f; 

if k = f. (3.3) 

>.k>.e . , . , [ cot >.e1r cot >.k1r] 
,2 _ ).2 Sln Ak'lrSln Al'lr , - \ , 
"'k l "'l . "'k 

where the expression inside the brackets vanishes because of (3.2). 
When k = f, similarly from (3.3), we obtain 

11r 1r ( sin 2>.k 1r) 
0 cos

2 
>.kxdx = 2 1 + 2>.k1r . 

From (3.1) and (3.3), we easily find the following value for the Fourier coefficients Ak as: 

(3.4) 

(3.5) 

(3.6) 

2. The integral. 
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The integral to be evaluated is 

r\sin 1r;)w-1cosAm 7c;,·;(z(sin 7)2dlap)dx 
lo bq 

L COS ~Am .6(2d,l-w),ap 

---=2c....__cu, v+2d ( ) v'{;J) p+2d,q+2d z 1 - w - Am l - w + Am ' 
bq,.6(d, .... ),~(d, 

2 
) 

1 1 
where 2(u + v) > p+ q, I argz I< (u + v - 2p- 2q)1r, 
Re(w + 2dbi) > 0, (j = 1, · · ·, u). 

(2.1) 

Proof. To establish the integral, expressing the G-function in the integrand as a 
Mellin-Barnes type integral (1.1) and interchanging the order of intergrations, which is 
justified due to absolute convergence of the integrals involved in the process, we get 

Now evaluating the inner-integral with the help of (1.3), and using the multiplication 
formula for the gamma-function, we have 

On applying (1.1), the value of the integral (2.1) is obtained. 
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4. Heat condition in a rod. 

Let us now consider a simple but typical problem of the so-called outer heat conduc­ 
tion in a rod. If the thermal coefficients are constant and there are no sources of thermal 
energy, then the temperature in a one-dimensional rod O :S x :S L satisfies : 

, ' • I 

t ~ 0. ( 4.1) 

The solution of this partial differential equation must satisfy the following condition 

{Ju . 
ox (0, t_) = O; 

u(L, t). + h:: (L, t) = O; 

u(x, t) is finite when t -. oo. 

(4.2) 

(4.3) 

(4.4) 

u(x,O) f(x) 
ap 

(sin 1r; )w-l G~;~ ( z(sin 7 )2d I ) . 
bq 

( 4.5) 

5. Solution of the pr()blem. 

The solution of the problem to be obtained is 

u(x, t) 
2 · oo COS [)..n COS )..n 7rX e-(-rr>..n/ L)2kt _. L 2 L . · 

./[iJ) n=l (1 + -1- sin 21r >.n) 
21r >.n 

L::.(2d,1-w ),a P .· . . . ·. 

0u.v+2d ( I . . ) 
X p+2d,q+2d Z l - w - )..n l - W + >.n ' 

bq,.C.(d, 0 ), 6.(d, 2 ) ' 
1 1 

where 2(u + v) > p+ q, I argz I< (u + v - 2P- 2q);r, 
Re(w + 2dbj) > 0, (j = 1, · · · ,u). 

(5.1) 

Proof. We now wish to treat the boundary conditions ( 4.2) and ( 4.3). In order to 
satisfy ( 4.2), w:e set 

f(x) 
oo X L An COS >.n 7r L · 
n=l 

(5.2) 
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That is to say in the solution of :~ (0, t) = 0 and :~ (L, t) = 0, we replace the sequence 
of integers n by the sequence: 

>.1 , >. 2 , . · . , An , ... , 

which we wish to determine in such a way that the condition ( 4.3) is satisfied. This leads 
to the transcendental equation 

cos An 1r 
h1r 

An L sin An 7r 0 
or 

cot An 7r 
h1r 

>.nT· (5.3) 

This is equation (3.2) with a = h{. Hence we are dealing here with a typical case of 
anharmonic Fourier analysis discussed in section 3. We obtain the final solution of our 
boundary value problem ( 4.2) and ( 4.3), if we multiply the terms in the sums of (5.2) by 
the required time factor, viz. exp{-c>'.fr)2kt}. Hence our solution is 

(5.4) 

Ift = 0, then by virture of (4.5) and (5.4) we have 
Op 00 

· 7rX)w-l uv( ( · 7rX)2dl ) '""" 7rX (smy Gp;q zsmy = ~Ancos>.ny· 
t, n=l q 

(5.5) 

Multiplying both sides of (5.5) by cos >.m 1rz and integrating with respect to x from O to 
L, we get 

~ IL 7rX 7rX = ~ An Jo COS An L cos >.m ydx. 
n=l 0 

Now using (2.1) and (3.3), we have 

7r 
2 cos Am 2 (5.6) 

~(1 + -1-sin2Am7r) 
2).m 7r 
6(2d,1-w),a,. 

0u,v+2d ( I ) 
X Jp+2d,q+2d Z 1 - W - Am 1 - W + Am . 

bg,6(d, 2 ), 6.(d, 2 ) 

With the help of (5.4) and (5.6), the solution (5.1) is obtained. 
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