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INTEGRABILITY OF TRIGONOMETRIC SERIES

S.ZAHID ALI ZENEI

Abstract. Generalization of the theorems of Taljakovskii [7] and Sing and Sharma
[5] have been obtained.

1. A sequence < a, > of positive numbers is said to be quasi-monotone if Aa, > —
a, /n for some positive . It is obvious that every null monotonic decreasing sequence
is quasi-monotone. A sequence < a, > is said to be §-quasi-monotone if a, — 0, a, > 0
ultimately and Aa, > —6,, where < 8, > is a sequence of positive numbers. Clearly a
null quasi monotone sequence is §-quasi-monotone with 6, = a,/n.
We say that a sequence < a,, > of numbers satisfies condition S or a, € S, ifa, — 0
as n — oo and there exists a sequence of numbers < A; > such that
(a) 4x 10,
(b) T2, 4r < oo, (1.1)
and
(c) | Aar | < Ak, forall k.
By replacing the condition (a) of (1.1) only by:
(a’) < Ap > is quasi-monotone
(a”) < Ax > is é-quasi-monotone and kb < oo, we say that < a, >€ S(x) and
< ap, >€ S(6) respectively.
Thus, in view of the above definitions it is obvious that S C S(x) C S(é). And all these
three are the generalization of quasi-convex sequence. Qur condition S(é) is weaker than
the conditions S and S(ox) of Sidon [4] and that of Sing and Sharma [5] respectively.

2. Let
1 (o]
f(z) = an + nizla,, cosnzx

and

o
g(z) = Zan sinnz,
n=1
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be the trigonometric series.

Integrability of the above series has been discussed by several authors, for example
Young [8], Kolmogorov [3] and Sidon [4]. In 1973, Teljakoveskii [7] has proved the
following Theorems by taking a set of weaker conditions of Sidon [4] than those of the
earlier authors.

Theorem A. Let the coefficient of the series f(zx) salisfy the condition S. Then
the series is a Fourier series and the following relation holds

/0 |7(z)|dz <CY An,
n=0

where C 1s an absolute constant.

Theorem B. Let the coefficient of series g(z) satisfy the condition S. Then the
following relation holds for p=1,2,...

[t < el o3 a)

[p+1 n=1

In particular g(z) is a Fourier series iff X5, 2* < oo.

Very recently Sing and Sharma [5] have proved Theorem A and B for the class S(x).
In this paper we generalize Theorem A and B for the class S(), so as to get the above
mentioned generalization of Taljakoveskii [7] and Sing and Sharma [5] as a special cases.

3. We prove the following theorem.

Theorem 1. Let the coefficient of the series f(z) satisfy the condition S(6). Then
the series is a Foureir series and the following relation holds

T ao (o] o0
-/0 |7+7§ancosnz|d:c £ C;An,

where C is an absolute constant

Theorem 2. Let the coefficient of series g(z) satisfy the condition S(6). Then the
series coverges to a function and the following relation holds for p=1,2,3...

/W Iiansinn:cld:c < Ep:|a:| + O(i/in).
m n=1 n=1

4. For the proof of the above theorem we require the following lemmas.
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Lemma 1[2]. If the sequence of numbers <ox> satisfies the condition |o;|< 1, then

7|— k = .
/0 PITR PR TR

4 2sinz /2

and

k
x cos(i + 1/2)z |
_cosit+1/2)x & Bk
/7r/p+1 | ; - 2sinz /2 ldz < C(k+1),

Where C is a positive absolute constant.

Lemma 2 [1]. If < a, > is §-quasi-monotone with En'é, < oo v # 0 then the
convergence of ¥n’"la, implies that n’a, — 0, n — oo.

Lemma 3. Let < a, > be a §-quasi-monotone sequence with

(o o] (e o] o0
Znén < wo.IT Zan < 00, then Z(n+1)|Aan | < oo.
n=1 n=1 n=1

Proof. By partial summation we have

n n—1
Y ar = D (k+1)Aag +(n+ 1an — a1
k=1 k=1

Since < a, > 1s 6-quasi-monotone sequence and X2, a; < 0o, we have na, = o(1), by
Lemma 2. Therefore, by taking the limit we have,

o0 o0
Zak = Z(k + 1)Aay — a;.
k=1 k=1

From which it is clear that £¢2 , (k + 1)Aag < 0.

Now,

co (o}
D (k+1)[Aak| = > (k+1)|ar—aper+ 6 — 6 |
k=1 k=1

< D (k4 1)(a —arpr 4+ 6)+ > Sk(k+1)
k=1 k=1

= ) (k+1)Aag+2) 8(k+1)
k=1 k=1

< oo,
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by virtue of the hypothesis.

5. Proof of Theorem 1. By virtue of hypothesis Aa, > —6,, we have
| Aan | < Aap, + 26,.

Also the convergence of £ , k6, implies that £2 6, < co. Therefore, using the condi-
tion that a, — 0, we have

i Ad, | € ZAan + 226 < oo.
n=1 =1

Thus % + £32; an cos nz converges to f(z) for all z except possibly z = 0.
By summation by parts, we have

f(z) = lim [030_*_2":% coska:]

n—00

= [ [2 + ZDL(I)Aak-l-an n(z) = ao]

n—0o0 2

n—1

= lim [z Dy (z)Aay + anDn(:c)]

n—o0
=1

= ZAaka (z),
=

by the fact that lim, o anDn(z) = 0 if £ # 0 where D,(z) = 1/2 + cosz + cos2z e
..+ cosne.
Now applications of Abel’s transformation and Lemma 1 and 2 yield,

/ +Zancosn:c|d:c
0 n=1
/ I EAaka(:c) | dz
L
N 2 Aak
= A Di(z) | dz
[ 1o a S
- " i
AA = D.
> a4l |30 s

o0
it Czk+1 |AAk |>
k=0

IN
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since | AT‘:F |=|x;|< 1.

Then by Lemma 3.
/ +Zancosna:|< 00,
0

n=1

and satisfies the following inequality

/ +Zakcoskx|< CZ(k+1)]AAk I< CZAk
0

E=0
This proves the theorem‘

Proof of Theorem 2. Since Aa, > —6,, we have | Aa, |< a, + 26,. The
convergence of the series £¢2,ké; < oo implies that X32,6; < co. Therefore, by using
the condition that a, — 0, we have

oo e o0
Z|Aan|_<_ ZAan + 225,,
n=1 n=1 n=1

Thus, £2 ,a, sinnz converges to g(z) for every z.
We suppose that ap = 0 and Ag = max(| a; |, A1), we see that A9 < L A;. Putting

—cosz/2
2sinz/2
Iy == ﬁo(z) + sinz + sin2z + ... + sinkz
cos(k + 1/2)z
2sinz/2

/ Z arsinkz | dz
/p+1

k=1

= //p+1 ZAakD (z) | dz

k=0

P /i 3—1
_ Z/ 1" AaxDj (2) | da

j=1v*litl oo

P w/j o
+O( E / ’ | E Aar Dy (z) | d:z:) I, + I, say
j=1Y7[i+1

Application of Abel’s transformation and lemma 2 yield:

- - A
>_AuDi(z) = ZAk . Di ()
k=3

=j

Dy(z) = fork>1

Then

li

ZA“kEAa‘D'(w) 4 EA“‘D (2)
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Therefore

p ~/j
I, = Z/ IZAaka () | dz
el A

[i+1l g
p oo rr S T
< [DAAu/ 1322 D7 (2) | de
g=1 k=3 T/i+l 1=0 ¥
Aa
+A,-/ 5 ‘D;(z)wz}
[i+1 i=0
< ZIAAkI/ Aa‘D{(w)ldr
/J+1 i= 0
/i
j dz
+CZA ~/1r/1+1 2sinz/2
< CZ(k+1)]AAk |+CZA,—, by Lemma 1,

k=1 =1

CY (k+1)| AA |,

k=1

IN

Hence by Lemma 3

o0
I £ CY (k+1)| A4 | < oo
k=1

For all z € [0,7] k=10,1,2,---

Di(z) = —7 + O(k+1).

we have

I =
1 Z//HIIZAakD (z) | dz

k=0

= z/,,,,H'ZAak'—w L
) +o(3

Jj=1
j=1

j—-1

Z | Aag | (k + l)d:c)

fi+1 g

- (k+1)|Aak 1)

=

=0

But

V4
Z' gcmax|a,|<c IAak|<C’ZAL
j k=1

LY
1l
-
a-
’—
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and -
p J-
1
> (H )|A | € €52, [Aag| € CZAk.
j=1k=0 k=1
Therefore,
P oo
a
:ZI i O(ZAk).
j=1 J k=1
Hence

L/pﬂlZaksmkxld:c = Zlakl O(ZA}C)
k=1

k=1

This proves Theorem 2.
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