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NEW ANALYSIS OF WITTAKER FUNCTIONS

S.F. RAGAB

Summary. Integrals involving products of two Whittaker functions and Bessel
functions are evaluated in §§ 3,4. Also the integrals

= p—1 2iz —2:z
t Wklm(t)w—klm(t)wu,l/ —— Wp,u dt
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are evaluated in § 5 while in § 6 integrals involving the product of three Whittaker
functions are established.

§ Introductory.

Here integrals involging products of Whittaker functions will be established in §§
4 and 5. In § 3 integrals involving Whittaker function will be established. They will
be derived from subsidiary formulae which will be stated and proved in § 2. These also
will be deduced from the theory of MAC-ROBERTS’ E-functions whose definitions and
properties are given in [1] pp. 348-358). A brief account of the E-functions is given in
([2] pp 393). This is because that the Whittaker function is essentially ([1] p. 406) an
E-function in virtue of the formula

1
E(% —k+m, % —k-m:2)= I‘(% —k+ m)l"('i i I m)z_ke%szlm(z) (1)

where Wi, ,(z) is the known WHITTAKER function.
The following formulae are required in the proofs: ([3], p. 432):

(e o]
/ P Wem Wk, E(p; ar : q; ps : 2/12)dt
0 ;

1 s
- 2p—17r—§E(a1:°°')apr§+%p_m7flil+ %p+m)i+p11+%pz/4 (2)
Pry---s P 1+ 3p—k, 14 35p+ k.
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304 S.F. RAGAB

where

1
R(p+2m) > -1, R(p) > -1, lamp 2| < 5(p — ¢+ )7, and p > g+ 1.

([3], p- 430):
E(a,B:2)E(l—a,1—8:z) = N(@)T(B)(1-a)l(1-p)r?

1 \1-a=f 1 1 1 1,1 1, 1 .22
(52) Xﬂ' ';E(a,ﬂ,§a+§ﬁ,—a+-—ﬂ+—.a—]—ﬁ.e

i,—1

((1], p- 395):

z2k

Wem(2Wan(=52) = DT~k + mTG — k= m)

1 1 : 1o
xE[-2-—k+m,§—k,1—k.1 2: 247, (4)
([1], p. 406 ex. 28):
7 tR=1p=2 3 1 1 ir
I‘(l—a)I‘(l—-ﬁ)E(l_a’l_ﬁ' z) = E;iz_:i-i—E(a,,@..e z), -~ (5)

where the symbol £; _; means that in the expression following it i is to be replaced by
—12 and the two espression are to be added.

([4], p, 304):

1 ’ 1 ;
z‘*Z;E(P;a, +A 1:q ps+X:ez) = E';-'E(P;ar, 1:g; ps :€2)  (6)

iy“i !',—l

(5], p. 759):

E%(P;ar 1gps 1 267) = (2m) "3 DEme-BpBar=Tou=p-e-1)
i,—i
1. [A(ay,n),...,Alap;n) : (z/nP=9-1)neir
X -:E ) ’ ’_ 4 T
i’z_:iz [ %,%,...,Qg-l,A(pl;n),...,A(pq;n) (7)
where p > ¢+ 1, n is any positive integer, |amp z| < Z(p—q—1) and the symbol A(n;a)
represents the set of parameters

a+1 a+n-—1

LA n

(61
Tl’

g "9 ' g e (3) .-
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The integrals, involving WHITTAKER functions will be deduced from the following
integrals involving E-function
([11, p- 406, ex. 30):

(o]
/ e_x’\p—lE(p;a’:q’p’ ; 3?77)‘“ = (2m) 3"t~ x E(P+n;a, t g p, @ z/n"), (8)
0

where n is any positiove integer, R(p) > 0,
= ey = (pFu)/n, (v=0,1,2,...;.a=1)

([6], p. 77):

/ e AN LE(P;ay : q;p2A")dA = mcosec(pr)(2r)3n"3nP3
0

P p+l Y i |
E(P;a,.:l-—g,l-—p_{_ ,...,1—B+n—,q;p,;ei’"’nnz) 9)
n n n
I in 1ilm = - n—3-v,—(ptv)/n
+2573 g7 (=1) . [P+ ST .t
v=0 sm( )7r11',’='1 sin —I7- Y1 sin —
n n n
a1+ﬁ_3,...,ap+9+v : eXnmipn
x E L ‘
1 1 —v—1
g B gl B o BoEob o el
R n n n n n
where n is any positive integer, |amp z| < 7 and
R(ma, +p) >0, r=1,2,...,p.
(17], p. 258):
4/0 /\P_IKn(2/\)E'(P;a,. § i, ;—Z)dA = E(P+2;0,:¢;ps12); (10)
where
R(pxn)>0, apy1 = (p+n)/2 and apys = (p — n)/2.
(8], p- 8):
4i7r/ A T2 E(P; ey : q;p, - 2/A2)dA (11)
0
= FPE(P+20: cu.p;s : ze'i") —i""PE(P+2;a,: q;p,zei"),
where

3
R(p+n) > 0, R(E—p—i—?a,) 0, r=1.2, .. . Py p—;—n and apy, = (p—u)/2.
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([9], p-52):
/ h MW LKL (AE(P : ar : g;ps : 22%)d) (12)

+n - n
T E'(czl,...,cwp;l——p2 ,l—p——2——,p1,...,pq:4z)

B sin(p+n)sin(p;n7r)

+n

g+u ( (,\.'1+p+—n,...,ap+p2 14z )
E
1

2
n +n +n
+£—-12-—,1+n,p1+p2 )"'aps+p2

where
p>qg+1, Rpxtn+2a,)>0, r=1,2,...,p, |amp 2| < 7.
([10], p. 82):
/ e “I,(Wu'E(p; e, : q;p, : 2/p?)du
. p+n p—n p+n+lp—n+1
& S:;Ep—n)ﬂ' E al)"'wap)3 215 12 i 9 ) 4
(2v/2) cos(pmr) -t =pi= =
4+2p14+2p)p11 y Pq
cos(n) 8%
w2
(4\/5 7r)sm( 4)
PN a2l Bo Bl mE ®.
gl e BT ETREITRAT LT 24 3
B Er el @ P
4 2:2:101 4 2: "pq 4 9
cos(n) e_3
p
(4\/§-W)sm( —2)7r
3 3 p3 nd nd n
MEF Gt =gttt 3"
VT SV S
I~ PP LT T T g
where

1
R(p+n) >0, R(2ar—p+§)>Or=1,2,3,...,P, | amp 2 | < .
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(110] p. :

/ e UL, (u)u?"Y(P;a, : q; p, : zu®)du
0

o o l_P23_p
=% T E[ G 1 1+ PETedT e
2sin(p + n)w TR pTH =p 1L A B—p
(p+m) -~ PPl 575+
"(Ezu) a+p+n +p+n l+2§-+2'2
o E[ 1+ : IR ST I A
p+n p+n p+n p n1 1
2\/§ Sln( 2 ) 1+ 9 2,/)1 9 ) ) q+ 2 ] +n,2+n
— | etntl
o (2252)
_ prat
2\/-2--cos( 5 7r)
p+n+1 ptn+13 nd =n
E[ j‘:1:132 P ’4:2’41+32'z }
p+n p+n p+n
_— = —_ = , 1
1+ 2 )2)p1 2 ’ )pq+ 2 2+n +n

Rn+p+2a,)>0,r=1,2,...,p, R(—— ) 30, |amp 2z |« m

§ 2. Subsidiary theorems.
The theorems to be proved are

Ze 2ZW (Z) 1ZIE ;—}-m-}-l,%—m-}—ll Ze (15)
klm =~ =
27 —® f = el
z'e-%zwhm(z) = (%)'“"‘” i (16)
Z 2 A(n, +m+1), A(n,——m+1) (n) ei”:I
am i A(n;1—k +1)

where 7 is any positive integer an the symbol A has the same meaning as in (7).

(2) Weun(@Wetam(2) = 7~4(2m)mndvai-2s (17)
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_A(n;%+%I),A(n;1+%l),A(n;%l+m+-;—)-
<TiE| o))
i A(n;l+k+%l),A(n;1+k—%l) }

where n is any positive integer, and the symbols A and ; _; have the previons meanings.

Proof of (16). In (5), take
1
a=§+k+m,ﬁ= +k—m,

apply (1) and get

zke"%szlm(Z) = %Z%E(%+k+m,%+k—m::ze”)
i,—i
= 2—1;2—:;19(%+k+m,%+k—m,1:lzzei”).

Here multiply both rides by 2'~* and get

- | 1 1 1 .
e Wy m(2) = 2—7;z’ kZ;E(§+k+m,§+k—m,1:1:ze”)

i,—1

1 1 1 1 i
= 2—7;2;13(§+m+1,§—m+1, 1:1—k+1:ze ) by (6)

i,—1

This 1s formula (15). Formula (16) follows immediately from (15) by applying (7).
Proof of (17). To prove (17), take in (3)

o = %+k+m, g = -;—-i-k—-m,
apply (1) and get
z\ 2k _11 iy
('2") Wiim(2)W_pim(z) = = 22_7.,'12_::'{ (18)
1 1 1 ¢ 5
k+ =k - — — :

1+ 2k
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2 %l‘k
Here multiply by (”T) and get

(%)IWklm(z)W_hm(z)
= % (2/2)1—2k

2T L g
i,—1

2 2

1 ix 22
k+%,k+1,l+m+k,——m+k:e'"-z:1—]
1+ 2k

1 1 1 -
—_ 2(z/2)l 2Ic 2 Z E[k+§ Jk+1, 2+T';i2'2;c"m+kl el Z]

LR SEEINY 1+m+l_1_1 ma L. gin
b3 1 DA N by (6).
Tk
3,—13 1+k+§l’1+k—§l

G-—‘l

N

Thus we have

(2) Weum(@Worm(z) = 722302 (19)

i,—1
I 1 1.1 I 3 I .22
& §+§l,1+-2—11,21+1 +2,2l m+§ T
1+k+ - I,1+k——1

Again formula (17) follows from (19) by applying (7).

§ 3. Integrals involving one Whittaker functions:
From 8 (with n = 1) and (1) one gets

[ o (o gt ()

2k 1 1

= I‘(—2]:_—k_*_m)r(%mk—_m)E'(p,§——lc:—}—m,§—k—m::z), (20)

where R(p) > 0.
(15) in combination with (8) (with n = 1) gives

[ em(- o am (1)

. +m+l—-m+11p ze!
= 5~ x -E ) 21
23 N ] ey
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where R(p) > 0.
Here apply (7) to the right hand side and get

- z T z el 1-n _Il+p—k
exp(-A+ =X 1W (S )dr = z7'(27) "n 22)
[ ew(=2+35) ~(3) ( (
S —i _'_E (n1 2 m + )) (n) 2 m b 1p ® n2
2” ,-Z,_,- : A1 —k+1)

where n is any positive integer, R(p) > 0.
When [ = k, the last formula gives if R(p) > 0 and n is any positive integer

o0
2 \yp—k-1 & _ o—k 1-n
/0 exp( A 2A)/\ Wklm(/\)d/\ = 27(2x)" ""np (23)
1 1 e R
1 1 A(n;§+m+k),A(n;§—m+k),A(n,p) : (;1-5) e
ﬂ,_ifE 12 n-—1
L nan""’ n .
In (9) replace p by I+ k, A by ‘:—,then replace z by 1/(1 — 2), take
a:%—k—}—m, ﬂ:%—k m,

apply (1), so getting

/ e—/\(é—Z)A’—IWklm(A)d)“—‘ 1 - 1
4 . L il
sm(l+1¢:)7rI‘(2 k+m)F(2 k m)
1 1 1
{I‘(a_k+m)l—‘(§_k_m)(l_z)—k—lF §_k+m,%—k——m;1—-z
T(1—1—k) 1=~k
1 1
1"(§+m+1)1‘(§—"“L’)F LY . SE— } (A)
- 2 ’
T+ 4-k) 2 1514k

In virtue of the formula (p. 352.):
I'(ay)...T(ap)
L(p1)...T(pg)P

The expression between brachets { } in A can be simplified by the formula ([1], p.
349)

E(Piay:q;ps :2) =

F, (p; r : q; ps; —%) (24)

N _ ]:‘(7 i ﬂ)r(7)
Fla,Biy;2) = L(y — a)T(y - B)

D+ A=1T@) \  1an
Mot AT T — ey By —a=-f+11-2)

Fla,f;a04+ B —v+1;1-2)
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Thus A gives GOLDSTEIN’S, formula ([1], p. 396) namely
* 1
/ e 2G=2)\=1y (A)dA
0

1’(1+m+1)1"(l—m+l)

1 1

2 2 l+m+=l—m+ =2

= » ' 3 9! 9" 1 26)
r(l—k+1) ( 1Zk+1 ) (

where

1
R(z) <1, R(I1£m) > —5

Also (9) (with n = 1) in combination with (15) gives GOLDSTEIN’S formula (26)
again.
(1) in combination with (9) gives if R(p £ n) >0

o 2 22k
f en_z,\””"“lKn(Q).)Wklm(Az)d)\_ : T (27)
% 41‘(§—k+m)I‘(§—k—m)
1 1 s 1 0 & g
E(Q—k+m,2—k—m,2p+2n,2p—-2n.z ),
(15) in combination with (9) gives if R(p£n) > 0
® 42
/ e 37 NP~ K (20) Wiyom ( ,\2)d/\ (28)
0
1 1 i 1 1 1 1 1 .
— I-—— epp— =it ] = - et¥ 2
87“_; E(2+m+ '3 m+11, p+2n 5P~ 3" 1—k+1:e z)
When k =, (28) gives if R(p£n) >0
©0 2
/ e~ BT AP 2k- 11rx,,(2,\)W,“m( > ) dx (29)
0
22 1 S T
= g E( —i—m+k2 m+k,§p—§n,§p+§n:e'”z Js
(1) in combination with (10) gives
™ k—
4z7r/0 exp(2/\2))\"+2 LIn2X)Wi,m(22/A3)d) = (30)
- 1 1 1 1 -
1 : i i”'"E(E—k+m,§—k—m,%p+§n,%p—§n:zze‘”)
I‘(i—k+m)I‘(§—k—m)
22k 1 1 1 1 1 1
n—p o N O o FTon Pas EE .2z1r
1 E( + m, k —m, ,o—i-2 2p 2n ze),

-1 1
I(; - k+m)I(5 —k—m) . . .
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where 5
R(p+n) >0, R(i—.—Qk—p:{:Zm) >0, |amp z |[< 7

(15) in combination with 10) gives

o0
4i7r/ exp( W)AP 20=1 7 (20) Wi, m(22/A2)dA (31)
0

_—n | 1 1 1 1 1 1 L2 —ir
=z —*ZiE(—+m+1,2—m+1,1,2p+2n,2p-—2n.1——k+1.ze )

1 1 1 1 1 1 1 1 ;
I L L ol i & L1 & . e
= =27 Qw;iE(2+m+l’2 m+1,1,2p+2n,2p 2n.l k+l.ze)
where

R(p+n) >0, R(g+2l—p:i:2m) > 0.
When £ =1, (31) gives if

R(p+n) >0, R(§+2k—p:i:2m) >0, |lampz |< 7 -
(dim) 2 /0 exp (- Az)v =17 O Wi (22/A2)d (32)

-— 1 | | 1 1 1 1 1 -
=P ”xﬂZ—E’(2+m+l e m+ 1, 2p+2n §p—§n:zze"”’)

S ]

. i 1 1 1 1 1 1 :
—4n—r E: E( 1__ l, S =i 2t
2 ><27r 2+m+ m + 2,a+2n 2p 2n z )

Z*—l

(1) in combination with (12) gives

=
/ exp(—2—z2/\2) A=2E=1 K (90 )Wy, (2222)d) (33)
0

_ 7r22p—222k1‘(P‘;'n)[\(P;") . (%—k+m,%—k—m;—1/4z2) .

1

2k

e : ZF(——k+ + 2)

r(——k+ )F(——k . T

X r(% i —— E;—)F(—n)F(—p+n)

2
1 ptn ptn
= -k e i : 2
« ot g [ 2 +m+ 5 _2|_ km &4 ——— 2 —=1/4z
1+p2n,1+n
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where
Rlp4+n+1—2k+2m) >0, |amp z |[< .

(15) in combination with (12) gives

o0
1
/ exp(_EZZ/\?) /\”+2"1Wk1m(zz)\2)Kn(A)d/\ (34)
0
2 1 1 1 1 1 1 7
I‘(—n)r(5+ m+ 1+ §P+ §n)r(§ -—m+1+ §P+ —2-72)
1 1
=Yy r(1—k+l+-2—p+§n)2"+"
n,—n 1 1 1 1 1 1 1 1 1
] ng(-2-+m+I+ gPtsmg—m+i+get §"a1+"’1"°+’+§”+5"’_4z2)-
where

Rlptn+2m+2p+1)>0, R(ptn+2)>0

and z is real and positive.
(1) in combination with (13) gives

0 = b mr k= m)e 2 [ exp(u+ Z5) R G We (%) (35
9 9 5 2 ’F m p?
| 1 1 p4n pn pantl pontl
_ Sl\l’/lgp—'n.)ﬂ' E 2—k+m:2_k+m!3211 12 )1 9 ) 9 ‘z
(2v2) cos(p) g 1 1 1
3Ty
3 cos(mrg i 84
(4v2 - 7) sm(§ - Z)ﬂ'
: g 1 l gl . g3 wl m3 8.3
G| @R gy R B g T e TP T T T2 2]
L.y }
4 2’2
B cos(mr?z ’ ,4-3
(4v/2 - ) sm(z - —2-)7r
1 3 p1 3 p3 nb5 n3d3 nd n ,
S il e B o oy v . i - ® BT el e
glz Ffmty—py kot eateatya T2
7 ks
4 22
where

1
R(p+mn) >0, R(1—2k=+x2m— p) > =35 | amp 2 |< m,
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(15) in combination with (13) gives

(] 2 2
21 _ _Z_) p—21—1 z
z /0 eXP( H=om ) In(/‘)thm(uz)du
_ 1 sin(p—n)7
21 24/2 - cos(pr)
EETETT NS LR PR Ny
— m — — — — —
1 2 1’ 2 1 1 b] ’2p 21 ’2p
S T s A % st 2
%, gf ~gMhgPmgh T e s
e 3 1 1
i iTghaT3 d
cos(n)

B 2m(4v/2 - ) sin(g - g)‘/r

1 1 n

p =~ -+ =
Z_:z 172
4

cos(nm) -
= z

4
1 3 5 n3d3 =a
+ e -4+ = -4 =, - — =
El 4+2’4+2’4 2’

i—i

where

1
R(p+n) >0, R(1+21:!:2m—p)>—§, R(g—p) >0, |amp z |< =.

(1) in combination with (14) gives
1 1 —o [T 1 Bkt
1‘(5 —-k+ m)l“(-g- — k- m)z 2k / exp(—p + 32 W )= L () Wiy m (2 4% dps
0

_ i -eomr(d-£)r(3 1)

 (V2)sin(p + mpal (14 252 )0 (3) 1 + mI (5 +n)

(37)
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(ke G ko m (G D) 4 B)r(-50)

2v2I(1 + n)I‘(% +n)z#*n
+

1

l——k+m+p+n ——k-m+p+n
x 4Fy | 2 2
+

2
R
2 '3

r(1-k+m+ B (- k-m+ E58) 0G4 D)+ PIr(-EEEE)
r

2\/§r(3/2)r(g ) (1+ n)zPHn+!

-+

il i p BB g 2B S L BB B en
¥ 2p+n+1332 EREEAE
gy tlen

where

Rin+p+1—2k+2m) >0, |amp z |< T, R(—— )>0.

(15) in combintation with (14) gives

o0
2 1 »
% /0 exp(—u— Ezzuz)u”“’ Y (8)Wiym (224%) dp (38)
g Ty prnyp(l A3,
_ \1/_F(2+m+1+ : )F(2 m14+ 557 )1‘(41+2)1‘(4+2)z_(p+n)
2 - ptm 1
I‘(Q)F(l E+14 220 )F(1+n)F(2+n)
1 p+n 1 p+nl n3 n 2
=i ] —_ = = _.1
TN R Il R RV T i TR
il &1-{-121—}—11
2,1 k+1+ 5 ' 3
e PEANL(3 L PP (8 4 B) - (otnt)
\1[F(1+m+1+32 )P(l et 21)F(§+2)F(4+2)z
2 2 _ p+n+ 3
F(Q)r(l kot = )F(2+")F(1+")
1—+—m-{-l+p*-*n,l—m+l-{—'0+n,§+2,§+2;1/z2
% o 2 g g T gy
2 pipefIE i hen
2'% PTG g T
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where

1
R(n+p+1x2m+20) >0, R(-Q——p) >0, and |amp z |[< 7.

It may be noted that the formula (22), (29), (31), (32), (36) and (38) can be gener-
alized by applying (7).

§ 4. Integerals involving the product of two Whittaker functions:

(4) in combination with (8) (n = 2) gives if R(p) > 0

00 o
e e ()00 = T
x E[—;-—k+m,—12——k—m,%—k,1—-k, %p,%p-{—%:l—?k:zz/tl] (39)

(4) in combination with (9) (with n = 2) gives

(o2e]
/ e IN LY 95\ Wi, m(—2izA)dA (40)
0

1 1 1 1
2p7 3 cosec(pm) - 22* JFs (§—k+m,§—k—m,§—k,1—k;——)

= 422
—apf1_P\p(l_~P L1 o1
. F(l 2)F(2 2 1-gpg—gpl-2

vr%z”""l‘(% —k+m+ g)r(l _§ —ami+ -2’3)1*(1—“ 3)1‘(1 ~k+£)

S (Y Y APy P ()
e veme £ Db (3 -k4 r(i- 49
B2 TR S RO R )

where
R(p+1—-2k+2m) >0, |amp z |< 7.
(4) in combination with (10) gives if R(p+n) > 0

4 / A= 2E L K (20) Wiy (262 \) Wiy (— 212/ X)X (41)
0
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l p+'n p—n'22
2 £ 9 -

(4) in combination with (11) gives

Bir / ML T NN Wi (282 /A Wi (—2i2/A)dA
0

where

R(p+n) >0, R(g—p+1—2k:t2m) >0R(-g—p-—'2k> > 0.

(4) in combination with (12) gives

1 % s
z—zkﬁr(§ —k+ m)I‘(% —k—m) / AP~ 261 B (AN Wi ym (2020) Wiy (—2i2 /X)dA
0

e (B)r (B (g ~ k4 m)r (g = k=) ()

9—2k
1 1
——k+m,——lc—m,l—lc,l—k';—L
F5| 2 2 2 422
j-- 2 TH BBy m
2 b 2 )

T(—-n)l"(i_k_’_m_'_P‘;n)r(%_k_m+P+n)F(l_k+p—;—n)l_‘(l_k_l_p+n

317

(42)

(44)
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1
—1-—k+m+p+n,—-—k—m+p+n
JF3| 2 2 "2

1 p+n ptn 1
g gkt E ol —8+ 5=~ a
n
14 2 0y g d T
2 2
where

Rlpxn+1—-2k+2m)>0, R(pxn+1-2k) >0, |amp z |[< 7.
(4) in combination with (13) gives

/000 e PPt 1L (Wi m (_2:77-) Weorm ( 2iz)d;1

z?* sin(p — n)7

I‘(%)I‘(% —k+ m)I‘(% -k - m) : (2\/5) cos(pm)

it ! 1 1 p+n p—n p+n+17
2——k+m,2——k—m, —lc,l1 k, 5 g 5
XE ..p;_g.:.t._:zz
3 1 1 1
| Z+5P,2+§p,1—2k |

A
p 3 p 3 p 5 P
2 = L . SRS vl S g, - o
3w g =kl e =R 2’
x FE l.{.ﬁ §_+_T_l 1_2 _:i__r_l 2
4 g% 24721 5%
p p
C_F 19k =_E
4 TTI +4 2 i

22k cos(mr)z%" :

I‘(;)I‘(% - k+m)I‘(% —k —m)(4\/§1r)sin(§ - i)fr

b p o p o p 1 P
i RN I A G N ., S .t
g RTmtpg—b-m-Gg —k-g3-F=5
% B PLBH. RE BE U 2
4 2472’4 2'4 2
1 231 ‘o B
4 2'2'4 2 H

|

(45)
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where

1 3
R(p+n) >0, R(1—2k:t2m—p'+§) >0, R(-2——2k) >0, |amp z|< 7

(4) in combination with (14) gives

(o]
/ e # pf = L () Wiym (= 2iz2p) Wiy m (= 2i2p)dpt
0

G (- QG -3)

ﬁsinww-%r(l—”;">r<§—P:">ro+“gf’)rew;")

v (hokame SO (S ko me 5ok £20)
p+n

- zp+n2\/§.sin(p;n7r)l‘(%—k+m)I‘(-;-—k—m)F(1+ 2)

r

g~k 258+ 5) 5+ 3)

xr(;)r 1—2k+ ;’ )r(1+n)r( +n)

1 ptn 1 ftB o g BT
k+ 1+ . 1 k1 +32 1 11c+ S
p+n n n
x gF e S Rl
ol 2 +1 2 ’4+2J’r4+2’ 2
PLo L prn -
145y k45—l +m5 +n

VET(1-k+m +fl;—)r(1—k—m+’?;")

B zP+“+1(2\/_)-cos(p; )WF(§—k+m)I‘(%—k—m)

r(1- e+ ) r(G-k+ 2P (G+ )N G+ 5)
X
r(g ¥ p;")r(i;—)r(g — 5k 4 p+n)r(g+n)f'(1+n)
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L-k4m+ 2R 1 fom e EER gy 228
3 p+n 3 nd n 1
X 8f% " §+_ng 32 ’Z+2+’4 3P
p+n p+n
2 SE. 2 Fm 1
5t 5 g%kt gl

where

Rn+p+1—-2k+2m)>0, R(n+p+1-2k) >0,

1
R(E—p) >0, |amp z |< 7.
(19) in combination with 8 (with n = 2) gives

o0 | 1
/ e NI 22/ A Wo kym (22/0)dA = z—’29'27r—22; (47)
/o i,—i
1 1 [ .1 11 1 pp+l ;.22
g Pt plytmegg-migg g i¢ 3
L4 B4 ol 14— =l
e 2

where R(p) > 0.
Here apply (7) and get,

o 2z 2z
Ay p—=I-1 — —2192p4+21-2k—-4_—-4 _-1
/0 e~ Wklm(——/\ ) Wekym (—/\ )d/\ e 7%z | (48)

rA(n;l—;c—*.—l),/l(n 14+~ ) A(n L A( ,I+1 +m) |

D48 | (st em).a(mg) (s 2L ;Ez)

; o
i A(n;1+k+%1) (nl+k—%l

where n is any positive integer and R(p) > 0.
(19) in combination with (9) gives

/ e NI o (220) Wk, m(220)dA (49)
0

1

B d e b e b b

1 1 1 % 1 1
p+1 i — - B A
2z I‘(Q)I‘(1+k+2l+2p)l‘(l+k 1+2p)
1 1 1 1 1 L 1 1 1
=+ l+=p,14+=l+4p = _1 14 —p: 2
><43(2+2+2p Fot+mgdmdgitons—nt +2p,1/4z)

3
Lorpkgplpagnay gl
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r(1+ %I+ %p)f‘(% + %l+ %p)r(1+ %1+m+ %p)l‘(l-{- -;-I——m—{— %p)

rner O b e 5 )

2 "2
33 1 3 1, 1
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. % i 1 1 1 ¥. 1
14 =f l 1 [ P —l4 =p:1/42°
. +2+2p,2+2+2p,+2+M+2p, m+ =+ -p;1/4z
X 4l'3 .
2°9 2P 9 2

where
RA+14p)>0, R(2+p)>0, R(I£2m +1)>0 and z
is real and positive.

(19) in combination with (10) gives if R(p £ n) > 0.

42! /0 ” ,\P-‘-lwklm(%f )W_,,l,,, (2):\)Ixn(2k)d)\ | (50)

1
27" 9 gr-ig 2'9 22 2 ' 2

1+k+%1,1+k+l

& 1 1
ol 2w E;E

i,—1

1 [ .1 11 . il 3
[-—+£,1+ ,-—4+m+ -,z —m+ Ay ne”'22:|

(19) in combination with (11) gives

dind /0 =217, (2/\)W_hm( 22 Wiy (22) 2 (51)

A
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where

3 7
R(p+n) >0, R(E—p+1+1)>0, R(E—p)>0,

R(g—p+1i2m+l)>Oandz

1s real and positive.
(19) in combination with (12) gives

/ ML (AN Wiym (220 Wik, m(220)dA =
0

(52)
l+p+n+1 p+l+n l+ptmn+1 I+p+n+1)
> r(——~—§————)r(1+-——7;——2r(n»+————5————)r(—n;+-———7;———-I(—n)
+p+n pt+n— 1
iy +n+ e i S e 0
, (b D (L 2EE ()
1 l [ l
SEE EN RPN PP L oL BIE  cLd i W
x| 2727272 T2 T T N
Lm 4kt 800 14k 4 £
where z is real and positive and |42%| > 1.
(13) in combination with (19) gives
AT 2z 2z sin(p — n)wz~!
e T L (Wi [ — ) Weiym (== )dp = (53
f e W (B W (5 VD cos(pmyien) )
rl4+1 I I+1 l+1 p+n p+n+1 7
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p—n p—n in 2
X -F :
g Sl 2 b Bl B N =
772 cos(nm)zP~ 3!
s € 2
(V2 7r)sm(2 )7r(27r)
3 1L pb5 1 p3 l—p 3 l—p 7
1Ty pity gttt 5
x Y 1E lyp3 . nl n3 n o
-l 103471 aT e
' 19 —F 9 g P
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T3 cos(nw)zP~ 3-1
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5 p 7 l—p5b l—p 5 l—p
4+ 23’4+52 ’4;m+52 ’4_’"+ 7
e S R R B 2
4 1 diad A _Frp

2,4+k+ 5 ,4+k 5

where

Rp+n) >0, R(3 —p+1)>0, R(3+2m+1-p)>0, R(3-p)>0

and |amp z| < 7.
(14) in combination with (19) gives

/00 e"“p""”—lln(p)Wklm(2zA)W_klm(2z$\)dA = (54)
0
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where
Rin+p+1+0)>0, R(n+p+1£2m+10) >0, R(n+p+2)>0

and z is real and positive with [42%] > 1.
It may be noted that the formulae (50), (51), (53) can be generalized by applying

(7)

§ 5. Integrals involving the product of four Whittaker functions.

(4) in combination with (2) gives

o0 . .
]0 tP‘IWklm(t)W_klm(t)W,,,,,(Q—:E)W,,,,,(—?E)dt (55)
2p—2u—lz2p
- wF(l—p-i-V)I‘(l—p—u)
2 2
1 P S T 1
§—IJ+V,§—#—V,2—IM —#,2+2P—ﬂ+m,
E 1 . .1 p+1 p

ok gpp=m g —hl+g—piy

1 1
1—2p,1+§p—u—k,1+§p—u+k

where

R(p—2p+2m) > -1, R(p) > —1and |amp z |< .
(19) in combination with (2) gives

9p+1-1

m -
-1 _
‘/(; tp Wklm(t)W—klm(t)Wﬂ,V(2Zt)W—”,y(22t)dt = —2—71'2—2:1-

(56)

- I+ [l . 1+1 [+1 l+p+1 7
1 l 2 1’1+2’11’ : 1+U’ 12 _Vl, 21 o 2 A
Z +p+ +p+ + Pt S
X —.‘E ———— 2 L e
e 2 1+m, 2 ’11+ 2 ’1+1 2 © 4
1 ~ —=14=l42p- 1+ =p+ =k
B +u+2,1+u 2,1~|~2l+2p k,1+21+2p+2k_

where

R(p £ 2m) > -1, ‘R(p) > —1, |amp z |[< m,

It may be noted that the parameter | does not appear on the left side of (56). Also
(56) can be generalized by (7).
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§ 6. Integrals involving the product of an exponential function and 3 three
Whittaker functions:

(1) in combination with (2) gives

2
/ 171637 Wi, m(O) Wty m () Wi (t2 )dt
0

2p—2p—122k
— (/1 1
r(3)r(z-#-¥)r(z-#-v)
1 1 p+1 p+1 y
2_.“'*'”)2_”1_”1 21 _1“+ma 22 B —m,
x E At e M e
] 1+ sp—p+k1+5p—p—k |

where -
R(p+2m) > 1, R(p) > -1, |amp z |< 37

(15) in combination with (2) gives

- 1 2 z—29p+21-2
. e B B
A tf exp( 2t2)Wk1m(t)W—klm(t)WuV( 2)dt = T (60)
1 1 L o 1
s L o R o o
1 1 pt1 4 inZ_
%;iE 5 +111+2+l 1
i I—p+l1+l+5p—k1+5p+1+k )

where -3
R(p£2m) > -1, R(p) > 1, |amp 2 |< 5

It may be noted that ! does not appear on the left side of (60). Also (60) can be
generalized by (7).

When [ = p, the formula becomes

oo 2 -2u
el 2z oz
‘/(; exp( 212 )t Wklm(t)W—kxm(t)Wﬂu(tz)dt = \/’7? (61)
r 1 1 1 ]
§+V+ﬂ)§_y+l‘)£——2L—+ -+ )p-2|- +v—m,
2p+2pu-1

ol lE ﬂ+ 1+£+;1:e“ri
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wher ' -
R(p£2m)>1, R(p) > 1, |amp z |< 3

Also (61) can generalized by (7).
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