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NEW ANALYSIS OF WITTAKER FUNCTIONS 

S.F. RAGAB 

Summary. Integrals involving products of two Whittaker functions and Bessel 
functions are evaluated in §§ 3,4. Also the integrals 

and 

100 

tP-1Wk1m(t)-W-k1m(t)Wµ,.,(2zt)W-µ,.,(2zt)dt 
0 . 

are evaluated in § 5 while in § 6 integrals involving the product of three Whittaker 
functions are established. 

§ Introductory. 

Here integrals involging. products of Whittaker functions will be established in §§ 
4 and 5. In § 3 integrals involving Whittaker function will be established. They will 
be derived from subsidiary formulae whi~h will be stated and proved in § 2. These also 
will be deduced from the theory of MAC-ROBERTS' .E-functions whose definitions and 
properties are given in [1] pp. 348-358). A brief account of the E-functions is given in 
([2] pp 393). This is because that the Whittaker function is essentially ([1] p. 406) an 
£-function in virtue of the formula 

where Wk1m(z) is the known WHITTAKER function. 
The following formulae are required in the proofs: ([3], p. 432): 

(2) 
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304 S.F. RAGAB 

where 

1 
R(p ± 2m) > -1, R(p) > -1, lamp zl < 2(p - q + l)1r, and p ~ q + 1. 

([3], p. 430): 

E(o:,{l :: z)E(l - o:, 1- fl:: z) = f(o:)f({l)f(l - o:)f(l - fl)1r-~ 

( 
1 ) 1-o:-{3 1 1 1 1 1 1 1 . z2 -z x-~-E(o: a -o:+-a -o:+-a+-·o:+a·e'1r-) 2 2,r ~ i 'JJ' 2 2 JJ' 2 2 JJ 2 . JJ • 4 

i,-1 

([1], p. 395): 

z2k 

22kf(!)r(t - k + m)r(t - k - m) 

[ 
1 1 1 2] x E 2 - k + m, 2 - k, 1 - k.: 1 - 2k : 4z , (4) 

([1], p. 406 ex. 28): 

where the symbol Ei,-i means that in the expression following it i is to be :replaced by 
-i and the two espression are to be added. 
([4], p, 304): 

)."1 . "1 . z- LJ ~E(P;o:r + A, 1: q; Ps +A: e'1rz) = LJ ~E(P;o:r, l: q; Ps: e'.,..z) 
. . z . . i 
i,-i 1,-1 

(6) 

([5], p. 759): 

,,-, 
X L!E [.6.(o:1,n), ... ,.6.(0:p;n): (z/np-q-lrei'lf"l () 
i,-ii ~,~, ... ,n;1,.6.(p1;n), ... ,.6.(pq;n) 7 

where p > q + 1, n is any positive integer, lamp zl < !(p-q- l) and the symbol -6.(n; o:) 
represents the set of parameters 

o: o:+1 o:+n-1 
- --- , ' ... ' n n n 
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The integrals, involving WHITTAKER functions will be deduced from the following 
integrals involving E-function 
((1], p. 406, ex. 30): 

where n is any positiove integer, R(p) > 0, 

= Ctp+v+I = (p+v)/n, (v=0,1,2, ... ,n-1). 

((6), p. 77): 

100 

e->.)..p-IE(P;etr: q;p3z)..n)d).. = 1rcosec(p1r)(21r)!n-!nP-! 

E (p. . l p l p + l . . p + n ~ l . . ±in,r n ) . ,Ctr. --, ---, ... ,1- ,q,p3,e n z 
n n n (9) 

_.l_v -(p+v)/n n-1 n 2 z 
1 """" )v+l 7r t1r +2}-!n1r!+2n L....,(-1 . (p+v) rrv .. sin~Il~=t lsin 

sin ~~- 7r -'=1 n n v=O n 

l p + V P + V . ±n,ri n ] et1 + --, ... ,etp + -.--. e n z 
E n n . 

x p+v 1 v l n-v-1 p+v 
1+--,1+-, ... ,l+-,1--, ... ,l- ,q:p3+-- n. n n n n n 

where n is any positive integer, lamp zl < 1r and 
R(metr + p) > 0, r = 1, 2, ... ,p. 

([7], p. 258): 

4100 

>,.P-l Kn(2>-.)E ( P; Ctr : q; p., : {z) d).. 

where 

E(P + 2; O'.r : q; p.,; z), (10) 

R(p ± n) > 0, ap+l = (p + n)/2 and ap+2 = (p - n)/2. 
([8], p. 8): 

4i1r 100 

)..P-l ln (2>-.)E(P; O'r : q; p., : z/ )..2)d).. 

ip-n E(P + 2; Ctr : q; p., : ze-i,r) - in-p E(P + 2; Ctr.: q; p.,zei'II"), 

(11) 

where 

(
3 ) p + n · R(p+n) > 0, R 2-p+2ar > 0, r = 1, 2, ... , P, O'p+l = -

2
- and ap+z = (p-u)/2. 
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([9], p.52): 

100 

.v-1 I<n(>.)E(P : Ur : q; P& : z>.2)d>. (12) 

2 
p-2 7r • p + n p - n . 

2 . (p+n). (p-n )E(a1, ... ,ap,l--2-,I--2-,p1, ... ,pq.4z) sm -- sm --1r 
2 2 

p+n ( p+n p+n ) '\"""' 1r2 a1 + -
2
-, ... , ap + -- : 4z 

+ ~ . p+n . ·Z 2 E p+n p+n 2 p+n 
n,-n s1n(-

2
-1r) sm 1rn l + -2-, 1 + n,p1 + -2-, ... , Ps + -2- 

where 

p>q+l, R(p±n+2ar)>O, r=l,2, ... ,p, lampzl<1r. 

([10], p. 82): 

100 2 

0 
e-uin(u)uP-1E(p;ar: q;p&: z/µ )du 

p+n p-n p+n+lp-n+l. ] 
sin(p - n)1r ai, · · · 'o:p, -2-, -2-, 2 2 · z 

= E 3 1 1 1 
(2../2) cos(p1r) [ - + -p, - + -p,p1, ... ,Pq 

4 2 4 2 

where 

1 
R(p+n) > 0., R(2o:r-p+ 2) > 0 r = l,2,3, ... ,P, I amp z I< 7r. 
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([10] p. 

[ 

1 p 3 p ] = ,r E o:i, ... 'o:p' 4 - 2' 4 - 2 : z 
,/2 sin(p + n )1r 1 - p + n ! - p + n l n - p ! n - p 

. 2 ' 2 2 'Pi' ... ' pq' + 2 ' 2 + 2 

-(~) [ p + n p + n 1 n 3 n ] 
7rZ 2 0:I + -2-, ... ,O:p + -2-, 4 + 2' 4 + 2: z 

- E . p+n p+n 1 p+n p+n l 
2./2 · sm(-2-) 1 + -2-, 2,P1 + -2-, ... ,Pq + -2-, 1 + n, 2 + n 

[ 

p+n+l p+n+l 3 n 5 n ] 
O:i + 2 , ... , O:p + 2 ' 4 + 2, 4 + 2 : z 

E p+n+l 3 p+n+l p+n+l 3 
1 + '> ' 2, P1 + 2 , ... , Pq + 2 ' 2 + n' l + n 

where 
R(n+p+2o:r)>0, r::::1,2, ... ,p, R(t-p) >0, lampzl<1r. 

§ 2. Subsidiary theorems. 
The theorems to be proved are 

zle-~zwk1m(z) :;:::: _!_ L ~E [ ~ + m + l, ~ - m + l, l: zei,rl 
271' i i,-i l - k + l 

(15) 

(16) 

where n is any positive integer an the symbol .6. has the same meaning as in (7). 

(17) 
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A ( n; t +ti), A ( n; 1 +ti), A ( n; ti+ m + t) 
( 1 1) (. z )n . A n· -I - m + - · - e',r '2 2 · 4n2 

A ( n; 1 + k + ~1), A(n; l + k - ~1) 
where n is any positive integer, and the symbols A and Ei,-i have the previons meanings. 

Proof of (16). In (5), take 

1 
-+k-m 2 ' 

apply (1) and get 

1 L 1 E ( 1 k l k i,r) - - - + + m - + - m · · ze 21r i 2 ' 2 .. 
i,-i 

1 1 (1 1 . ) - """" - E - + k + m - + k - m l · 1 · ze'ir 21r !--_ i 2 ' 2 ' . . . 
i,-i 

Here multiply both rides by z1-k and get 

1 1 (1 1 . ) -z1-k L "7E - + k + m, - + k - m, l : 1 : ze',r 
21r . . i 2 2 

i,-i 

1 1 (1 1 . ) 
27r ~ -:;E 2 + m + l, 2 - m + I, 1: 1- k + l: ze',r by (6) 

,,-, 

This is formula (15). Formula (16) follows immediately from (15) by applying (7). 

Proof of (17). To prove (17), take in (3) 

1 
a = 2 + k + m, fJ 1 

-+k-m 2 ' 

apply (1) and get 

(18) 

[ 
1 1 I ei,rz2] 

Ek+- k+l -+m+k --m+k:-- 2' '2 '2 4 
1 +2k 
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( ) 

.1.[-k 

Here multiply by z: 2 
and get 

(i) 1 Wk1m(z)W-k1m(z) 

( /2)l-2k 1 [ 1 1 1 . z
2
] - .1. z '\"""' E k + - k + l - + m + k - - m + k : e',.. - 

7r 2 
~-; 2' '2 '2 4 21r i -i i 1 + 2k , 

Thus we have 

(z)' _.1.l'\"""'l 
2 Wk1m(z)W-k1m(z) = 1r 2 

21r ~ i ,,-, 

[ 

1 1 1 1 1 1 1 i,r z
2 
] 2 + 21' 1 + 21' l, 21 + m + 2' 21 - m + 2 : e 4 

E l 1 
1 + k + -l 1 + k - -l 

2 ' 2 

Again formula (17) follows from (19) by applying (7). 

§ 3. Integrals involving one Whittaker functions: 
From 8 (with n = 1) and (1) one gets 

where R(p) > 0. 
(15) in combination with (8) (with n = l) gives 

309 

by (6). 

(19) 

(20) 

(21) 
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where R(p) > 0. 
Here apply (7) to the right hand side and get 

100 

exp(-A + 2\)AP+1-1Wk1m(i)dA = z-1(211')1-nnl+p-k (22) 

[ 
1 1 ( z )n · i x _!__ L ~E -6.(n; 2 + m + l), -6.(n; 2 - m + l),-6.(n;p): n2 e'1r 

271' i,-i z -6.(n; 1 - k + l) 

where n is any positive integer, R(p) > 0. 
When I= k, the last formula gives if R(p) > 0 and n is any positive integer 

100 exp(-A- 2\)Ap-k-1Wk1m(~)dA = 2-k(21r)1-nnp (23) 

_!_ ! [.6.(n;i+m+k),.6.(n;i-m+k),-6.(n,p): (:2)nei1r] 
2,r L i E l 2 n - 1 

i,-i -,-, ... ,--. 
n n n 

In (9) replace p by l + k, A by ~. then replace z by 1/(1 - z), take 

0: = !-k+ m, 
2 

1 fl = - - k- m, 
2 

apply ( 1), so getting 

100 

e->.( ~-z) A1-1 Wk1m(A)dA - 1 1 
0 sin(/+ k),rf (2 - k + m) r (2 - k - m) 

1 1 [1 1 l r( 2 - k + m)f( 2 - k - m) l _ z)-k-l F 2 _ k + m, 2 - k - m; l - z 
{ f(l-l-k) ( l-l-k 

7r 

_ r(i+m+l)r(i-m+l)F[~+m+/,~-m+l;l-z]} 
f(l+l+k) l+l+k 

In virtue of the formula (p. 352.): 

f(o:1) r(o:p)F ( 1) 
E(P;o:r :q;ps :z) = f(pi) f{pq)P q p;o:r :q;ps;--;. 

(A) 

(24) 

The expression between brachets { } in A can be simplified by the formula ([1], p. 
349) 

. . _ r(,-o:-fl)r(,) . . 
F(o:,fl,,,z) - r(,-o:)f(,-fl)F(o:,fl,a+,8-,+1,1-z) 

r(a + ,8- ,)r(,) -r-o:-f3 . 
+ f(a)f(,8) (1-z) F(,-a,1- ,8,1-a-,B+l,1-z). 
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Thus A gives GOLDSTEIN'S, formula ([1], p. 396) namely 

100 e->.( }-z) >,.l-1 wk1m(>-.)d).. 

1 1 
r( l + m + 2 )r(l - m + 2) ( l + m + ! l / - m + ! ; z) 

r(l k 
-
1
) F 2 2 , (26) - + 1-k+l 

where 1 
R(z) < 1, R(l ± m) > -2. 

Also (9) (with n = 1) in combination with (15) gives GOLDSTEIN'S formula (26) 
agam. 

(1) in combination with (9) gives if R(p ± n) > 0 

100 2 2 2k 
~ p+2k-1 Z _ Z e :i>. ).. Kn(2>-.)Wk1m ()..2) d,\ - 1 1 

o 4f(- - k + m)f(- - k - m) 
2 2 

1 1 1· 1 1 1 2 E(- - k + m - - k - m -p + -n -p - -n : z ) 2 '2 '2 2 '2 2 ' 

(15) in combination with (9) gives if R(p ± n) > 0 
/00 2 2 Jo e~,\p-2l-IKn(2,\)Wk1m(~2)d).. 

1 L 1 ( 1 1 1 1 1 1 i7r 2) - -E - + m + I - - m + l l -p + -n -p- -n: 1 - k +I· e z 
871" . . i 2 ' 2 ' ' 2 2 ' 2 2 . 

i,-i 

When k = l, (28) gives if R(p ± n) > 0 

100 e-2·:2 ,\p-2k-lKn(2>-.)Wk1m(~:)d,\ 

z-2k L 1 1 1 1 1 1 1 iir 2 -- -E(- + m + k - - m + k -p- -n -p + -n: e z ). 
81r . . i 2 ' 2 ' 2 2 ' 2 2 

1,-1 

(1) in combination with (10) gives 

4i1r 100 exp ( 2z;2) ,\P+2k-1 ln(2>-.) wk1m(z2 I ,\2)d,\ 

z2k 1 ----::---- ·p-nE( 1 1 1 1 1 
f( ! - k + m)f( ! - k - m) i 2 - k + m, 2 - k - m, 2,P + 2n, 2P - 2n: z2e-i1r) 

2 2 

(27) 

(28) 

(29) 

(30) 

z2k - 1 ·n-pE( l l 1 1 1 1 i --k+m-- 1 . 
f(2 - k + m)f(;i - k - m) 2 '2 k - m, 2P + 2n, 2P - 2n: z'e")' 



312 S.F. RAGAB 

where 
5 

R(p + n) > 0, R(2-:- 2k - p ± 2m) > 0, I amp z I< 1r 
(15) in combination with 10) gives 

4i1r 100 
exp (- 

2
z;2) >.P-

2P-l ln(2>.)Wk1m(z2 / >.2)d>. 

_ -n '\"""' 1 ( 1 1 1 1 1 1 . 2 -i,r) z 211" ~iE 2+m+l,2-m+l,l,2p+2n,2p-2n.l-k+l:z e i,-i 

(31) 

_21 ·n-p 1 I: 1 E ( 1 l 1 l l 1 1 1 1 k l 2 i,r) -z i - - • - + m + - - m + -p + -n -p - -n : 1 - + · z e 
21r . . i 2 ' 2 ' ' 2 2 ' 2 2 . 

1.1-i 

where 
5 

R(p + n) > 0, R(2 + 2[ - p ± 2m) > 0. 
When k = l, (31) gives if 

5 
R(p+ n) > 0, R(2 +2k-p± 2m) > 0, I amp z I< 1r 

/00 2 
( 4i1r)z21 Jo exp (- ;2) v-2k-1Jn (2>.)Wk1m(z2 f.~2)d>. 

·p-n 1 I: 1 ( 1 1 1 1 1 1 1 1 2 -i,r) =i x - -E - + m + - - m + -p + -n -p- -n: z e 
21r · i 2 ' 2 ' 2 2 ' 2 2 i,-i 

·n- p 1 I: 1 ( 1 1 1 1 1 1 · 1 1 2 i 11') 
- i x - -E - + m + - - m + -p + -n -p - -n: z e 

21r . . i 2 ' 2 ' 2 2 ' 2 2 
i,-i 

(1) in combination with (12) gives 

100 exp ( 1z2 ).2) >.p-2k-I I<n(2>.)Wk1m(z2 >.2)d>. 

1r
2
2P-2z

2kr(p;n)r(P; n) ( ~ -k+ m, ~ -k- m;-1/4z2) 
2F2 p + n p- n 

1--- 1--- · 
2 ' 2 

z2k ( 1 p + n) + '\"""'r --k+m+-- 
(
1 1 ~ 2 2 r 2 - k + m)r( 2 - k - m) n,-n 

(1 p+n) ( p+n) xr 2-k-m+-2- f(-n)r --2- 

(

1 p+n 1 p+n 2) -(p+n) 2 - k + m + -2-, 2 - km+ -2-; -l/4z 
x z 2F2 p + n 

1 + -2-, 1 + n 

(32) 

(33) 
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where 
R(p + n + l - 2k ± 2m) > 0, I amp z I< 71'. 

(15) in combination with (12) gives 

(34) 

n,-n 

where 
R(p ± n ± 2m + 2p + 1) > 0, R(p ± n + 2) > 0 

and z is real and positive. 
(1) in combination with (13) gives 

cos(n,r) e_1 
- - z2 .. 

(4./2 · 1r)sin(~ - l)1r 

[ 
! - k + m + ! - £ ! - k - m + ! - £ ! + ~ ~ + ~ ! - ~ ~ - ~ · z2 l 
2 4 2'2 4 2'4 2'4 2'4 2'4 2· J 

E 5 p l 
4- 2'2 

cos( mr) e _ ,'i 
- z2 4 

( 4./2 · ,r) sin ( ~ - ~) ,r 

[ 
! - k + m + ~ - £ ! - k - m + ~ - £ ~ + ~ ~ + :: ~ - ~ ~ - ~ : z2] 
2 4 2'2 4 2'4 2'4 2'4 2'4 2 

E 7 p 3 - - - - 
4 2' 2 

where 
1 

R(p + n) > 0, R(l - 2k ± 2m- p) >_-2, I amp z I< 1r, 
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(15) in combination with (13) gives 

z21100 

exp(-µ- 2~2)µp-2l-lln(µ)Wk1,m(::)dµ 

sin(p - n)1r 
21r 2\1'2 · cos(p1r) 

1 1 1 11 1 1 - + m + l - - m + I 1 -p + -n -p + -n + - 2 '2 ''2 2 '2 2 2' 
1 1 1 1 1 i,r 2 -p - -n -p - -n + - · e z 2 2 '2 2 2. 

3 1 1 1 - + -p - + -p 1 - k + I 4 2 '4 2 ' 

1 

X I>~E 
. . i ,,-i 

where 

R(p + n) > 0, R(l + 2/ ± 2m - p) > -~, R(~ - p) > 0, I amp z I< 7r. 
(1) in combination with (14) gives 

1rr(~ - k + m)r(~ - k- m)r({- i)r(~ - i) 
( v'2) sin(p + n )1rr ( 1 + P; n) r ( i) f(l + n )r ( i + n) {37) 
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where 

R(n+p+ l-2k± 2m) > 0, I amp z I< 1r, R(~ -p) > 0. 
(15) in combintation with (14) gives 

/00 1 
z21 Jo exp(-µ - 2z2µ2)µP+21-1 In(µ)Wk1m(z2µ2)dµ (38) 

(1 p+n) (1 p+n) (1 n) (3 n) l f -+m+l+-- f --m+l+-- f -+- f -+- 
-- 2 2 2 2 4 2 4 2 z-(p+n) 
-2V2 r(~)r(1-k+l+p;n)r(1+n)r(~+n) 

(

1 p+n 1 p+n 1 n 3 n 2) -+m+l+-- --m+l+-- -+- -+-·l/z 2 2 '2 2 '4 2'4 2' x 4F4 1 p + n 1 
2, 1- k + l + -2-, 1 + n, 2 + n 

+ _1_ r( 1 + m +I+ ~)r(1- m + l + ~)r(! + ?)r(~ + ?)z-(P+n+1) 
2v2 r ( ~) r ( 1 - k + p + P + ; + 1) r ( ! + n) f(l + n) 

( 
p+n p+n 3 n 5 n 2) 1 + m + l + -- 1 - m + l + -- - + - - + - · l/z 

2 ' 2 '4 2'4 2' x 4F4 3 3 p + n 3 
2' 2 - k + p + -2-, 2 + n, 1 + n 
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where 
R(n + p + 1 ± 2m + 2/) > 0, R(t- p) > 0, and I amp z I< 7r. 

It may be noted that the formula (22), (29), (31), (32), (36) and (38) can be gener 
alized by applying (7). 

§ 4. Integerals involving the product of two Whittaker functions: 

(4) in combination with (8) (n = 2) gives if R(p) > 0 
2p-l z2k f e_, v+»-'w.,m(2;D w,,m (-2iDd,\ = ,,.rG- k+ m)rG- k - m) 

1 1 ! ! + ! : 1 - 2k: z2 /4] [l k + __ k _ m - - k, 1 - k, 
2
P, 

2
P 2 x E 2- m, 2 '2 (39) 

_ 2p,r! cosec(p,r) · z2k 

-- 2-2kr(1- ~)r(1- ~) 

,r! z2k-pr(1- k + m + ~)r(1- k - m + ~)r( 1- k + ~)r(1- k + ~) 

2r(t- k + m)r(t- k- m)r(1 + ~)r(1-2k + ~) sin(~)1r 

(
1 p 1 p p l p 1 p p l ) x 4F3 - - k + m + - - - k - m + - 1- k + - - - k + -· - 1 + - 1- 2k + -· -- 
2 2 ' 2 . 2 ' 2 ' 2 2 ' 2 ' 2 ' 2 ' 4z2 

2 2k . 1 ( 1 P 1) ( P) ( 3 · P) ( k P) + 2- ,rz -p- r 2 - k + m + 2 + 2 r 1- k - m + 2 r 2 - k + 2 r 1- + 2 
sin ( P; 

1
) 1rf ( 1- k + m) r ( 1- k - m) r ( ~ + ~) r ( ~) r ( ~ - 2k + ~) 

( 
p p3 p p33 p3 pl) x 4F3 1-k+m+- l-k-m+- --k+- l-k+-·- -+- --2k+-·-- 2 ' 2 ' 2 2 ' 2 ' 2 ' 2 2 ' 2 2 ' 4z2 ' 

(40) 

where 
R(p + 1 - 2k ± 2m) > 0, I amp z I< 1r. 

(4) in combination with (10) gives if R(p ± n) > 0 

4100 

Ap-2k-l l(n (2>.) wk1m(2iz / >.)Wk1m (-2iz I >.)dA ( 41) 
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z2k 

- r ( t) r ( ~ - k + m) r ( ~. - k - m) 

[

1 · 1 .. · 1 p+n p-n 2] --k+m --k-m --k 1-k -- -- :z 
E 2 '2 '2 ' ' 2 ' 2 

1- 2k 

( 4) in combination with (11) gives 

(42) 

- r(1)r(1-k+m)r(t-k-m) 
· · [ 1 1 1 p + n p - n 2 i,r] --k+m --k-m --k 1-k -- -- ·z e 
E· 2 '2 '2 ' ' 2 ' 2 .. 
. 1- 2k 

r(1)r(t-k+m)r(1-k-m) 

[ 
1 1 1 p + n p - n 2.-···:._i,r l --k+m --k-m --k 1-k -- -- :z e 

E 2 '2 '2 ' ' 2 ' 2 · · 
1- 2k · 

where 
3 5 · . · 

R(p+n)>O, R(2-p+l-2k±2m) >0R(2-p-2k) >0. 
( 4) in combination with (12) gives 

z-2ky';rr( ! - k + m)f( ! - k - m) /
00 

,\P-2k-i Kn(,\)Wk
1
m(2iz~)Wk

1
m(-2iz/ ,\)d>-. 

2 2 Jo 

_ 2p-2r(~)r(~)r(t- k + m)r(t- k- m)r(i) 
- -~~ 2-2.1: (44) 

( 

1 1 1 1 
4F3 2 - k + m, 2 - k - m, 2 - k, 1 - k; - 4z2 ) 

p+n p-n 
1 - -- 1 - -- 1 - 2k 

2 ' 2 ' 

+ L r(-n)rG-k+m+~)rG-k-m+~)rG-k+ ~)r(l-k+ ~) 
n,-n r(l-2k+p~n)zp+n . 
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(
1 p+n 1 p+n l p+n p+n 1) --k+m+-- --k-m+-- --k+-- 1-k+--·-- 
2 2 ' 2 2 ' 2 2 ' 2 ' 4z2 

4F3 p + n . p + n 
1 + -2-, 1 + n, 1-2k + -2- 

where 
R(p ± n + 1 - 2k + 2m) > 0, R(p ± n + 1 - 2k) > 0, I amp z I< 7r. 

(4) in combination with (13) gives 

loo -µ p+2k-1 I ( )W (2iz) W (- 2iz) d e µ n µ k1m k1m µ 
0 µ µ 

z2k sin(p - n )1r 

r ( i) r ( i - k + m) r (} - k - m) · ( 2h) cos(p1r) 

xE 

1 1 1 2 - k + m, - - k - m, - - k, 1- k p + n p - n p + n + l 2 2 ' 2 ' 2 ,'--~ 
p-n+l 2 
---·z2 2 . 

3 1 1 1 4 + 2 p, 4 + 2 p, 1 - 2k 

z2k cos(n1r)z~-t 

xE 

z2k cos(n1r)zi-! 

xE 

5 p5 p5 p7 p --k+m+- --k-m-- --k-- --k-- 
4 2'4 2'4 2'4 2' 

3 n5 n3 n5 n 2 -+- -+- --- ---·z 4 2'4 2'4 2'4 2· 
7 p 3 7 · p - - - - - -2k- - 
4 2'2'4 2 

( 45) 
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where 

R(p + n) > 0, R( 1- 2k ± 2m - p + 1) > 0, R(!- 2k) > 0, I amp z I< ,r 

( 4) in combination with (14) gives 

fo00 e-µ µp-2k-l In(µ)Wk
1
m (-2izµ)Wk1m(-2izµ)dµ 

rn. ( p+n) (1 p+n) ( n-p) (1 n-p) y ~sm(p + n)1r2-2kr 1 - -- r - - -- r 1 + -- r - + -- 2 2 2 2 · 2· 2 

(

1 1 1 p 3 p l 2) 
1 - - k + m - - k - m - - - - - - l - k - - k· -1/z 2 '2 '4 2'4 2' '2 ' . 

x f(l _ k) sfi·, p + n l p + n n - p 1 n - p 1--- ---- 1+-- -+-- 1-2k 
2 '2 2 ' 2 '2 2 ' 

2k (1 p+n) (1 p+n) ( p+n) z .jir 2-k+m+-2- r 2-k-m+-2- r l-k+-2-· 

zP+n 2./2 · sin ( P : n 1r) r ( ~ - k + m) r ( ~ - k - m) r ( 1 + P ; n) 

( 
1 p + n) ( 1 n) ( 3 n)· r --k+- r -+- r -+- 

x 2 2 4 2 4 2 
1 . 2 1 r(2)r( 1- 2k + P; )r(1 + n)r(2 + n) 

x sFs 

l p+n 1 p+n p+n --k+m+-- --k-m+-- 1-k+-- 2 . 2 '2 2 ' 2 ' 
1 p+n 1 n 3 n l --k+-- -+- -+-·-- 2 2 ' 4 2 ' 4 2 ' · z2 
p+n l p+n l 

1 + -
2
-, 2,1-2k+ -2-,1 + n, 2 + n 

y17rz2kf ( 1 - k + m + p; n }r ( 1 - k - m + .~ :. n) . 
zP+n+1(2v'2). cos(P; n)1rr(t- k + m )r(t- k - m) 
( p+n) (3 p+n) (3 n) (5 n) x r 1-k + -2- r 2-k + -2- r 4 + 2 r 4 + 2 
(3 p+n) (3) (3 p+n) (3 ) r 2 + -2- r 2 r 2 ~ 2k + ~ r 2 + n r(l + n) 
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x sFs 

p+n p+n p+n 1-k+m+--1-k-m+--l~k+-- 
2 ' 2 ' 2 ' 

3 k p+n 3 n 5 n_ 1 
2 - + -2-, 4 + 2' 4 + 2' z2 

3 p+n 3 3 p+n 3 2 + -2-' 2' 2-2k+-2-, 2 +n, 1 +n 

where 
R(n + p + 1 - 2k ± 2m) > 0, R(n + p + 1- 2k) > 0, 

R(~ - p) > 0, I amp z I< 1r. 
(19) in combination with 8 (with n = 2) gives 

_100 

e->. ,\p-l-t Wk1m(2z/ >-.)W ~k1m(2z/ >-.)d,\ = z-'2p-21T-2 L;:. 
. . z 
i.-i 

where R(p) > 0. 
Here apply (7) and get, 

/

00 

e-),.,\p-1-lw (2z)w (2z)d' - 2-2122p+2l-2k-4 -4 -1 lo k1m ,\ -k1m ,\ ;\ - 1f Z 

( 1 + /) ( l) ( I+ 1 ) A n; -k- , A n; 1 + 2 , A(n; 1), A n; -
2
- + m , 

( I~ 1 ) ( p) ( p + 1) ( z2) n . A n;-
2
-+m ,A n;,2 ,A n;-

2
- : n

4 
ei1r 

A ( n; 1 + k +ti), Ll ( n; 1 + k - ti) 
where n is any positive integer and R(p) > 0. 

(19) in combination with (9) gives 

XL ;:.E 
. . i i,-, 

(1 1 1 ) ( 1 1 ) (1 1 1 ) (1. 1 1 ) r - + _, + -p r 1 + -/ + -p r - + m + -1 + -p f - - m + -[ + -p 
_ 2 2 2 2 2 2 2 2 2 2 2 

2zP+ 1 r ( t) r ( 1 + k + ~ 1 + ~ p} r ( 1 + k - ~ I + t p) 
(

1 1 1 1 1 1 1 1 1 1 2) - + -I+ -p 1 + -I+ p - + m + -I+ -p - - m + -I+ -p· 1/4z 2 2 2' 2 '2 2 2 '2 2 2' 
X 4F3 1 1 1 1 

2, 1 + k + 21 + p, 1 + k - 21 + 2,P 

(47) 

(48) 

(49) 
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( 1 1 ) (3 1 1 ) ( 1 1 ) ( 1 1 ) f l+-l+-p· f -+-l+-'P f l+-l+m+-p f l+-l-m+-p 
2 2 2 2 2 2 2 2 2 

(3) (3 1 1 ) (3 1 1 ) 22 zP+l+ 1 f - f - + k + -J + - p f - + k - - f + - p 
2 2 2 2 2 2 2 

( 

1 1 3 1 1 1 1 1 1 2) 
1 + 2' + 2P, 2 + 2' + 2P, 1 + 2' + m + 2P, 1 - m + 2' + 2p; 1/4z 

X 4F3 3 3 1 1 3 1 1 . 
- - + k + -1 + -p - + k - -1 + -p 2'2 2 2 '2 2 2 

where 
R(l+l+p)>O, R(2+p)>0, R(l±2m+l)>Oandz 

is real and positive. 
(19) in combination with (10) gives if R(p ± n) > 0. 

4z1 100 

>.p-l-l wk1m (
2
{) W-k1m (

2
:) Kn(2>.)d>. (50) 

[ 

1 p l l l l . 1 p + n p - n i,r 2] 
_i 1 '\"""' 1 2 + 2' 1 + -2, l, -2 + m + -2, 2 - m + 2' -2-, -2-e z 

=7r :;i X - ~ -; E l 
. 21r i,-i i 1 + k + 21, 1 + k + l . 

(19) in combination with (11) gives · 1100 
p-21-1 (2z) (2z) 4i1rz O >. Jn(2>.)W-k1m "i" wk1m T d).. (51) 

7r-3/2 sin ( p ; n) 7r 

[ 

1 I l I l l l p + n p - n . 2 _ 2i1f ] 
2 + 2' 1 + 21' l, 2 + m + 2' 2 - m + 2' -2-, -2- · z e 

x E l 1 
1 + k + -I 1 + k - -I . 

2 ' 2 
1 ·n-p-1 

- 21r3/2 i 

[ 

1 l l l l l 1 p + n p - n 2 Zi71' ] 2 + 2'1 + 2'1' 2 +m+ 2'2-m+ 2'_2_· ,-2-: z e 
XE l 1 

1 + k + -I 1 + k - -l 
2 ' 2 
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where 
3 7 

R(p + n) >_ 0, R( 2 - p + l + I) > 0, R( 2 - p) > 0, 
3 

R( 2 - p + 1 ± 2m + 1) > 0 and z 
is real and positive. 

(19) in combination with (12) gives 

100 

v+z-i K11(A)Wk1m(2zA)W-k1m(2zA)dA 

L r (I+ P: n + I) r (I+ P + ~ + n) r ( m + I+ P: n + I) r ( -m + I+ P: n + I) r( -n) 
n,-n zP+n+lf ( 1 + k + / + ~ + n) f (1 + k + p + ;- 1) f ( 1) 

(52) 

where z is real and positive and l4z2 j > 1. 
(13) in combination with (19) gives 

100 

-µ p-l-ll ( ) (2z) (2z) e µ n µ wk1m - w_k1m - dµ 
0 µ µ 

sin(p - n)1rz-1 . (53) 
-/7r(2v'2) cos(p1r)(21r) 

l+l l l+l l+l p+n p+n+l 2'1+2,l,-2-+m,-2--m,-2-, · 2 
p - n p - n + 1 i71" 2 -2-, 2 : e z 

3 l l l l 1 
- + - - + - 1 + k + -I 1 + k - -/ 4 2'4 2' 2' 2 

I I I ,r-2 cos(n1r)zP-2- 

xL~E 
. . i 
t,-t 

(v'2 · 1r)sin(~ - i)1r(21r) 
3 / p 5. l p 3 1-p 3 1-p 
4 + 2- 2' 4 + 2- 2'4 +m+-2-, 4- m+ -2-, 

l n 3 n l n 3 n i1r 2 -+- -+- --- ---:e z 
4 2'4 2'4 2'4 2 

1 5 1-p 5 l+p 2' 4 + k + -2-, 4 + k- -2- 
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XL~E 
. . i z,-, 

5 l-p 7 l-p 5 l-p 5 l-p 
4 +-2-'4 + -2-'4 +m+-2-, 4-m+ -2-, 

3 n 5 n 3 n 5 n i,r 2 -+--+-------:e z 4 2'4 2'4 2'4 2 
3 7 1-p 7 l+p 2' 4 + k + -2-, 4 + k- -2- 

where 

and lamp zl < 1r. 
(14) in combination with (19) gives 

100 

e-µ µP+l-l In(µ)Wk1m(2z)..)W-k1m(2z)..)d,\ 

z-p-n-ir(1 + p ~ n + 1 )r(P+ / ~ n + 2)r( m +I+ p ~ n + l) 

2v12r(~)r(1+k+ P+~+n) 

x r(-m+ l+p~n+l)r({+%)r(!+%) 

r ( 1 + k + P +; + 1) f{l + n)r (1 + ri) 
l+p+n+l l+p+n+2 l+p+n+l l+p+n+l 

2 ' 2 ' m + 2 ' -m + 2 
l n 3 n 1 
4 + 2' 4 + 2' 4z2 

1 p+l+n p+n-1 1 
2,l+k+ 2 ,l+k+ 2 ,l+n,2+n 

(54) 

x6 Fs 
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where 

R(n + p + 1 + l) > 0, R(n + p + l ± 2m + l) > 0, R(n + p + 2) > 0 

and z is real and positive with l4z21 > 1. 
It may be noted that the formulae (50), (51), (53) can be generalized by applying 

(7) 

§ 5. Integrals involving the product of four Whittaker functions. 

(4) in combination with (2) gives 

(55) 

1rr ( i - µ + v) r ( !- µ - v) 
1 1 1 1 1 
- - µ + v - - µ - v - - µ 1 - µ - + -p - µ + m 2 '2 '2 ' '2 2 ' 

1 1 p + 1 p z2 
2+ 2p-µ-m,-2- -µ,l+ 2-µ: 4 

1 . 1 
1 - 2µ, 1 + 2p - µ - k, 1 + 2p - µ + k 

E 

where 
R(p- 2µ + 2m) > -1, R(p) > -1 and I amp z I< 1r. 

(19) in combination with (2) gives 

(56) 

xL~E 
. . i 
1,J-i 

l+l I l+l l+l l+p+l 
-2-,1+ 2,1,-2-+v,-2- -v, 2 +m, 

l + p + l m l + p + l 1 l + p + l 1 l + p . i,.. z2 
2 +' 2 ,+ 2 ,+ 2. 4 

l l l 1 1 1 1 
1 + µ + 2, 1 + µ - 2, 1 + 21 + 2p- k, 1 + 21 + 2p + 2k 

where 
R(p ± 2m) > -1, R(p) > -1, I amp z I< 1r, 

It may be noted that the parameter. I does not appear on the left side of (56). Also 
(56) can be generalized by (7). 
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§ 6. Integrals involving the product of an exponential function and 3 three 
Whittaker functions: 

(1) in combination with (2) gives 

2p-2µ-1 z2k 

- r(i)r(t-µ-v)r(t-µ-v) 
1 1 p+l p+l --µ+v--µ-v---µ+m---µ-m 
2 '2 ' 2 ' 2 ' 

1 1 1 z2 
l + 2p- µ, 2 + 2p- µ: 4 

1 1 
1 + 2p - µ + k, 1 + ?/- µ - k 

xE 

where 
1r 

R(p ± 2m) > 1, R(p) > -1, I amp z I< 2. 
(15) in combination with (2) gives 

loo ( z2) (z2) z-212p+21-2 

0 
t~-i exp - 2t2 Wk1m(t)W-k1m(t)Wµ,11 t2 dt = .Ji 

1 1 p+l p+l -+v+l --v+l 1 --+l+m --+l-m 
2 '2 ' ' 2 ' 2 ' 

p + I + l 1 + £ + / : eh z2 
2 ' 2 4 

1 1 
1 - µ+I, 1 + / + 2p - k, l + 2p + l + k 

(60) 

where 
7r R(p ± 2m) > -1, R(p) > 1, I amp z I< 2. 

It may be noted that l does not appear on the left side of (60). Also (60) can be 
generalized by (7). 

When l = µ, the formula becomes 

(61) 

1 1 p+l p+l 2 + v + µ, 2 - v + µ, -2- + µ + m, -2- + v - m, 
p + 1 p i1r z2 --+µl+-+µ:e - 

2 ' 2 4 
1 1 

I+µ+ 2p-k,l+µ+k+ 2p 
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wher · 
71" 

R(p ± 2m) > 1, R(p) > 1, I amp z I< 2. 
Also (61) can generalized by (7). 
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