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NOTE ON DISCRETE HARDY’S INEQUALITY

DAH-YAN HWANG AND GOU-SHENG YANG
1. Introduction.

In [1] Copson established the following Hardy’s inequality involving series of positive
terms.

Theorem A. Ifp > 1, Ay > 0, an > 0, A, = T2 ), A, = 32, )a; and
332 1 Ana® converges, then

S M(An/An) < (p/p7 IR Andh (1)

n=1
The constant is the best possible.

B.G. Pachpatte [3] has recently established the following generalization of the in-
equality (1)

Theorem B. Let p,A,,an,A, and A, be as in Theorem A and let H(u) be a real-

valued positive convez function defined for u > 0. If £, \, HP(a,,) converges, then

Z AnHP(An/An) < (p/p—1)PEL 200 HP (ay). (2)
n=1
The constant is the best possible.

In the present note we will establish some new inequalities which generalize the
inequalities (1) and (2).

2. Main results.

Theorem 1. letp > 1,8, > 0,), > 0,a, > 0. ., A,aP converge, and further let
An = X0 1 BiAi, An = B, B; Mia;. If there exists k > 0 such that

(;Bn-l-l — ﬂn)A" > % for n = 1,2,3, ceay (3)

-1 +
¥ ﬂn+1ﬂn Arx -
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then

(oo} oo
D Aa(An/An)P < kP Anak. (4)
n=1 n=1

The case B, =1, n=1,2,... and k = p/(p— 1) shows the constant in (4) to be the best

possible.

Proof. Define a, = ApA;! forn=1,2,3,... and let op = Ao = fy = 1. By making

use of the elementary inequality,

2P + (p— 1)y > pzy~!

where z and y are nonnegative

0,1,2,...,

-1
—PAnt1 an+1aﬁ+1 =

Il

IA

so that,

= 1)An+laﬁ+1 i3

< (@—-1DIproh, +

numbers and agree that Ag = 0. We have, for n =

~PPrt1An418n41(ab3 1/ Pat1)
—P(an+1An+1 - anAn)(anq-l/ﬂnH)
~P(An+1/Bn+1)eh iy + P(An/Bat1)ancd 3}
—P(Ant1/Bns1)h i1 + (An/Bry1)ed,

+ (2 — 1)(An/Brt1)h .

n ~ FMn A i
(ﬂﬂ::_lﬂf 1 Anof — p/\n+1an+1°‘f;+1
(ﬂﬂ+1 - ﬂn)Ana

ﬂn-}-lﬁnAﬂ

2 —P(Any1/Batr)ed

. 5 (An/ﬂn+1)ap +(p— 1)(An/ﬂn+1)a€,+1
_ Aqaf _ n+1°«'ﬁ+1

ﬂn ﬂn+1

By adding the inequalities for n = 0,1,2,3,..., N — 1, we have

3 A N-1 ~
Z(P— DAntrofyy + E (ﬂnH = ~Anaf, — p Z ’\n+1an+laﬁ+11

n=0

< (-An/Bn)ody < 0.
Thus,

n=0

.Bn+1ﬂn/\n

n=0

Z(p—l)A ol 4 Z (ﬁ — Fn)An Anal

n=1

ﬂn+1,3n

< Y4 Z Aﬂana'ﬁwl-

n=1
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Using (3) and since (p — 1)Ayak; > 0, we have

N-1 N .
Y o < £ Anagall. (5)
n=1 n=1

By let N tend to infinity in (5) and using Holder inequality with indices p and p/p — 1,
we have

oo (e o] oo
D oAb < kY Ananah™t = k) A/Pa APP)ep 1

n=1 n=1 n=1
o) " 0o .
< /(D AaaR) (D Aned) T
n=1 n=1

Dividing the above inequality by the last factor on the right and raising the result
to the pth power, we obtain

o0 (o 0]
E Anal < kP E Anal;
n=1 n=1

this is the desired inequality (4).

Remark 1. Theorem 1 redues to Theorem A when k = p/(p — 1) and 8, = 1, for
Bl 2.3

Theorem 2. Let H be a real-valued positive convez function defined on (0,00), and
let p, Bn,An,an,An, A, and k be as in Theorem 1. If 232 1 An HP (ay,) converges, then

D AHP(An/An) < K73 A HP(an). (6)
n=1 n=1

Proof. Since H is a convex function, by Jensen’s inequality, we have
. H(An/A) < Fo/A,,

wheré ”
Fo = Y XNpiH(a;).
i=1
Thus o -
D AHP(An/An) < 3 An(Fu/An)P. (7)
n=1 n=1

Replace a, by H(a,) in (4), we have

D Aa(Fa/An) < kP D A HP(ay). (8)
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The desired inequality then follows from (7) and (8).

Remark 2. The inequality (4) is the spacial case of the inequality (6) when H(u) =
u, and Theorem 2 reduces to Theorem B when « = p/(p—1) and B, = 1, for n =
1,2,3,.... This case shows the constant in (6) to be the best possible.

The following is a discrete analogue of Theorem 3 in [2].

Theorem 3. Let p,Bn,An,8n, An, An and k be as in Theorem 1, and let ¢ > 0 be
defined on (0,00) so that ¢ > 0 and

ep” > (1-1/p)(¥')% 9)

If 22 i Anp(an) converges, then

Y Anp(An/An) < KD Anp(an). (10)
n=1 n=1

Proof. Let y(u) = ¢/P(u),u > 0. Then, by (9), ¥” > 0. Hence 9 is convex on
(0,00). Thus, by Theorem 2, we have

iz\ntﬁ”(An/An) 3 n‘”i/\nzb"(an),
n=1 n=1

and therefore

o 0
Z ’\n‘P(An /An) < & Z An ‘P(an)'
n=1 n=1

This completes the proof.

Remark 3. Theorem 3 reduces to Theorem 2 and Theorem 1 when ¢(u) = H?(u)
and ¢(u) = u?, respectively. Also we note that the inequality (2) and (1) are the special
cases of the inequality (10) when p(u) = HP(u),kx = p/(p—1) and B, = 1,forn = 1,2, ...,
respectively.
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