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SOME RESULTS ON DISJOINT STEINER QUADRUPLE SYSTEMS
CHIN-MEI FU AND HUNG-LIN FU

1. Introduction

A Steiner quadruple system of order v, SQS(v), is a pair (@,9), where Q is a v-set
and ¢ is a collection of 4-element subsets of @, called blocks such that every 3-element
subset is contained in exactly one block of ¢- H. Hanani [11] proved that an SQS(v)
exists if and only if v = 2 or 4 (mod 6). Two Steiner quadruple systems (Q,q1) and
(@,92) are said to intersect in k blocks provided that |91 N 2] = k. The intersection
problem of SQS(v) is to determine for which k there exist two SQS(v) which intersect
in k blocks. Let J[v] be the set of all nonnegative integers k such that there exists a pair
of SQS(v) which intersect in & blocks. It was proved by M. Gionfriddo and C.C. Lindner
that J[v] C I[v] = {0,1,2,.. ., 9v—13,9y—12}U{g, -8, ¢, } where ¢, = v(v—1)(v—2)/24.
At the same time they conjectured that J [v] = Iv] for each v = 2 or 4 (mod6). This
conjecture is far from being solved. Since it is important to know first whether 0 € J [v]
or not, the existence of two disjoint SQS(v) becomes interesting.

In [13], C.C. Lindner and A. Rosa have shown that there exists a pair of disjoint
SQS(v) whenever v = 4 or 8 (mod 12). For the case v > 14 and v = 2 or 10 (mod 12),
K.T. Phelps and A. Rosa [14] showed that there exist n mutually disjoint SQS(2n) for
each n = 5%.13%.17¢ for all a,b,¢ > 0 by using the construction of 2-chromatic SQS(2n).
But, in general, whether there exists a pair of disjoint SQS(v) when v = 2 or 10 (mod
12) is unknown. In this paper, we study the intersection problem [2-10] of SQS (v —2),
v = 2 or 4 (mod 6), and we construct a pair of disjoint SQS(v) for each v = 46 (mod
72).

2. The main theorems

A latin cube C of order n is an n-tuple (Ll,Lg,...,Ln) of pairwise disjoint latin
squares of order n; where two latin squares are disjoint if they have different elements at
(7, 7)th entries for any ¢ and j. Two latin cubes (L1,Ly,...,L,) and (M, M,, ... , My)
are disjoint if L; and M; are disjoint for 1 <3< m,

A Steiner triple system of order u (STS(u)) is a pair (T,t) where T is a u-set and ¢
is a collection of 3-element subsets of T, called triples, such that every 2-element subset
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of T is contained in exactly one triple of t. It is well-known that an ST'S(u) exists if
and only if u = 1 or 3 (mod 6). Also, for every ST'S(u), there is a collection of disjoint
triples (partial parallel class) such that at least -“—g—l elements of T are in these triples.
We now introduce the doubling construction of SQS. Let (X, A) and (Y, B) be
any two SQS(v) where X NY = 0. Let F and G, F = {F},F»,...,F,_1} and G =
{G1,G3,...,Gy_1}, be any two 1-factorizations of K, on X and Y, respectively, and
let o be any permutation on the set {1,2,...,v — 1}. Define a collection of blocks ¢ on
Q =X UY as follows:
(1) Any block belonging to A or B belongs to g, and
(2) If 21,22 € X and y1,y2 € Y then {z1,22,y1,¥2} € ¢ if and only if {z1,22} € F;,
{y1,y2} € GJ' and ia = J.
It is not difficult to check that (@, ¢) is an SQS(2v).
Before we go any further, we need the following construction.

Construction F.

Let (P,p) be an SQS(v) such that g € P. Set Q = {(a,i),(5,5),(c,k) : i,j,k €
P\{g}} U {o0}. Define a collection of blocks q on Q as follows:
(i) {oo,(a,?),(d,1),(c,%)} € ¢ for every i € P\{g}; and
(i) {oo,(z,9),(y,5),(2,k)} € ¢ if {g,%,5,k} € p, and {z,y,2} = {a,b,c}; and
(iii) {oo,(z,%),(x,5),(z,k)} € ¢ if {g,4,4,k} € p and z € {a,b,c}; and
(i) {(=.9), (2,30, (0, ), (2, B)} € ¢ i€ {g,,,k} € p and {z,y,2} = {ab,c}; and
) {(z,m), (2,m), (v, m), (4,m)} € q if {z,4} C {a,b,c} and {m,n} C P\{g}; and
(vi) {(z,h),(y,1),(z,m), (w,n)} € ¢ if z,y,2,w € {a,b,c} and {h,I,m,n} (h<l<m<

n) not containing g is a block in p such that in the latin cube of order 3,Cn,1,m,n}>

the (z,y) enty of L, is w.

(We note here that we define a latin cube of order 3 corresponding to each block of
p which does not contain the element g.)

It is a routine matter to check that (@, ¢) is an SQS5(3v—2). Moreover, this SQS(3v—
2) contains several subsystems of order 10.

A partial quadruple system (PQS) is a pair (S,s) where S is finite set and s is
a collection of 4-element subsets of S (called blocks) such that every 3-subset of S is
contained in at most one block of s. Two partial quadruple system (S, s;) and (S, sg) are
said to be mutually balanced, if any given triple of distinct elements of S is contained in
a block of s, if and only if it is contained in a block of s5. Two mutually balanced PQSs
are disjoint if they have no block in common. Briefly, we denote two disjoint mutually
balanced partial quadruple systems by DMB PQSs.

It is not difficult to see the following collection of 18 blocks r{i k) (figure 2.1) and
the collection of 18 blocks obtained in (iv) and (v) (Construction F) with {i,7,k} fixed
and {m,n} C {¢, j, k} are DMB PQSs.
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{(a,9), (4,9), 8, 5), (a, B)}, {(a, 3), (b, 1), (a, ), (c, )},
{(b,9), (e, 9), (e,3), (6, )}, {(8,3), (¢, 1), (b, 5), (a,5)},
{(e,9), (a,4),(a,5), (e, )}, {(e, ), (a,9), (c, 5), (5, 5)},
{(a,9), (4,3), (5, %), (a,9)}, {(a,4), (b, 5), (a, k), (c, B)},
{(6,4), (e, 5), (e, k), (b, )}, {(8,4), (c, 5), (b, k), (a, k)},
{(e,9), (a,5), (a, k), (¢, )}, {(c, 3), (a, ), (c, k), (b, k)},
(a,k), (b, k), (b,9), (a, 1)}, {(a, k), (b, &), (a, 7),(c,9)},
{6, k), (¢, k), (¢, ), (5,7}, {(}, k), (c, k), (b,4), (a, )},
{(e.k), (a, k), (a,4), (c, 1)}, {(c, k), (a, k), (c, ), (5,i)},

Figure 2.1.

Since we can construct two latin cubes of order 3 which are disjoint and there are
(v — 1)(v — 2)/6 triples {¢,7,k} such that {g,i, k} € p, hence we have the following
results. ‘

Lemma 2.1. Ifv= 2 or 4 (mod 6), then (3v — 3)(3v — 4)/6 + 18n € J[3v — 2] for
n=20 or(v—-1)(v-—2)/6.

Proof. It is a direct result of Construction F.

As a matter of fact, if (P, p) is an SQS(v), and g € P, then the set P\{g} and the
collection ¢ of all triples {3, j, k} such that {g,%,7,k} € p forms an STS(v — 1). (Derived
triple system). Also, if (P,p1) and (P,p,) are disjoint SQS(v), then (P\{g},t:} and
(P\{g},%,) are disjoint STS(v — 1).

Lemma 2.2. If there ezist two disjoint SQS(v), then v — 1 € J[3v — 2] where v =
2 or 4 (mod 6).

Proof. We start with two SQS(3v—2), (Q,¢1) and (@, g2), obtained from Construc-
tion F with two disjoint SQS(v), (P, p1) and (P, pp). It is not difficult to see the possible
blocks which ¢ and g, have in common are those blocks in (i) and (v) of Construction F.
Wow we replace . he collection of blocks from (iv) and (v) of g; by its DMB PQSs T{i.j,k}
(Figure 2.1) for every triple {i,7,k} € t1, then we have the proof.

A parallel class of an STS(v) is the collection of disjoint triples which partition the
v-set. A bit of reflection, v = 3(mod 6).

Lemma 2.3. If there ezists a pair of disjoint SQS(v), (P,p;1) and (P, p2), such that
the derived triple system (P\{g},%2) has a parallel class, then 0 € J[3v-2].

Proof. From Lemma 2.2, we have two SQS(3v —2), (Q, q1) and (Q, q2) which have
exactly v — 1 blocks (i) in common. Since (P\{g},%2) has a parallel class {{i1, 51, k1},
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{i2,d2,k2}, ... {im,Jm,km} } where m = (v —1)/3, hence (Q,g2) has m subsystems of
order 10 which have one point in common. We can, of course, replace these SQS(10) with
other SQS(10) independently [12]. For each n = 1,2,...,(v—1)/3, we replace the subsys-
tem, (R,,r,) based on {0, (a,1,), (b,2n), (¢,%n), (a,7n), (b,3n), (esdn)s (ayka); (b; k),
(c,kn)} by the SQS(10), (Rn,(rn)a) Where a is the permutation ((a,%n)(a, jn)(a, ky))
and (r)q is the collection of blocks obtained by permuting the blocks of r,, with . This
gives the proof that 0 € J[3v — 2]. (We omit the detail of checking that each block in
(rn)« is not in ¢;.)

Recently, D. Woolbright [15] has shown that for each 1-factorization F of Kan (n >
8), there exists a 1-factor with all its edges in distinct 1-factors of F. Hence we have the
following lemma.

Lemma 2.4. Ifv = 2 (mod 6), then there ezists an SQS(2v) (P, p) obtained from the
doubling construction such that the derived STS(2v — 1), (P\{g},t), contains a parallel
class.

Proof. Let P=XUY,XNY =0, |X|=|Y|=v,and g € X. Since v = 2 (mod
6), there exists an SQS(v), (X, A) [11]. Then (X\{g}, A’) is an STS(v — 1) where A’ =
{{(3,5,k} : {i,5,k, g} € A}. It is well-known that at least &‘%ﬂ elements of X\{g} is
covered by a collection of disjoint triples of A’ , denote them by z;,z,,... y T(v—2)/2- It is
not difficult to see there are % elements of X\ { g} left. We can suitably choose « to match
these % elements to the 5 1-factors which contain the edges of the 1-factor produced by
[15]. This will give us an SQS(2v) (P, p) such that(P\{g},t) contains a parallel class.

Lemma 2.5. Ifv = 16 (mode 24), then there ezists a pair of disjoint S$QS(v), (P,p,)
and (P, p), such that the derived STS(v — 1), (P\{g},t2), contains a parallel class. (g €
P).

Proof. In [13]. it has been proved that 0 € J[u] if u = 8 (mod 12). By Lemma. 2.4,
there exists an SQS(v), (P, p2), v = 16 (mod 24), obtained from the doubling construction
such that (P\{g},?,) contains a parallel class. Since 0 € J [u] and there exists a pair of
disjoint 1-factorizations of K, [1], by doubling construction, we can construct another

SQS(v), (P, p;), such that (P,p1) and (P, p;) have no blocks in common, this concludes
the proof.

Theorem 2.6. There exists a pair of disjoint SQS(72k + 46) for every nonnegative
integer k.

Proof. From Lemma 2.3, and Lemma 2.5.

3. Remark

A bunch of intersections on the set J[72k + 46] and J[3v — 2] can be obtained by

unplugging and plugging DMB PQSs, since we cannot find the set J [72k + 46] at this
time, we will not work on the details.
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