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ON AXIOMATIC CHARACTERISATION OF GENERALIZED QUALITATIVE
MEASURE OF VARIATION OF INFORMATION
THROUGH GENERATING FUNCTION

R.P. SINGH AND J.D. BHARDWAJ

Abstract. The aim of the present contribution is to define a generalized qual-
itative measure of variation of information through generating function and to
characterize it axiomatically. In this sequence the generalized qualitative measure
of information improvement as the difference of generalized measure of information
of variation defined earlier is also defined. Most of the measures studied so far thus
turns out to be particular ones. Some basic applicative properties are discussed.

1. Introduction

The study of directed divergence has shown remarkable impact in many fields such
as national income, inequality, racial segregation, political alignment, combination of
statements in balance sheets, questionnaire theory, decision theory and so on.

The impact of “qualitative one” was effectively introduced by Belis and Guiasu
[2] who in turn extended the Shannon’s entropy to weighted entropy. Later Taneja,
[9] introduced the idea of weighted (qualitative) directed divergence. The authors [14]
defined qualitative measure of variation of information of type B, B > 1 viz.

n

LPUW,) = 3wl pflgE) g0, p>0 (1.1)
i=1 ’

for the weighted information scheme:

B o B E
_ P1 - Pn _ p
S - Uy - Up - Iy (12)
wpl U wpn Wp .
where £, ..., E, are the partition events of E whose corresponding probability distri-
bution P = (pi,...,p,) and the revised probability distribution, corresponding to P is
U = (u1,---,un) where qualitative distribution is Wp = (wp,,...,wp,) corresponds to

P = (ply o ',pn)-
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(1.1) includes the weighted divergence studied by Taneja [9] as a particular case
when § =1 and Kullback-Leibler divergence [7] when 8 = 1, w; =1Vi=1,2,.-</n

We all are aware of the fact that the generating function’s successive derivatives at
the point 0 give the successive moments of a probability distribution, if these moments
exist. This technique to define new qualitative measure of variation of information of
type B, 8 > 1, B # 0 has been presented by the authors in the earlier paper [14]. In
this communication our aim is to develop this technique to define generalized qualitative
measure of variation of information as it is more effective and more flexible from the ap-
plicative point of view. This has been done in the next section while section 3 deals with
the generalized information improvment. Section 4 investigates the axiomatic character-
1zation of the generalized qualitative measure of variation of information. While the last
section presents the basic applicative properties of generalized qualitative information
improvement.

2. Generalized qualitative measure of variation of information through gen-
erating function

Let (X; W; m) be the measure space. The initial measure m is the Leibesgue measure
in the continuous case and the measure assigning the unit to each point in the discrete
case. Let v be the reference measure, and p, 7 the probability and qualitive measure
respectively. On the same space X such that 4 < 5 < m where “<” measure “absolutely
continuous with respect to”.

Let

dm’ 9= am — dm
be the corresponding densities (The Radon-Nikodym derivatives). Let g and h be strictly
positive, m almost everywhere (c.f. Guiasu [4] 1985). The generalized Relative Paramet-
ric Qualitative Information Generating Function is defined:

f:i’i. dv h—ﬂ

RYC(f;9;h5t) = [ﬂf_tlﬁq[{zhb(wn) £ (n)gt =2 (n)}°

— {3 hun) £Hm)} |4V @)
i=1
where a,b, ¢ are arbitrary parameters, ¢ > 0,t# 1. Diff. (2.1) w.r.t. “t”, we get
RS f; 95 h51)

[3(.,—_;)-,,;—_—1][{ 3 B(wn) P ()g () — | Zh"(w )£1(m)}] Y

-1 T,

+ WT] [{ ;hb(wn)fab(n)g(l—a)b(n)}c s ;hb(wn)fb(n)}c](%—l)
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log[{ D h*(wa) £ (n)g = M(n)}* — {3 R (wa)f*(n)}°]. (2) (2:2)
£=1 =1

Put ¢ = 1 in (2.2), we have
ROO(f;gh51) = m [{ ;hb(wn)f“b(n)g(l‘“)b(n)}c
—{ 2P (wn) P (m)}] (2.3)

(2.3) is interpreted as the generating function of the generalized qualitative measure of
variation of information. Now setting f(n) = p;; 9(n) = wi; h(ws) = wp,, then (2.3)
becomes ‘

é 1 - —a)byc = ¢
UPUW) = gammm g (o w1 - [ ubal])  24)
i=1 i=1

This (2.4) is interpreted as the generalized qualitative measure of variation of information
(or weighted divergence of order a and type (b,¢)).
(2.4) reduces to

c 1 4 a —a ¢ < -
PAPY) = prammem [{ o) — (st} (25)
i=1 i=1

the generalized measure of variation of information (or divergence of order a and type
(b,¢)) by setting Wy, =1Vi=1,+.,n.

Particular and limiting cases of (2.4) and (2.5)
(a) whenc=1
(1) (2.4) becomes

1 : -a
EOPUW) = gamgl( et e - (Tubat)] @)
i=1

which is interpreted as weighted divergence of order a and type b.
(ii) (2.5) becomes

I$NP;U) = [_Q@TII)ET][{ 2T -3 @)

i=1 =1 .

which is called as divergence of order a and type b.
(b) when a — 1
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(1) (2.6) becomes

b, : pi
(P w,) = ;wzipflogz (2.8)
which is (Singh and Bhardwaj [14]) weighted divergence of type b and (2.7)
gives
(i)

ey = Y pflog% (2.9)
i=1 ¥

which is (Kapur’s [6] divergence of type b.
(c) whenb=1
(1) (2.8) becomes

Igl’l)(P; U;Wp) = pripilog% (2.10)
i=1 X
(Taneja’s [9] weighted divergence.)
(i1) (2.9) becomes

n
W) p.y — no PP
I LR} = E_l p,logUi (2.11)
(Kullback-Leibler’s divergence [7]), also (2.11) is obtained through (2.10) when

W, =1V¥i=1,2,---,n.

3. Generalized qualitative information improvement

It 1s a well known fact that the information improvement generating function is
obtained as the difference of generating functions of measures of variations of information.
Therefore we have

ROVD(f; 915k, 1) = [2(“"1)b° - 1]_1 [{ Zn:hb(wn)f“b(n)ggl_a)b}c
=1
- {D o))} (3.1)
i=1
ROD(Fig5m,1) = [2070% _ 117 [{ 3 B (un) £ 2(m)ol= )
=1

- { X h )] (3:2)

Hence the generalized qualitative generating function of information improvement of
order a and type (b,¢) is given by :

RC(f;91,h51) — RC(f05h51) (3.3)
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= [plemre -1 Zhb(wn)f“b(n)g(l a3 {Zh (wn) f*2(n)g§' =" }]
Setting, h(w,) = wy,; f(n) = pi; g1(n) = ui; 92(n) = r; in (3.3) we get

AP R = [p=e_q) {zw,, abyfi-eye

~ {pr.p“” 1 (3.4)

This is interpreted as the generalized qualitative information improvement (or qualitative
information improvement of order a and type (5,¢)).
Setting wp, =1Vi=1,2,---,n, (3.4) gives

Igb'c)(P;U;R) [ (a l)bc 1]" {Zpaé (1 a)b Zpab (1 a)b (35)

which is Information Improvement of order a type (b,c).
Particular and limiting cases of (3.4) and (3.5)

(a) whenc =1
(1) (3.4) becomes

I(b 1)(P U R W) - [2(0 1)b _ 1]-— {Zw pab (1 a)b}
i=1

. {Zw et (1- a)b 1 (3.6)

This can be interpreted as W.1.I. of order a and type b.
(ii) Now (3.5) gives

I&P;U;R) = ISD(P;U;R) (3.7)

- [2(0 1) 1]‘ [{ Zpab (1 a)b} {Zp“b (1 a)b

which is termed as the L.I. of order a and type b.
(b) a—1
(1) (3.6) becomes

L"(PU B W) = 3 uf pllog(X) (38)

i=1
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Singh and Bhardwaj [15] W.LI. of type b.
(ii) (3.7) becomes

n
] . . — b’l) hd g == 4 E
PRy = R = Z:Pibgu,- e

Kapur’s LI of type b. [5].
(c) whenb=1
(i) (3.8) takes the form

(P U RyW,) = Zw,,,p,log-— (3.10)
1=1

Singh and Bhardwaj [13] W.LI.
(ii) (3.9) becomes

n r;
L"O(PUR) = Y pilog(—) (3.11)
i=1 2

Theil’s measure [16].
(d) when b =1
(1) (3.6) becomes

I8P U; R W,) = [2(e-D —q] {[pr pful=¢] — | Zw,,,pf} 4

(3. 12)
W.L.1. of order a.
(i1) (3.7) becomes
I(l 1)(P U; R) - 2(4 1) _ Zpa l-a Zpa 1~ a (313)

LI. of order a defined by Kapur [5].

4. Axiomatic characterization of generalized qualitative measure of variation
of information

Theorem 4.1. Let F : [0,1] x [0,1] x [0,00] — R (reals) be a function satisfying
the following azioms:

(@)
F(PUW,) = K[> flpi, wi, wp,)]° + KW, (4.1)

i=1
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where K1, K3, ¢ # 0, where f is a real valued continuous function defined over [0,1] x
[0,1] x [0,00]. Ky, K, are arbitrary constants and ¢ is an arbitrary parameter.

(i)
F(P*Q;U'V; Wy W) = WoF(P;U; Wp) + WLF(Q,V; Wo)
~ 2-F(P;U; Wy) - F(Q,V, Wo) (4.2)
2
where
P*Q = piqg; Vpi€Pandg; €Q
U'v = U5 Vu,-EUand'vjEV
: * i = 1,2, L
WoWq = wp,wy, VY w,, € W, and w,, € Wo V F=1,8 . 0
— szl;.-l’? and WQ qu.q_,
i=1
(iii)
F(1,0;5,;1,0) = 1 (4.3)
then
BP0 W) = Igb’c)(P;U;Wp) (4.4)

(All logarithms are taken as base 2).

Proof. Considering axiom (ii)

F(P*QU Vi WyWo) = WoF(PU;W,) + WL F(Q;V; Wo)

~ = F(PU; W,)F(Q3 V3 Wo)
2

Using axiom (i) in the above, we have

Kl[Z;Zlf(p,q_,,u,vj,wp,wq])] + Kz[z;z; P;w qJ
=1 j i=1j=
3 [ﬁ;wz,.qmm{z";f@.-,u.',wm)r + Ka{ Dub )]
= =
+ [2w§ip?]°[1\’1{ 2f(q1';vj;wq.-)}c
+ K»f g;w’;jqﬁ}? - %[Iﬁ{g;f(pi;w:wmr

+ Ko { ) up o} K { D flaiiviiwg)} + Ko 3 wb g2} (45)
i=1 g=1 i=1 6
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Dividing both sides by

W,Wo = pr.z%] [qu, 1 = (13 ubstub, gl (4.6)

i=lg=1

and substituting

13 | 7

1= fpiaui;w.' .
S ) = ZCgine) i 45)
i=1 v 1= ifg

We get
[Zn;f;fl(m‘ﬁ;uivj;wpawqj)]c = (—I—{l) Zfl (pi, ui, wp,)]° Zfl(qj,vj,wqj)]

i i
ililfl(mq]';uivj;wp.-wq,-) = (—Kl)1/°[ZlZ;fl(pz,unwp.)fl(qg,v;,wq,)] (4.7)
1= —

Equivalently, we can consider (4.7) as

K,

filpg uvwpwg) = (- )”°[f1(1-'>,u wp) f1(g; v; wy)] (4.8)

for all reals, p,q,u,v € [0,1]; wp, w, € [0,00] (i.e. wp, wy > 0). Substituting

K,

% )”°f1(p,u wp) = ¢(p,u,wp) (4.9)

(4.8) becomes
¢(pg, uv, wowy) = $(p,u; wp) é(q, v; w,) (4.10)

The most general continuous solution of the functional equation (4.10) [refer Aczel [1]]
is given by
¢(p;u,w,) = p"U'@w;’ where a >0, 8 #0

Write
a = (a-—1)b, B = (1-—a)b; ¥ =

Then X
¢(p;uswp) = pla=1y{1-2) (4.11)

from (4.11), (4.9) and (4.1) we have

F(P;UW,) = (- kz){[Zpab =y pr‘p, (4.12)
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using (4.3) and (4.12) we get

1

—ky = [Q(a—l)bc = 1]

Hence (4.12) takes the form

Ig'c(P§ U;Wp) = [2(a_1)lbc _ 1] {[Z w;.P?buz(l-a)b]c - [Z wb.-p?]c}

i=1

This completes the proof.

5. Properties of information improvement. Ic(‘b’c)(P; U,R;Wp)

The beauty of any good measure lies in its properties as emphasised by Kapur (5).
According to him, in most of the measures as we go from the true distribution P to
any other distribution U, there is a positive information improvement, which is a highly
undesirable property. '

Secondly, the generalised measure of information improvement should approach the
useful known Theil’s measure; is not enough. We would like to have a measure which
should have as many as posible, idealy all, properties of Theil’s measure. Here the
measure Igb'c)(P;U ; B; Wp) i.e. (3.4) satisfies most of the properties discussed in this
section. :

The generalized measure of weighted information improvement of order a and type
(b,¢) is defined as

D N(P;U;W,) — D) (P; R; W)
whereas, Theil measure is
I(P;U;R) = D(P,U) — D(P,R)
and the generalized (weighted) information improvement i.e. (3.4) as :
I NPU R W,) = DOO(P;UsW,) — D®(P; R; W)

The following properties can be easily verified:
(i) If we go from distribution U to the required (True) distribution P, there is always a
positive qualitative (weighted) information improvement and will be zero iff P = [J.

(a) I(P;U; P) = D(P,U) — D(P,P) for Theil’s measure
= D(P,U) > 0
(b) I (P;U; P;W,) = DE\(P,U,W,) — D) P; P; W,)
= D&O(PU;W,) > 0.
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G)If P — P
U —- P
R —-U

1.e. if we go from true distribution P to any other distribution, then the information im-
provement is negative unless we go from P to P itself when the information improvement
is zero.

(a) I(P; P;U) = D(P,P) — D(P,U)
= —-D(P,U) <0 for Theil’s measure

(b) I$A(P; PUsW,) = DEO(P, P,W,) — DS(P,U;Wy)
= —-D®(P;U;W,) < 0.

(iii) The total information improvement in going from U to T is the same as going from
U to R, then from R to S and finally from S to T, i.e. Total information improvement
depends only on the initial and final distribution and not on the intermediate distribution.

(a) I(P;U; R)+ I(P; R;S) + I(P; S;T) = I(P,U,T) for Theil’s measure
(b) I®(P U R,W,) + ISP R S;W,) + I)(P,S, T, W,)
= [D$NP;U;W,) — D&)(P, R, W,)] + [D®)(P, R, W,) — D)(P, S, W)l
+ [D(P; S;W,) — D&O)(P; T W)
[D$N(P,U,W,) — D&NP;T; W) = IHON(P; U T Wy).

{l

(iv) (a) I(P,U, R) is a convex function of U and a concave function of R.

b,c
2218"°(P, U, R, W,)
dU?

= (2(a_1)bc){ {(c— 1)[2“’- ab (1 a)b](c-z)

[Z wp,p{*(a — Dbuf® 7 3 wd peb(a — 1)buf®~ D01
) i=1

(6)

+Z w pz Sa l)b ul 1{ pr;p:b(a_l)[(a_l)b 1] (a b= 2} > 0

convex function for « wnen a > 1, b > .85 1.
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Similarly

218(P,U; R; W)
dR?

= 5 a— c—2
TSN S

i=1

> wp.p®(a = Dbl [37ub pet(a — 1)br{* 1]
=1 i=1

" [2": wf, pe (o= D=1t [i wb p((a — 1)(8) — 1)(a — 1)br§"‘1)"‘2]} <0
=1

i=1

so a concave function of R when a > 1,b5> 1, ¢ > 1.

Also this (3.4) measure reduces to most of the known measures including Theil’s
measure as shown in section 3. Hence the characterization of this measure (3.4) will
strengthen its applicability more as the basic properties are satisfied. Its characterization
will be done elsewhere.
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