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ON THE COEFFICIENTS OF ANALYTIC FUNCTIONS OF
FAST GROWTH REPRESENTED BY DIRICHLET SERIES

SUNITA RANI AND G.S. SRIVASTAVA

1. Let f(s) = Z2 ane**», where s = o + it (0 and ¢ real variables), 0 < \; <
A2 < ---, A, — 00 as n — 00 and {an} is a sequence of nonzero complex numbers, be a
Dirichlet Series. It is well known that if

(1.1) lim sup -/\1 = D < oo,

n—00

then f(s) represents an analytic function in a half plane Re s < a, where

. 1 -
(1.2) llI{.lo sup —(i,-/\i'i— = a, —00 < a< oco.
n— -

We denote by D, the class of all functions f(s), analytic in the half plane ¢ < a,
—00 < a < 00. Then for f € D,, we set

M(o) = lub_cocicon | f(o+it) |, m(o) = I,I.lg'i({l an | e}
and N(o) = max{n : m(s) =| a, | e72=}.

Then M (o), m(c) and N(o) are called respectively the mazimum modulus, mazimun
term and the rank of the mazimum term of f(s).
Nandan [1] defined the order p of f € D, as

(1.3) lim sup 08 log, M)

o=a " log[(1—eo-a)-1] = P 0<p< .

If p = oo, the analytic function f 1s said to be of fast growth. For such functions, Nautiyal
[2] introduced the concept of (B, 6) order and lower (B, 6) order.
Let L° be the class of all functions A satisfying the following conditions:
(i) h(z) is defined on [a,0), is positive, continuous, strictly increasing and h(z) — oo
as £ — 00,
(ii) lim,_, o ﬁ[”%(%’&)l = 1 for every function 5(z) — 0 as z — oo.
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378 SUNITA RANI AND G.S. SRIVASTAVA

Let A denote the class of all functions & satisfying conditions (1) and

(iii) limgz_ e %((%l =1forevery ¢, 0 < ¢ < co. :

Evidently, the class of function A is a proper subset of L°.
For a function f € D,, set

_ B(log M(c)) _ P(B,S5, f)
(1.4) e R N l—eplo - — B

where # € A and § € L°. As mentioned above, p(8,6,f) and A(B, 6, f) are called
(B,6) order and (B, 6) lower order of f respectively. Nautiyal obtained the coefficient
characterizations of p(f, ) and A(B,6). We thus have

Theorem A. [2, Theorem 1]. Let f(s) € D, with (B,6) order p(B,6, f). Assume that

(1.5) B(z/G(z,c)) =~ B(z) as z — 00, 0 < ¢ < oo,
where G(z,c) = 671(c B(z)). Then

B(An)
[Mn/log*(] an | exp(ar,))]

(1.6) ol B, 8.f) = nlibrglo sup 2

where logt 2 = max(0, log %) ¥

Theorem B. [2, Lemma 6]. Let f(s) € D, with (B,6) - order p(B,6,f) > 0 and lower
(B,6) order X(B,6, f). Assume that (1.5) is satisfied and ;

(1.7) Jim inf (Ap — Ano1) = 6 > 0,

(1.8)  ¥(n) = log | an/an41 |

is a non-decreasing function of n for alln > no,

’\n-{-l == )‘n
im 1 ﬁ(’\N(a)) _
(1.9)  lim inf /0 —eoa)] = (8,6, ).
Then
(1.10) lim inf B(An_1)

n—oo §[An/logt(| a, | exp(ad,))] = APl

It is evident that for two analytic functions having same (8, 6) order, we need further
classification to compare their growth. The authors introduced in [3] the concept of

(B,6,Y, p)-type and (8,6, Y,p) lower type for analytic functions f(s) € D,. Hence if
0 < p < 00, then we define

. B(log M(a)) T(8,0,7,p, f)
(1.11) lim sup = ,
T gl WBn )

s ea—a
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where 8,7 € A and § € L°. For simplicity, we shall denote T(B,6,7,p, f) and
1(B,6,7,p, f) by T and t respectively. We obtained in [3] the coefficient characterizations
of T and ¢. Hence we have .

Theorem C. Let f(s) € Dy be of type T and assume that

(1.12) ﬁ(ai?tc—pj) ~ B(x)asz — 00, 0 < c< o0,

where G(z,c¢,p) = v~ [{6"1(%9)}1/”].

(1.13) lim sup ﬁ(:\\") e I,
—00 5 n P
[{7(10g+ | an | +aA, )} ]
Theorem D. If f(s) € Dy and t is defined by (1.11) then
(1.14) t > lim inf g (A;*-‘) ,
8[{x( - )}]

log™ | @n, | +adn,

where {n;} is any increasing sequence of positive integers, ny — 0o as k — oco.
In the present paper, we shall obtain the coefficient characterizations of p(8,4, 1),
A(B,6,f), as defined by (1.4) and T, ¢ as defined by (1.11), in terms of the ratio of the

consecutive coefficients i.e. |a,/a,41].

2. We now prove

Theorem 1. Let f(s) € D, be of (8,6) order p(B,6, f) = p. Suppose that conditions
(1.5) and (1.8) are satisfied. Further, let

d log G(t,c)

(2.1) dloEd = O(1) ast — oo for any constani ¢, 0 < ¢ < co.
Then

: B(An) _
(2.2) nlg{.lo sup g e = P

dl ]

Proof. Let us denote the right hand side of (2.2) by A and let assume that 4 < oco.
Then for € > 0, there exists integer ngy such that

log+ | an/an_1 | +a(A, — Ap-y)

An = /\n—l
log+ | an/an—1 | +a(An — Ap-1)

B(n) < (A+e)s] 1, g g
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or, for all n > n,,

Aﬂ - )‘n—l _
G(An, 1/(A+¢))

log | an/an_1 | < a(An — An-1)

where G(An,1/(A +€)) = 6~ [B(An)/(A + €)]. Writing the above inequality for n =
no+1,n0+2, ..., k and adding all the inequalities thus obtained, we get

e -« /\n—An—l -
Z log | an/an_1 | < Z GO 1/(Ate) ~ a Z (An = An-1)

n=ng+1 n=no+l1 n=ng+1

or
k

log l a I +aldpy < 0(1) + Z

n=ng+1

(An — ’\n—l)
G(dn, 1/(A+e))

To estimate the expression on the right hand side of above inequality, we define a step
function n(t) = An, An <t < Apyq and let F(t) =1/G(t,1/(A +¢)). Now rearranging
the summation on right hand side, we have .

x . ..
2 G(Mn, 1/(A ; £))

n=ng+1
k-1 2
=MFO) = Y M{Fnt1) = FOW} = Anoc1 FOny)
n=ng41

Ak-1
= MF(As) — / n(t)dF(t) — O(1).

0

Now
3 Ak—xn B Ak_l& )
/,\ @R = /A G Cu
_ ) 160D
= fA iG@t) ) b

where G(t) = G(t,1/(A +¢)) and G'(t) = é%@. Now by definition, n(t)/t < 1 and
F(t) = 1/G(t) is a decreasing function. Hence

_ Ak-xn Ak-1 tG’(t) dt
/A T nware < /,\ ES e
_ p[YM . PR agih) de
= T+ [ o

Ty
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According to assumption (2.1), %3)) — O(1) as t — oo. Hence we have

. / e n(t)dF(t) < O(1) [‘/)T“"f”"] 3 Qe — “f"‘l) :
Ang G(AnO’A_-{-E) ' G(V’\k-1’A+E)

Since G(t) — o0 as t — oo, we finally get — f,(\k_l n(t)dF(t) < o(Ag-1). Hence we have,
ng
since {A}.

log* |ax | +a)p < O(1) + MF(Ar) + o(Ax)

or

log* A ;1
og™ | ar | +adg <

Ak Elig, =

+ o(l), kE>ng*

b

or, using the definition of G(A, A—fl_—;), we have

ﬂ(;k) < A+eg, k > ng.
k

]

log* | a | +a)

Now proceeding to limits as k — oo, we get in view of (1.6),

(2.3) A8, f) < A

The above inequality obviously holds if A = co.
To obtain the reverse inequality, we use the condition (1.8). Then, for any n > ng,

log | ang/an | = log | —ne— ... In=1

aﬂ0+1 an

- nz_: (est — A )U(k)

k:no

< W(n = 1) (An = Any)

since ¥(k) is a non decreasing function of k. Hence we have

An — A
log* |an | > O(1) + h%log+ |anfan-1]
n n—-
or
+ +
(24) a + lOg laﬂ/,aﬂ—ll < a + M - 0(1) :

C ’\n == ’\n—'l - ’\n.
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An Aﬂ e Aﬂ—l
- -1 > '
al, +log™ | a, | a(An — An-1) +log™ |an/an_1 |

i.e.
Since 6 is an increasing function, hence we get

An : An
nlirgo sup . (/\,,ﬁ(— /\1_1) | 5 ﬂlingo sup [ ﬁ(/\n)

logt | ap/an_y | +a(An — Anz1) log* | a, | +a.u\,,]

ie.  A<p(B,57).
Combining the above inequality with (2.3), we get (2.2). This completes proof of Theorem

1.

Next we prove

Theorem 2. Let f(s) € Dy be of lower (B,6) order A(B, 8, )= A. If f(s) satisfies
(1.9) then

; ; B(nm-1)
25) A = max lim inf
( ) {n""} T 6[(Anm - Anm—l)/ 10g+ I anm/anm—l | +a(Anm - /\nm—l)]

where mazimum on the right hand side of (2.5) is taken over all increasing sequences of
natural numbers {n,,} such that n,, — 0o as m — oo.

Proof. Let the limit inferior on the right hand side of (2.5) be denoted by B. Clearly
0 < B < oo. First let 0 < B < 0o0. Then for any € > 0 and all integers k > N, we have

’\ﬂk - ’\nk-x ]
10g+ | ank/aﬂk—l I +a(’\ﬂk - Ank—l)

Bnily) > (B-e)d|

or

An, — A
k k=1 - An _ An
GOm i 1 J(B-g)) ~ *Cne = An)

whete G(An,._,,1/(B = ¢)) = 61 [8(A, ,)/(B — ¢)].

Writing above inequality for k = N, N + 1,---,m and adding all the inequalities thus
obtained, we get

log | an, /an,_, | >

i i X, == X
log | an, /an,_, | > ~k TRk — a(An, —Anpo
ZN e z;v COmr J(B—¢) ~ *n )

or,

= An, — A
log|an, | +adn, > O(1)+ ) L S—
i ( ) k=N G(’\ﬂk—ﬂl/(B_E))

Since 1/G(t) is a decreasing function therefore

A‘nm - A"'IV—I

log* | an,, | + adn,, > O(1) + NNV S
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or

A
A ,1/(B - fm 1), N.
G( Nm—1 /( €)) > lOg+ l anm I +aAnm + O( ) m >

On using the definition of G(Xn,._,;1/(B ~ €)), and proceeding to limits, we have

B < lim inf ﬂf)\"“”)
mee 6, /(logt | an,, | +ad,,)]

< A(8,6, 1) (from Lemma 6, [2]).

Since {n,,} was any arbitrary sequence of positive integers, we get

(2.6) On )
o B,
WAl 2 e e o | ann/anns | +a(ny = A )}

To prove the reverse inequality, let the range of the rank N(o) be the sequence {n:}.
Also, let ¥(n) denote the jump points of N (¢). Then
N(o) = nifor ¥(n;) < o < Y(ngy1), k=1,2,-.., where

1
\Ii(nk) = oila':‘:\l/an" l
Nk Nk~1

Now, under the assumption (1.9) we have

. BB ﬁ(’\N(a))
’\(,Bs 61 f) - }1{% inf 6{(1 = ea—a)—l}
B(An,)

,,,11.12, inf 5[{1 — exp(¥(ng4q) — 0‘)}_1] .

It can be easily seen that 1 — e~ ~ o — & as ¢ — a. Hence in view of property (ii) of
6, we get

. . IB(’\ﬂk~1)
D = e e T

= lim inf Qns-.) 1
k—etn 6[(’\71:: = ’\nk-x)/{log+ l ank/ank—l l +a(An, — A"k—l)}]

Hence

o BOn )
AB,6,f) < lim inf m :
PelT) % e, T i ~ X )/H1E" [ an, | +aOmr, —dmo)]]

Combining the above inequality with (2.6) we get (2.5). This completes the proof of
Theorem 2.
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3 In this section, we shall obtain coefficient characterization of the type T and lower
type ¢ as defined by (1.11). We prove

Theorem 3. Let f(s) € D, be of (B,6,7, f)-type T and lower (B, 6,7, f) type t.
Suppose that the condition (1.8) and (1.12) are satisfied. Then - '

g 5[{7( n n—1

logt | an/an—1 [+a(An — An-1)

N4l

Proof. Let the expression on the right hand side of (3:1) be denoted by Q. Clearly
0 <@ < oco. First let 0 < Q < 0o. Then for € > 0 we have for all sufficiently large
n > N(e),

/\n e Aﬂ.-—l

0g+ | 4 | +a(/\n - ,\n_l))}p]

Bm) < (@+)6l{a(;

or, foralln > N,

An 5 /\n—l » - i
COm1/@+e),p) ~ *n=a1),

where G(An,1/Q +¢,p) = y~[{671(8320)} /).
Writing the above inequality for n = N +1, N +2;-:-,k and adding we get

Zk: log | By )b g I < i : ()\n ~ An-1) — — (A — AN)
n=N+1 iover G, 1/Q +6,p) ~ 7

log|an/an-1| <

or, -
| _ | s o

log | ak | +ade < O()+

; o n=N+1 G(An,

An - An—1

1
m,l’) » | |
Let us write F(t) = m and n(t) = A, for X\, < t < An+1- Then we have
ﬂtﬂ < 1. We consider ¢

- ) An "‘/\n,—l _ s 2 : | - k-1 ‘ )
. §+l GOm1/Q+ep) AF(Ar) = ANF(Anyy) — nz%;l X lPO e — PO
Ak—1
= MF(A) - ANF(AN41) — ,/,\ n(t)dF(t).

N41

As in the proof of Theorem 1, we can easily show that

Kpi S
_./,\ n(t)dF(t) = o(Ax-1).
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Hence we have for all large &,

+ A b aell))s T B
log Iak, + aAr < G(/\k,l/Q+€,p)( +O( ))1 > WV,

or, using the definition of G(Ax,1/Q +¢, p), we have

B(Ax)
§[{y(Ax/log" | a; | +adp)}]

Now proceedihg to limits as k — oo, we get in. view of (1.13), |
3.2) T T = T(B,67,0,f) <Q.

The above inequality obviously holds if Q = oo. To prove the reverse inequality, we have
from (2.4), R o a

< Q+e, k> N.

log+ lan/d,,_'l | -

’log+|a,,“|

oh An = An-g e T An R SO
or, .
@n — A1) +log* |anfan 1| _ logt |an |+as
- : ; =<
’\n - An—l A - An
or,
s - ’\n '—An—"‘l‘ T 7ok /\n. :
) : I > §[{y ‘ Pls
e ) Flog Tafn g Y] 2 SR o]
Therefore Fel, ity g ouw AR g B, e
BOw) b 0w
An % it l Tk O AG) = o *p]
§ 2l . ¥ ; . n T Ay
[{7(log+ | an | +ad, 2d [{7(log+ | @n/an-1 | +a(An — An_; 2

which gives, on taking limits
@ - T2 g

Again this inequality holds if Q = 0. Now combining (3.2) with (3.3), we get (3.1). This
completes proof of Theorem 3.
Lastly we prove

Theorem 4. Let f(s) € D of be of lower (8,6,7, p) type 4B, 6,7,p, ) and satisfy

condition (1.12). Then for any increasing sequence {n;}. of positive integers, we have

(34) t 2 lim inf — Aﬂ(/\:,.il)
8[{( S

n ‘MMg=y )}p] . i
log l ank/aﬂk—l ' +a(Aﬂk - ’\nk—x)

Proof. Let us denote_ the right hand side of (3.4) by ¢. Clearly 0 < ¢ < oo. AF_irst
let 0 < q. Thenforallk)N,e>0,wehavé e :
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GO 1 ) > Ariy ~ Anx_s
" a=e"" 7 iog¥ [an, fan,_, [+ — Iy
where
1 | o | IB(Ank—l) 1/p
G(’\nk-nq__—sip) = Y [{6 ( g—¢ )} ]
= S W
Iog+ | am:/ank—l I > = == a(’\nk = Ank-—l)'

G(Any_ys /g —¢,p)

Writing the above inequality for m = N yN +1,--- k and adding all these inequalities,
we get

k
A = A,y

St o + o(1).
mgN G(Anm—lal/q-e,p) ()

As in the proof of Theorem 2. we have

log"' | an, | +ald,, >

Ank B Anl\n"—‘l + 0(1)

logt | an, | +a),, > B0 i —E )
k=1 )

or,

An
G(Any_y,1/0—5,p) >

k + o(1).
log+ | @y | +al,, (1)

Hence proceding to limits, we get on using (1.14),

. PPni_y)
¢ < lim inf
e 6[{7(’\nk/1°g+ | an, | +°"\nk)}p]

or,

s . ,3(/\,1,‘_1)
t > lim inf ]
~ koo 6[{7(’\ﬂk - ’\nk—1/(log+ ' ank/ank—l l +a(’\ﬂk - ’\ﬂk—1))}p]

This proves Theorem 4.
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