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NORMS ON CARTESIAN PRODUCT OF LINEAR SPACES

CHI-KWONG LI AND NAM-KIU TSING

Abstract. Let X; (i =1,--+,7n) be real or complex linear spaces, each equipped
with a norm || - ||;. Standard ways of constructing norms || - || on the Cartestian
product X = X1 X --- X X, are to define

(@1, za)ll = @(llzalls,- -, llznlln)

via some functions ¢ on R™. Common examples of ¢ in standard texbooks are
norms on R™. This may mislead peoples to think that any norm ¢ on R™ can
induce a norm on the product space X in the above way. In this note we show that
this is actually false and characterize the functions @ that can give rise to norms
on X in the above manner. It turns out that a necessary and sufficient condition
on ¢ is :

for any ai,«+-,an, b1, - ,bn >0,

(D) »(ay,--- 1an) > 0 if (a1,-- yan) # (0,---,0);

(I1) @(a(as,---,an)) = ap(ag,---,an) if @ > 0;
() @le1,-+,en) € (a1, +ran) + (b1, bn)

if (c1,-++,en) = (a1,-yan)+ (b1, -+, bn);
(IV) ©(a1,-+,an) < @(b1, -, bn) if a; < b; for all 7.

Several interesting consequences of the result are discussed.

Results and proofs

Let X be a finite or infinite dimensional linear space over F, where F is the field of

all real or complex numbers. A norm on X is a function [|-]] : X — R that satisfies
(N1) ||z]| > 0 for all nonzero z € X;
(N2) [lo]| = | |fe]| for all o € F, z € X;
(N3) |z + ]| < =l + |} for all 2,y € X.

A simple example is to take X = F and llzl]l =| z | for all z in X. As the concept of
the norm is of crucial importance in the study of mathematical analysis, it is introduced
in the beginning chapters of most analysis textbooks.

Let X;(i = 1,---,n) be linear spaces over the same field, each equipped with a
norm || - ||;. Standard ways of constructing norms || - || on the Cartestian product X =
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X; x --- x X, are to define

(z1, - zall = @ll=allss- -5 [12nlln)

via some functions ¢ on R?. Common examples of ¢ in standard textbooks of functional
analysis (for example see [2,p.49], [4,p.41] or [5, p.142]) are

op(a1, ++,aa) = (+---+af)’?  (1<p< o). ¢y
The corresponding norms || - ||,y on X will then be
lzllpy = lzallf +---+llzall2)'? (1 <p<0). (2)
In general, we say that a function ¢ : R® — R induces a norm || - || on the Cartesian
product X = X; x -++ x X, if the function || - || : X — R defined by
(@1, -+ za)ll = @zl -5 l2alla)

is a norm on X. A closed look of the problem shows that the domain of definition of ¢
can be confined to

Ri = {(als"'aan) € Rn:als"'}aﬂzo}'

In view of the functions ¢, (1 < p < c0) in the above examples, one may be tempted to
conjecture that any norm ¢ : R® — R can induce a norm on X. In fact, the subtlety of
the situations is so easily overlooked that some authors even state this conjecture, which
is not true in general, as a fact (see [3, p.39] for example). To see that the conjecture is
not true, one may consider the following counter-example.

Define ¢ : R? — R by

plar,az) = max{|a; +as|,2| a1 —az |},
which is a norm. Take X; = Xo =R and ||-||1 = ||-||2 =] - | - Then the function induced
by ¢ is || - || : R? — R where
(e, @2)l| = ¢(lea ]l az )
= max{||e1 |+ | ez |[,2]| a1 | = | ez [}

By direct computation, we get
1GDI = 116G,-DIl = 4 B3, 1)+G -l =160l = 12.

Hence || - || does not satisfy (N3) and cannot be a norm.

In the following theorem and Corollary 3, we characterize the functions o : R} — R
and ¢ : R — R, respectively, that can induce norms on X. We shall assume without loss
of generality that all component spaces X; (1 < ¢ < n) are nontrivial (that is, X; # 0),
for if X; = 0 then we can delete X; from the Cartesian product X = X; x --- x X,
without affecting the structure of X. Our main result is
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Theorem. Let Xy,---, X, be linear spaces over the same field F and ||-||1, -, ||"||»
be norms on Xy, -, X, respectively. Then a function ¢ : R} — R will induce a norm
on X = X, x---x X, if and only if p salisfies

(I) ‘P(al}"')an) >0 if(al,---,an):/:(0,---,0),‘
() p(a(as, ,an)) = aplas, - ,an) if a2 O;
(IIT) w(e1,---,cn) < @lai, -+, an) + @(b1, -, bn)

zlf(clx"':cﬂ):(al""!an)+(bla"'ﬂbn);
(IV) ©(a1,---,a,) < @(b1,---,bs) if a; < b; for alli.

Proof. Let ¢ : R} — R be given and || - || : X — R be induced by ¢, that is,

(21, - 2a)ll = @(llzalls, - llznlln)

for all (z1,---,2,) € X. Suppose ¢ satisfies (I) through (IV). By (I) and (II). one easily
shows that || - || satisfies (N1) and (N2).

Now if £ = (x1, - ,Zn), y = (¥1,- -, Yn) € X, then

llz+yll = [l(z1+31,-+, 20 + yn)ll
= ¢(llzr +yilly, -+, llzn + ynlln)- (3)

Since ||z; + ¥ill: < ||zi]|i + ||5i]]: for all i and ¢ satisfies (IV), the expression in (3) cannot
be greater than

ellzalls + llyilles -~ [l2alln + llgnlln)
= @((lz1lles - llzalla) + (lyallz, -+ llymlln))
2 @izl llzalla) + el - llwnlla) - (by(Z111))
< NGz, @)l + 1y - -5 m)l
= ||zl +[l¥ll-
Hence || - || satisfies (N3) also and is a norm then.
Conversely, suppose || - || satisfies (N1) through (N3). Since each z; is nontrivial, we

can find nonzero z; € X; such that ||z;||; = 1. Then for any (ay,- -, a,) € RY,
|[a,—z,—||,- = a; for al.lz
and hence

elar, -+, an) = @(llarzills, -+, llanzalln) = [l(ar21,-- -, aaza)ll.
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Using this relation and the fact that || - || is a norm, one can prove that ¢ satisfies
(I) and (II) readily. The condition (III) is also satisfied because for any (az,---,a,),
(bla Tty bn) € R‘i)

p((ar, -+ an) + (b1, -+, 55))

= ¢(a; +b1,---,an +by)

(@121 + b1z1, -+, 8nzn + bz,
(121, -+, an%s) + (br21, -+ -, bpzy)||
< (@121, -+, anzn)|| + |[(b121, - -, bazn )|
= play, --,a,) + @b, -, b,).

Finally, for any i with 0 < a; < b;, we can find ¢ such that 1/2 <t <1anda; =
(2t — 1)b; = b; + (1 — t)(—b;). As a result,

Il

o(as, -, an)
= [l(a121," -+, anza)l|
= |ltf{larzy, -, qi 121, bz, i @igq, - -, AT )

+ (1 —t)(a12q, -, qi_ 1251, —b;z;, @Git1Zit1," ", AnZn)||
< tl(arzr, -+, @11, bizi, Gip1Zig1, -, G2y )|

+ (L =1)|[(a1z1, -+, @ic1@isy, =biZi, @ip1Zi41, - -, anzp)||

- t@(alj‘ Ty i1, bi:ai+15""aﬂ)
+(1 "t){)o(ala'":ai—lxbi)af+1:"'san)

= (:D(al:' T aai—labisai-f-l:" : ;an)-

Since this is true for all 7, we have

‘P(al;“';an) S ‘P(blya2"")an)
S (P(bl’bmaa,...,an) S S (bly"':bn)

if 0 < a; < b; for all i. Hence (IV) is satisfied.
A particular application of the above theorem gives
Corollary 1. Suppose ® : F* — R is a function that satisfies
Qlar, -, 0n) = ®(ag |, | an |) for all (a1,--+,an) € F™. (V)

Let ¢ denote the restriction on & on RY. Then & is a norm if and only if ¢ satisfies 4]
through (IV). '

Proof. We look at each component space F' in the Cartesian product F” as
equipped with the norm | - |. Then & is induced by its restriction on RY. Apply-
ing the theorem, we get the result.
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Another interpretation of Corollary 1 is the following. Let ¢ : R} — R be a given
function. We extend the domain of ¢ to F” by defining

oy, -, an) = o(ler |, -+, | an D for (a1,--,a,) € F™.

Then Corollary 1 says that ¢ can be extended to a norm on F” in the above way if and
only if ¢ satisfies (I) through (IV).

A norm on F" satisfies (V) is known as an absolute norm. A norm [l -]l on F™ is
said to be monotone if for £ = (z1,-+,2a) and y = (y1,---, ya) in F?, | 2 |<| g | for
all i = 1,---,n, will imply ||z]| < [|ly||. By Corollary 1, we easily deduce the following
well-known result (see [1, p.285]).

Corollary 2. A norm on F™ is monotone if and only if it is absolute.
Now we let ® be a norm on F™. Recall that & is said to induce a norm on X =
X1 X -+ x X, if the function || - || : X — R defined by

@15 2a)ll = ®(llzllr, -, [2nlln)

1s a norm on X. As the above definition relies solely on the restriction of ® on R” , we
see that @ will induce a norm on X if and only if its restriction on R7 does so. By
Corollary 1 and our Theorem, we have

Corollary 3. Let @ be a norm on F" that satisfies (V). Then ® induces a norm
OTLX:X]_ X% e & 9% Kopys

By Corollary 3, one sees why the functions ¢p(-) defined in (1) can induce norms in
(QJon X =X; x--- x X,.
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