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ON SUBCLASSES OF STARLIKE FUNCTIONS
OF ORDER o AND TYPE g

M.K. AOUF

Abstract. Let S*(a,8,4,B)0<a<1,0< <1, -1<A<B<1,0<B<
1), denote the class of functions f(z) = 2+ X3 ,an2" analyticinU = {z:| z |[< 1}
which satisfy for z = re'® € U,

2@ 4
| £2) ; |< L.
(B- AP - o)+ A - 1)

It is the purpose of this paper to show a representation formula, a distortion theo-
rem, a sufficient condition for this class S*(«, 3, A, B). Furthermore, we maximize
| a3 — pa2 | over the class S*(«,8, A, B) and we give the radii of convexity for
functions in the class S*(«, 8, 4, B). '

1. Introduction.

Let S denote the class of functions f(z) = z + £ ,a,2" be analytic in the unit disc
U= {z:2z]|<1}. We use Q to denote the class of bounded analytic functions w(z) in
U, satisfying the conditions w(0) = 0 and | w(z) |< 1 for z € U. A function f(z) € S is
said to be starlike of order a(0 < a < 1) in the unit disc U if

Re{zjf,é;)} > a (1.1)

for z € U. And the above condition (1.1) is equivalent to

2f(z) _ 4
f(z)
I 9 zf’gz! zf’!z! 1 !< 1
Gy o) -Gy =1

Juneja and Mogra [3] introduced the class S*(e, B) of starlike functions of order o (0 <
a < 1) and type B (0 < 8 < 1), defined as follows:
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42 M.K. AOUF

Definition 1. Let a function f(z) = z + £33 ,a,2" be in the class S. Then f(z) is
said to be starlike of order a and type B if the condition

2f(2) _
e lz[,m |< 1 (1.2)
2B(45 - o) - (5 - D)

is satisfied for some @ (0 < a< 1), f(0<f<1)andforallz€U.

For0<a<l,and -1< A< B<1,0< B<1,let S*(a, A, B) be the class of

those functions f(z) of S for which —'L(L)l is subordinate to 1+[B+(?;§ z)(l_a)]z In other

words f(z) € S*(a, A, B) if and only if there exists a function w(z) € Q such that

2f(z) _ 1+[B+ (A= B)(1 - a)u(z)

f(2) 1+ Buw(z2)
And the above condition is equivalent to
oy =1 |
BT mra-ma-a - P L

And also the condition (1.3) is equivalent to

zf(I; =4
I : <1, =zel. (1.4)
(B-A)(FHE —a)+ AR -1y

The aim of the present paper is to introduce a subclass of S*(e, 8), which we denote it
by S*(a, 8, A, B).

Definition 2. Let a function f(z) = z + £%2,a,2" be in the class S. Then f(2) is
in the class S*(ea, 3, A, B) if the condition

2f'(2)

| f(z)
(B - A)B(EA f(z a)+A( (z) -1}

-1

< 1 (1.5)

is satisfied forsome e (0 < a< 1), F(0<B<1),-1<A<B<1,0<B<1and for
allzeU.

We note that by giving specific values to a,3, A and B, we obtain the following
important subclasses studied by various authors in earlier papers:

(i) S*(e,B,-1,1) = S*(a,p), is the class of starlike functions of order « and type
B introduced by Juneja and Mogra [3] and in [7] Owa showed some results for the class

S*(e, f)-
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(i) $*(0,1,-1,1) = S* and S*(e,1,-1,1) = S*(a) are, respectively, the well-
known class of starlike functions and the class of starlike functions of order « introduced
by Robertson [9].

(iii) S*(e, %, —1,1) =S4, 0 < a < 1, is the subclass of the class of starlike functions
of order «, studied by McCarty [5] and Wright [13]. :

(iv) §*(0,3,-1,1), S*(0,2531,-1,1), 6 > 1, are the classes introduced by Ram
Singh [10,11].

(v) S’*(ﬁ, 1—"‘.;—'7-, —1,1) = S(v), 0 < ¥ < 1, is the class of starlike functions of order
7 introduced by Padmanbhan [8].

(vi) S*(1 — ¢, %, —1,1) = S,, 0 < a < 1, is the class of starlike functions introduced

by Eenigenburg [2].

2. A representation formula.
Let @ denote the class of functions ¥ which are analytic in the unit disc U and
which satisfy | ¥(z) |[< 1 for all z € U. We require the following lemma:

Lemma 1. Let H(z) = 14c12+c22%+- -+ be analytic in U and satisfy the condition

| H(z)—-1 <1
(B-A)B(H(z) - )+ A(H(2)-1) '~ 7
(05a<1,0<,851and—15A<B§1,0<B§1) {2.1)

for all z € U. Then we have

14+ [(B— A)ap + A]z¥(z)
1+[(B - A)B + Alz¥(z)

H{z) = (2.2)

for some ¥ € Q. Conversely, any function H given by the formula (2.2) where ¥ € Q is
analytic in U and satisfies (2.1) for all z € U.
The lemma follows in a straight forward manner. So we omit the proof.

Theorem 1. Let f(z) = z+ X5 ,a,2" be analytic in the unit disc U. Then f(z) €
S*(e, B, A, B) if and only if

¥ (1)
1+ [(B=A)8 + ARY(2) dt},

) = sen{-(B-A801-) [ (2.9

for some ¥ € Q.
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Proof. Let f € S*(a, 3, A, B), it is easily seen that %%)- satisfies the hypothesis
of the first part of Lemma 1. Therefore we can write

2f'(z) _ 14[(B—A)af+ Alz¥(2)

f(2) T 1+[(B-A)B+A2¥(2)
where ¥ € Q, z € U. Thus we have
f(z) 1 _ _ _(B=A)P1-)2¥(2)
f(2) z 1+ [(B - A)B + A)z¥(z)

Integration gives (2.3) easily. Conversely, if f has the representation (2.3) for some ¥ € Q
then, it follows that
2f'(5) _ 1+4[(B— A)ap+ Al¥(:)
f(2) L4 [(B—A)B+ Al2¥(2)

so that by converse part of Lemma 1, we have f € S*(a, 8, A, B). Hence the theorem.

3. Distortion theorems.

Theorem 2. Let f(z) = z + X3 ,a,2™ be analytic in the unit disc U and suppose
that f € S*(a,B,A, B). Then, for0<a<1,B+# (525), -1<A<B<1,0<B<],
zeU

H

z < (B=A)B(l=a) ? 3'1
TS TG a1 )RR o
TCIE 2 (32)

(1+[(B = A)8 + 4] | 2 |) TR
whemasf0r0§a<1,,3:(2-‘;‘—5),—-15A<B§1,0<B§1,ZGU

| F2) | &) et (3.3)
| £z} ] =) & e, (3.4)

All the above estimales are sharp.

Proof. Since f € S*(a,f3, A, B), we observe that the condition (1.5), coupled with
an application of Schwarz’s Lemma [6], implies that, for z € U, 5%? assumes values
lying in the disc K’ obtained by taking the line segment joining the points

1+ [(B—A)epf+A]|z]| yect 1-[(B—A)af+ A]| 2|
1+[(B-A)B+A]|=| 1—[(B—A)f+4] |z |

as diameter. Hence we have

(3:5)
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1+[(B=—A)af+A4]|z]
1+[(B-A)B+A]|z]

zf’(z)} 2 1-[(B—A)aB+A4]]| 2| (3.5)

SRC{ f(2) 1-[(B-A)g+A]|z] "

Let | z |= r, then (3.5) gives

og(| 22 ) = Rettog {2 = e [1EE - Lig,

= [Mirefuen LD 1)

“_(B-A4)8(1-a) '
< | oA e

Now two cases arise. (i)If0§a<1,ﬁ¢(ﬁ), -1< A< B<1,0< B<1,then

(3.6) gives

f(z) I) _(B"A):B(I —CY)
= (B-A)B+ A

log(| == log(1-[(B—-A)B+A]|z]).

Thus we have

1 1
FT (- (B~ AP+ 4] |2 |) T

which gives (3.1).
(i) If0<a<1,f=(545), -1 <A< B<1,0<B<1,then (3.6) gives

I21
log(| Z(z—zl ) < ——A(l——a)/ dt = —A(l-a)|z].
0
This proves (3.3). To prove the remaining estimates, (3.5) gives

rRe{%(log L(zi)-)} = Re {zfl z) }

_(B- A)ﬂ(l—a)lzl
= 1+[(B=-A)B+A]|z|

Thus, we have

og(| L2 ) = Retog(Ly) > [ B2y
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Again two cases arise. (i)If0§a<1,,8¢(A‘_‘—B), -1<A<B<1,0<B<]1,then
(3.7) gives

f(z) |) > (B _A)ﬂ(l -a)

Rl =~ (B—A)B+A

log(1+[(B—A)8 + A]| z1).

This proves (3.2).
() f0<a<l,B=(525), -1<A<B<1, 0< B<1,then (3.7) gives

) g
log(| =22 ) 2 A(1-e) [ dt = A(l-a)|z]

which gives (3.4). Hence the theorem.
Equality in (3.1) and (3.2) holds for the function

z

(1= (B - 4)8 + A)z) G555

f(z) =

whereas in (3.3) and (3.4) it holds for the function

f(z) = T e pii

4. A sufficient condition for a function to be in S*(a, 3, 4, B).
Theorem 3. Let f(z) =2+ 5 oo ,anz" be analytic in the unit disc U. If for some
@,$,A,B(0<a<1,0<f<(525), -1<A<B<1,0<B<1),
D Anl(1—A) = (B-A)B] - (1+ A)+(A- B)aB} |as | < (B-A)B(1-a). (4.1)
n=2

Then f(z) belongs o S*(a, 8, A, B).

Proof. we employ the same technique as used by Clunie and Keogh [1]. Thus
suppose that (4.1) holds, then, for |z |=r < 1,
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| 2f'(2) = f(2) | = [(B—A)B(zf'(2) — af(2)) + A(zf'(2) — f(2)) |
=) (n—1Danz" | — | (B—A)B(1 - a)z

=
g 2[-/1 + (A — B)aflanz" + 2{(3 — A)B + Alnanz"

< 2("_1) an 7" { I(B;xzjﬂ(l—a)z
. 2[_A+ (A= B)aflanz" | - i[—A — (B = 4)BIn | an | ")

< é(n— 1) lan | " = {(B - 4)8(1 - a)r
- 2[-“ (A= B)af] | an | " —é[—fl— (B~ 4)Bln | an | "}

< D (n=1)]an | ~(B-4)8(1-a)

+ Y (~A+ (A= B)af — An— (B — A)Bn) |a, | ] r <0, by (4.1).
n=2

Hence it follows that

2f'(z) _
I f(z)

(A-B)B(HE — o) + A(%ﬁl

so that f € S*(«e, 8, A, B).
Remark. Since f € S*(a,(425),4, B) implies f € S*(e, 8, A, B) for (25) <
B < 1, the condition (4.1) for 8 = (A_fi) i.e., the condition

0]

Y {n-1-A(l-a)}|a.| < —A(1-a) (4.2)

n=2

can also be used as a sufficient condition for a function to be in S*(c, 8, A ,B) for 0 <
a<l1,(445)<BP<1,-1<A<B<1,0<B<1,

5. Coefficient estimates.
We need in our discussion the following two lemmas:



48 M.K. AOUF

Lemma 2 [6]. If w(z) € Q, the | w(z) |<| z | and if w(z) = E3L ¢n2" then
ler| <1

and

lez|< 1= |a|®. (5.1)

Lemma 3 [4]. Let w(z) = £ ¢nz" be analytic with | w(z) |[<1 i U. Ifv is any
complez number then

| o —ved | < max{1,|v|[}. (5.2)
Equality may be atiained with functions w(z) = 2% and w(z) = 2.
Theorem 4. If f(2) = 2+ £ ,an2" € S*(a,5,A,B), B # (525), then
(a) for any real number p, we have
((B=AY0=2) (B — A)B(1 - a)(1 - 24)
+((B - A)8 + A]} if p

IN
[ 1]

B—A)B(1~- ¢
ag=pad | 5 § A= if

(B-A)(-2) (B — A)B(1 - a)(2p — 1)

L —[(B - A)8 + A]} if p> g ELA0-e) s
3

1+A+(B—-A)B(2—a)
p< 2(B—A)ﬁ(l—a)a

IA

N =

and
(b) for any complez number y, we obtain

| as—pad | E=APLZ) oy | (B-)(1-a)2u-1)-[(B-A)8+4] ). (5.9
The result is sharp for each u either real or complez.
Proof. Since f(z) € S*(a, B, A, B), (2.3) gives
2 {x) _ 1% (B — A)apf + Alw(z)
f(z) 14 [(B - A)B + Alw(z) ’
where w(z) = 2¥(z) = Z ¢k 2* € Q.
From (5.5), we have

(5.5)

w(z)
_ 21'(2) = 1(2)
[-A+ (A - B)Blzf'(2) + (B — A)af + Al f(2)
i o kilh— agz*~?
(A-B)B(1 — @) + Ypo{[-A+ (A= B)Blk + [(B — A)af + Al}axz"~!
— —1 [a2z+2a3z2—(A_B)ﬁ(2—a)_A b2

(B-A)A(1—a) A-B)Bl-a) 2° +oo]
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and then comparing coefficients of z and 22 on both sides, we have

c; = —(B—'A)ﬂ(l—a),
RPN L (B-A)BC2-a)+4 ,
2T (B-A)B(1-a) (B — A)262%(1 — a)? 2
Thus
az = —(B - A)B(1 - o)
" gy = B=4)fll—a) | (B—A)fQ-a)+4 ,
3 = 2 2 2(B—A)ﬁ(1—a) 9-
Hence
_ (B=A)B(1-a) (B-A)B(2—a)+ A )
az —pai = — 9 ca + [ 2B - AB(1 - a) — plas
_ BB . B AEE o)A
B % ’ 2(B — A)B(1 - a)
—y] - (B — APF (1 —a)?cl. (5.6)

Thus taking modulus of both sides of (5.6), we are led to

las—pad | = B=ABA=0) | (B_A)B1-a)@u-1)+[(B—A)p+ A .

2
(5.7)

(a) When pu is real.
For real u, (5.7) becomes

(B —A)p(1
2

=9 ey | + | (B—A)B(L—a)(2u—1)=[(B—A)B+A4] || e1 [2.
(5.8)

| as—pa3 | <

Applying Lemma 2 for | ¢2 | in (5.8) we obtain

(B—A)B(1 -
2

) (14]] (B-A)B(1—a)(2u—1)=[(B—A)8+A] | -1 | e1 7).
(5.9)

| as—paj | <

Again using Lemma 2 for | ¢; | in (5.9) we are led to

(B 4)8(1 -
2

fag—adl] 2 (| (B - A)B(1 - a)(2p— 1) — [(B - A)5+ A] |}. (5.10)

Thus from (5.10) with simple computations we obtain the results of (5.3) stated in
(a) of the theorem for various values of real u.
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(b) When p is a complex number.
For any complex number g (5.7) may be written as

—{~(B-A)B(1-0a)(2p—-1)+[(B-A)B+ A} |.
(5.11)

| a3 —pad | <

(B-4)B1-0)
9 2

Applying Lemma 3 in (5.11) we get

(B—A)8(1 — o)
2

| az—pa3 | < max{1,| (B—A)B(1-a)(2p—1)-[(B-A)B+A] |} (5.12)

which is (5.4) in (b) of the theorem.
The sharpness of (5.3) and (5.4) follows from that of (5.2).
Theorem 5. Let f(z) = z + £32,a,2" be in S*(a, 3, A, B).
(a) If

k-1
B(l—a)(k—a) > m{(k —1)(1 - A%) — (k- a)(B — A)B[(B — A)8 + 241},

Let
B(1 —a)(k — a)
(B A)zp =D 1k — 1)(1 — A2) — (k — a)(B — A)B[(B — A)B + 241}’

k=2,3,---,n—1. Then

M =

7 _,{[(B — A)B + Alk — 2(A + 2548 + Z540p)}

len | < ) (5.13)
forn=2,3,---,M + 2 and
1 IE{((B - A)B+ Alk — 2(A + 4588 + 45Bap
|an|Sn_1 (M+§)' Za)} n>M+2.
- (5.14)
B(l—ea)(k—a) < (BEk A))L,ﬂ{(k—1)(1—A2)—-(k—a)(B-A)ﬁ[(B—A)ﬁ+2A]}, then
|a, | < (B~ 1:)-‘?(11 il foru > 2. (5.15)

The estimates in (5.13) and (5.15) are sharp.
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Proof. Since f € S*(«,f3, A, B), we have

2(2) _ L+((B - Aap + Alu(z)
&) T T+ (E= AP+ Ale(s) |

where w(z) = I, tx2* = 2¥(z) € Q. From (5.16), we have

(5.16)

[(B - A)B(1 - @)z + Z{[(B A)B + Ak — [(B - A)ap + A]}akz’“][ztkz
k=2 k=1

= Z(l — k)akzk. (517)

k=2

Equating corresponding coefficients on both sides of (5.17) we observe that the coefficients

a, depends only on as,as,---,an—; for n > 2. Hence for n > 2, it follows from (5.17)
that
n-1
(B~ 4)B(1-a)z+ )Y {[(B—A)B+ Alk — [(B - A)ap + Al}arz*]u(z)
k=2
Z(l - k)akz + E bkz
k=n+1

which, since | w(z) |< 1, yields

| (B—-A)B(1-a)z+ i{[(B — A)B + Alk — [(B — A)af + Al}arz" |
k—2
> | Z(l - k)akz -+ Z by 2* s (5.18)
k=n+1

Squaring both sides of (5.18) and integrating round | z |=r, 0 < r < 1, we obtain

n—1
{(B= AP (1-a)’r? + > {((B-A)B+ Alk—[(B— A)aB+ A]}? | ai |? r?¥}

k=2

s Z(k__l ’a |2 2k+ Z Ib |2 2k

k=n+1

If we take the limit as r approaches 1, then

n—1
{(B~A)PF(1-a)’+ ) {(B—A)B+ Alk - [(B - A)aB + A]}? | ax |7}

k=2

> Y (k=1)?|a|?
k=2
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or

n—1

(n—1)%|an 2 < (B—A)?(1—a)’ + D _{((B-A)B+ Alk
k=2
—(B-A)ap+A)? - (k=1)"} |a |, n22 (5.19)

Now two cases arise. (a) Let

k-1

ik 2 — A —(k — o)(B — B .
Ty (k= D= A7) = (k — (B~ BB — 4)5 + 241}

p(1—a)k—a) >

If n < M + 2, (5.19) gives in particular

laz| < (B—A4)B(1 - ),
4las > < (B—A)’*(1-a)’ +{(2[(B-A)B+ 4]
—[(B—A)aB + A])* -1} | a; |?
(B - A)’B’(1—a)’-2[(B— A)B+ A] - [(B— A)af + A])?
3_,{[(B - A)B+ Alk — 2(4 + 2348 + E540)}
2! '

IA

IA

i.e., |a3 I

Mathematical induction shows that

7, {[(B - A)B + Alk — 2(A+ 2545 + B540p)}

lan 1< (1)

forn=2,3,---,M + 2, which completes the proof of (5.13).
Next, we suppose n > M + 2. Then (5.19) gives

M42
(n=12]an > < (B—A?AA-a)*+ ) _{((B-A)B+ Alk

k=2
—[(B~A)apf + A])* — (k- 1)} | ax |

+ > {{(B—A)B+Alk—[(B-A)aB+ AP —(k—1)"} |a |?
k=M+43
M+2

< (B-APB*(1-a)’+ ) _{((B-A)B+ Ak
k=2
—[(B—A)af+ A — (k—1)} | ax |*. (5.20)

Substituting upper estimates for as, as, - -, ap+2 obtained above in (5.20), we get

(n=1)"|an |* < ((B~A)B+ AUM +2) = [(B — A)ef + A])* -



ON SUBCLASSES OF STARLIKE FUNCTIONS 53

IMA2{[(B — A)B + Alk — 2(A + B548 + B520p)}
(M +1)!

( )’
1 TIMA3{[(B - A)B8+ Alk — 2(A+ 2548+ E54e0))

- ’
iy [ l8 o=y (M +1)!

this proves (5.14).
(b) If

k-1

Bl —a)(k—a)< (—B—A)Q_ﬂ{(k

—1)(1 — A%) = (k — a)(B — A)B[(B - A)B + 24]},
then (5.19) gives
(n=12]a, |2 < (B-A)?8%(1—a)® forn>2

(B-A)B(1l -«

)forn22,
n—1

i.e., |ty | £

which gives (5.15).
The function f given by

z2f'(2) . 8 [(B— A)ap + A)z
f(2) 1-[(B-A)5+ 4]z

, where

k-1

B(l—a)(k—a)> m{(k

—1)(1 - 4%) = (k — a)(B — A)B-[(B — A)B + 24}

shows that the estimates in (5.13) are shérp while the estimates in (5.15) are sharp for
the function

f(2) = zexp[(B — A)B(1 — @)/(n — 1)]z"~1, where

k-1

B(l—c)(k—a) < (_B——Z)?_ﬁ{

(k—1)(1-A%)—(k—a)(B—-A)B-[(B—A)B+2A]} and n > 2.

6. The radius of convexity for functions in the class S*(a, 3, 4, B).
Singh and Goel [12] showed the following lemma.

Lemma 4. If w(z) € Q, then forz €U

| zw/(2) — w(2) | < [P~ lw(e) [* (6.1)

I |2 2
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Lemma 5. Let w(z) € Q. Then we have

Re{ 2u'(2) }

(1+[(B - A)B + AJw(2))(1 + [(B — A)af + Alw(2))
<~ apEa ey {8+ Ap(2)
e A)aﬂ+A] B—A

o A S )

o LB~ A)8+ Alp(z) ~ (B A)as + A~ |1-p(2)

(B —A)*%(1 — )’ (1 —r2) | p(2) | ’

where p(2) = 1{"}%&“_‘?%’_:’;11:?(:)), r=lz]lamdi€ad]; <], -1 A< B,

Ve B<1.

(6.2)

The proof of Lemma 5 follows easily from Lemma 4.

1+[(B—A)af+ Alw(z)

Remark. The transformation p(z) = 5 HB= AYpT ATw(e)

onto the circle

mabps the circle | w(z) [< r

| p(e) 1—[(B—A)B+ A)[(B - A)af + Alr? I (B — A)B(1 — a)r
BLEr= 1—[(B - A)B + A*r2 = 1=[(B~=M)f + APr?’
Theorem 5. If f(z) € S*(a,8,A,B), then for|z|=r, 0<r<1,
Zf”(Z)
Re{l + 2) —=1 >

(1=(24+ (B~ A)f~3(B — A)af)r + (—A = (B — A)ap)’r?
(L+[(B=A)B+ AJr) (1 + [(B - A)aB + AJr)

) B- A)ﬂ(12— L — rz){\/_[(B — A)af+ A+ 1)(1-[(B — A)aB + Alr?)-

VI(B~A)B2—a)+A+1]—(B-A)B[(B- A)B — a+2(1+ A)r?
-(1 +[-A— (B - A)apf[(B - A)B + Alr?)+

fOT' RO S Rla

| +(—4 - B545 — BzA05)(1—12)} for Ro > Ry, (6.5)
where
_ 1—[(B— A)B+ AJ[(B — A)apB + A]r?
1-[(B—-A)pB+ A)?r2 ’
§ = (B-A)B1-a)r
1-[(B—-A)B+ A)*r?’
[ [(B—A)aB+ A+1](1- [(B— A)aB + A]r?) ]%
(B-A)pBL2—-a)+A+1]—(B-A)B[(B - A)f — a+2(1+ A)r?

Ry

and

14 [(B— A)ep + Alr

= TG ar

All these bounds are sharp.
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Proof. Since the function f(z) belongs to the class S*(a, 3, A, B), by using Theo-

rem 1, we get
- zf'(z) _ 14[(B—A)af+ Alz¥(z)
f(z) = 14[(B—-A)B+ Alz¥(z)

where ¥ € Q for all z € U. Writing 2¥(z) = w(z), where w € Q, we get

2f'(z) _ 14[(B—A)af+ Alu(z)
f@) T T+I(B-AB+Au()

(6.4)

(6.5)

Differentiating (6.5) logarithmically, we have

2£'(:) _ 1+((B = AaB+ Alu(z) _
#a) T TH(B-AF+ A

(B - A)B(1 - )] ]

14

(1+[B — A)B + Alw(z))(1 + [(B — A)aB + Alu(z)) 3. (6.6)

An application of Lemma 5 gives

zf”(z)

f'(2) : ;
1 B—-A)af+ A
> G BB - 82— )+ ) + T2
| [(B=A)B+Alp(z) —[(B—A)af+ A] > — |1 - p(2) l2]

(1-7r2)1p(2) |
_(B-A)B(1+a)+24
(B-A)B(1-a)

Re{l + }

}

(6.7)
where

1+ [(B—- A)af + Alw(z)

1+[(B—-A)B+ Alw(z)

2
By setting p(z) = a+€ + in; R? = (a +€)* + n?, where g = 1=lBzALALE - Alafrdlr

and denoting the expression on the right hand side of (6.7) by G(&, n), we get

p(z) =

1
(B=A)B(1=
+[(B—A)af+Ala+ R — =

_(B=A)B(1+a)+24
(B-A)B(l-a) '’

G(&,n) = (B =82~ )+ Al(a+6)

[(B— A)8 + A]*r*
1—r?

(d* - € - )R

(6.8)

where
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(B — A)B(1 — a)r
1-[(B-A)B+ A]Pr?’

Differentiating (6.8) partially w.r.t. n, we get

oG _ 1
o ~ (B-A)B(1-a)

d =

nR™4H(¢,n), (6.9)

where

Hn) = 2-A—-(B-A)af)(a+¢)

NUE LT CEREY i PR EI LBV TS

It is easily seen that H(£,n) > 0 and so (6.9) gives that the minimum of G(¢, n) on every
chord {=constant is reached when 7 = 0 and thus the minimum of G(g, 1) in the circle
€% + 9% < d? is attained on the diameter n = 0. Hence putting 7 = 0 in (6.8), we get

LR) = 660 = Gai=e [((B-C—a)+ 4]
1= (B~ 4)8 + 4Pr?

+ — )R

L(B-A)ap+ 4+ 11](i —[(B=Aap+ A7) .,

e L [(B—A),H+A]2r2] _(B=4)B(14+a)+24
¢ 1— 12 (B—A)B(1—a)

where R=a+¢ and a—d < R < a+ d. Thus the absolute minimum of L(R) in (0, c0)
is attained at

[(B—A)aB+A+1](1-[(B- A)af+ Alr?)

Ry = \/[(B ~A)B2—-a)+A+1]— (B-A)B[(B—-A)f— a+2(1+ A)r? (6.10)
and equals
L(Ro) = 2 {
(B—A)B(1 —a)(1-r2)

VI(B—A)af+ A+ 1](1- [(B - A)af+ Ar2).
VI(B—A)B(2-a)+A+1]— (B—- A)B(B-A)f—a + 2(1 + A)r2
= (1 +[-A- (B - A)ap][(B - A)B + A]r?)

= B;Aﬂ— B;Aaﬂ)(l—r2)}- (6.11)

It is easily seen that Ry < a +d, but Ry is not always greater than a — d. In such a case
when Ry ¢ [a — d,a + d], the minimum of L(R) on the segment [a —d,a + d] is attained
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at R; = a — d since L(R) increases with R on this segment. The value of this minimum
equals

L(Ry) = L(a—d)
1—-(—24+4(B—-A)B—-3(B— A)af)r+(—A—(B— A)ap)?r?
(1+[(B - A)B+ Alr)(1+[(B — A)af + A]r) '

(6.12)

The two minima given by (6.11) and (6.12) coincide for such values of a,3,4,B (0 <
a<1,0<B<1, -1<A<B<1,0< B<1)for which Rg = R;. The ineqality (6.3)
follows from (6.11) and (6.12). This completes the proof of the theorem.

The functions given by

() _ 1=[(B=A)ab+ A
) T 1-((B-A)B+Al

for Ry < Ry;

and

z2f'(z2) _ 1—(B—A)apfbz+ [(B— A)ap + A)z?
f(z) = 1—=(B-A)Bbz+[(B— A)S+ A]?

where b is determined by the relation

fOT' Ro 2 R1

1 — (B — A)afbr + [(B— A)af + A]r?
1—(B—A)pbr+ [(B— A)B + A]r?
[ (B—A)af+ A+1](1—[(B - A)apf + Alr?)
(B-—A)B2—-a)+A+1]—(B-A)PB[(B-A)B—-a+2(1+ A)r?

= Hg =

)3
show that the results obtained in the theorem are sharp.

References

[1] J. Clunie, F.R. Keogh, On starlike and convex schlicht funtions, J. London Math. Soc., 35 (1960),
229-233.

[2] P. J. Eenigenburg, A class of starlike mapping in the unit disc, Compositio Math.,(2) 24 (1972),
235-238.

[3] O.P. Juneja and M.L. Morgra, On starlike functions of order a and type 3, Rev. Roumaine Math.
Pures Appl., 23 (1978), 751-765.

[4] F.R. Keogh and E.P. Merkes, A coefficient inequality for certain classec 1 aualytic functions, Proc.
Amer. Math. Soc., 20 (1969), 8-12.

[5] C.P. McCarty, Starlike functions, Proc. Amer. Math. Soc ., 43 (1974), 361-366.

[6] Z. Nehari, Conformal Mapping, McGraw-Hill, New York, 1952.

[7] S. Owa, On the starlike functions of order a and type 8, Math. Japonica, 27 (1982), 723-725.

[8] K.S. Padmanabhan, On certain classes of strlike functions in the unit disc, J. Indian Math. Soc.
32 (1968), 89-103.

[9] M.S. Robertson, On the theory of univalent functions, Ann. Math., 37 (1936), 374-408.

[10] R. Singh, On a class of starlike functions, Compositio Math., 19 (1967), 78-82.



58 M.K. AOUF

[11] R. Singh, On a class of starlike functions II, Ganita 19 (1968), 103-110.

[12] V. Singh, R.M. Goel, On radii of convexity and starlikeness of some classes of functions, J. Math.
Soc. Japan, 29 (1971), 323-339.

[13] D.J. Wright, On a class of starlike functions, Compositio Math., 21 (1969), 122-124.

Dept. of Maths., Faculty of Science, Univ. of Mansoura, Mansoura, Egyst.



