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ON SUBCLASSES OF STARLIKE FUNCTIONS 
OF ORDER a AND TYPE (J 

M.K. AOUF 

Abstract. Let s•(a,/3, A, B)(O Sa < 1, O < /3 SI, -1 SA <BS I, 0 <BS 
1), denote the class offunctions J(z) = z+:E~=2anzn analytic in U = {z :I z I< 1} 
which satisfy for z = rei9 EU, 

~-1 I J(z) .,,r.\ .,,r.1 I < 1. 
(B - A)/3( M - a)+ A(~ - 1) 

It is the purpose of this paper to show a representation formula, a distortion theo­ 
rem, a sufficient condition for this class s•(a,/3,A, B). Furthermore, we maximize 
I a3 - µa~ I over the class S • (a, /3, A, B) and we give the radii of convexity for 
functions in the class s•(a,/3,A,B). 

1. Introduction. 

Let S denote the class of functions f ( z) = z + :E~=2anzn be analytic in the unit disc 
U = {z :I z I< 1}. We use O to denote the class of bounded analytic functions w(z) in 
U, satisfying the conditions w(O) = 0 and I w(z) I< 1 for z EU. A function f(z) ES is 
said to be starlike of order a(O S a < 1) in the unit disc U if 

Re{ zr(z)} f(z) > a (1.1) 

for z EU. And the above condition (1.1) is equivalent to 

~-1 I JCz) I < 1 
2(~ - a:) - (~ - 1) . 

J(z) f(z) 

Juneja and Mogra [3] introduced the class S* ( o:, (J) of starlike functions of order a (0 S 
a< 1) and type (J (0 <(JS 1), defined as follows: 

Received December 6, 1988. 

41 



42 M.K. AOUF 

Definition 1. Let a function f(z) = z + E~=2anzn be in the class S. Then f(z) is 
said to be starlike of order a and type (3 if the condition 

(1.2) 

is satisfied for some a (0:::; a< 1), (3 (0 < (3 :'.S 1) and for all z EU. 

For O:::; a< 1, and -1 :::; A< B:::; 1, 0 < B :'.S 1, let S*(a,A,B) be the class of 
those functions f(z) of S for which z}~~)) is subordinate to H[B+<~:;ff}(l-o:)lz. In other 
words f(z) E S*(a, A, B) if and only if there exists a function w(z) En such that 

zf'(z) 
f(z) 

1 + [B + (A - B)(l - a)]w(z) 
1 + Bw(z) 

And the above condition is equivalent to 

~-1 I J(z) I < 1 
BzJ~~)) - [B + (A- B)(l - a)] ' 

z EU. (1.3) 

And also the condition (1.3) is equivalent to 

~ I J<z> - 1 
(B - A)(~ - a)+ A(~ 1) I < 1, 

/(z) /(z) - 
z EU. (1.4) 

The aim of the present paper is to introduce a subclass of S*(a,{3), which we denote it 
by S*(a,(3,A,B). 

Definition 2. Let a function f(z) = z + E~=2anzn be in the class S. Then f(z) is 
in the class S"'(a,(3,A,B) if the condition 

I (B - A)/3(~-_: ) A(~ I < 1 J(z) a + J(z) - 1) 

zf'(z) _ 1 
f(z) 

(1.5) 

is satisfied for some a (0 :'.Sa< 1), {3 (0 < (3 :'.S 1), -1 :'.SA< B :'.S 1, 0 < B :'.S 1 and for 
all z EU. 

We note that by giving specific values to a, (3, A and B, we obtain the following 
important subclasses studied by various authors in earlier papers: 

(i) S*(a,(3, -1, 1) = S*(a,(3), is the class of starlike functions of order a and type 
(3 introduced by Juneja and Mogra [3] and in [7] Owa showed some results for the class 
S"(a,(3). 
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(ii) S*(O, 1,-1, 1) = S* and S*(a, 1, -1, 1) = S*(a) are, respectively, the well­ 
known class of starlike functions and the class of starlike functions of order a introduced 
by Robertson [9]. 

(iii) S*(a, !,-1, 1) = Sa, 0 ~a< 1, is the subclass of the class ofstarlike functions 
of order a, studied by McCarty [5] and Wright [13]. 

(iv) S*(O, f, -1, 1), S*(O, 2t61, -1, 1), fJ > !, are the classes introduced by Ram 
Singh [10,11]. 

( v) S* ( i~~, 112, -1, 1) = S( f ), 0 < f ~ 1, is the class of starlike functions of order 
/ introduced by Padmanbhan [8]. 

( vi) S* ( 1 - a, ! , -1, 1) = Sa, 0 < a ~ 1, is the class of star like functions introduced 
by Eenigenburg [2]. 

2. A representation formula. 
Let Q denote the class of functions W which are analytic in the unit disc U and 

which satisfy I '\Jf(z) I~ 1 for all z EU. We require the following lemma: 

Lemma 1. Let H ( z) = 1 + c1 z + c2 z2 + · · · be analytic in U and satisfy the condition 

H(z) - 1 1 ,n A\/JITTI \ \ • ,,rr/' ., I< 1, 

( 0 ~ a < 1, 0 < /3 ~ 1 and - 1 ~ A < B ~ 1, 0 < B ~ 1) (2.1) 

for all z E U. Then we have 

H(z) 1 + [(B - A)a/3 + A]z'\Jf(z) 
1 + [(B - A)/3 + A]zw(z) (2.2) 

for some '11 E Q. Conversely, any function H given by the formula {2.2} where '11 E Q is 
analytic in U and satisfies {2.1) for all z E U. 

The lemma follows in a straight forward manner. So we omit the proof. 

Theorem 1. Let f(z) = z + :E~2anzn be analytic in the unit disc U. Then f(z) E 
S* (a, /3, A, B) if and only if 

{ r w(t) dt} f(z) = zexp -(B-A)/3(1-a)Jo l+f(B-A)B+Alt'\Jf(t) ' 

for some WE Q. 

(2.3) 



44 M.K. AOUF 

Proof. Let f E S*(a,(J,A,B), it is easily seen that zJ(g) satisfies the hypothesis 
of the first part of Lemma l. Therefore we can write 

zf'(z) _ 1 + [(B - A)a(J + A]z'lt(z) 
f(z) - 1 + [(B - A),8 + A]zw(z) ' 

where '11 E Q, z EU. Thus we have 
(B - A)(J(l - a)z'lt(z) 

1 + [(B - A)(J + A]z'lt(z). 
Integration gives (2.3) easily. Conversely, if f has the representation (2.3) for some '11 E Q 
then, it follows that 

zf'(z) _ 1 + [(B - A)a,8 + A]zw(z) 
f(z) - 1 + [(B - A)(J + A]zw(z) 

so that by converse part of Lemma 1, we have/ E S*(a,(J,A,B). Hence the theorem. 

3. Distortion theorems. 

Theorem 2. Let f(z) = z + :E~=2anzn be analytic in the unit disc U and suppose 
that f E S*(a,(J,A, B). Then, for OS a< l, (J #- (A~n), -l SA< BS 1, 0 <BS 1, 
z EU 

l f(z) I < 'z' (3.1) 

(B A)(l(l-a) 
(1 + [(B - A)(J + A] I z I) (B-A)P+A 

whereas for OS a< 1, (J = (A~B), -l SA< BS 1, 0 <BS 1, z EU 

I f(z) I > 

(B-A)fj(l-a) l 
(1 - [(B - A)(J + A] I z I) (B-A)P+A 

I z I (3.2) 

I f(z) I S I z I e-A(l-cr)lzl 
' I f(z) I 2: I z I eA(l-cr)!zl. 

(3.3) 
(3.4) 

All the above estimates are sharp. 

Proof. Since f E S*(a, (J, A, B), we observe that the condition (1.5), coupled with 
an application of Schwarz's Lemma [6], implies that, for z E U, zJ~~)~ assumes values 
lying in the disc K' obtained by taking the line segment joining the points 

1 + [(B - A)a(J + A] I z I 
1 + [(B - A)(J + A] I z I 

as diameter. Hence we have 

and 1 - [(B - A)a(J + A] I z I 
1 - [(B - A)(J + A] I z I (3.5) 
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1 + [(B - A)a/3 + A] I z I R { zf'(z)} 1 - [(B - A)a/3 + A] I z I < e < . 
1 + [(B - A)/3 + A] I z I - f(z) - 1 - [(B - A){3 + A] I z I 

Let I z I= r, then (3.5) gives 

(3.5) 

log(j /(z) I) = Re(log(/(z))) = Re r [f'(s) - !]ds 
z z lo f(s) s 

/lzl ! { i8 f'(tei8) - } 
- lo t Re te f(teiB) 1 dt 

flzl (B - A)/3(1- a) 
< lo 1 - [(B - A){3 + A]t dt. (3-6) 

Now two cases arise. (i) If O :'.S a < 1, /3 :/ (A~B ), -1 :'.S A < B :'.S 1, 0 < B :'.S 1, then 
(3.6) gives 

log(I f~z) I) :'.S - (~B- _A~1l; ;) log(l - [(B - A){3 + A] I z I). 

Thus we have 

f(z) 1 
I - I :'.S (B-A)/!(1-o) 

z (l - [(B - A)/3 + A] I z I) (B-A)/!+A 

which gives (3.1). 
(ii) If O :'.Sa< l, (3 = (A~B), -1 :'.SA< B :'.S 1, 0 < B :'.S 1, then (3.6) gives 

J(z) llzl log(I - I) :'.S -A(l - a) dt = -A(l - a) I z I . 
Z O 

This proves (3.3). To prove the remaining estimates, (3.5) gives 

rRe{ :r (log f~z))} = Re{ zj~;;) - 1} 
> __ (.;__B_-_A___:.)_/3..:.._( 1_-_o....;_) ..:....I z--'I 

1 + [(B - A)/3 + A] J z j' 

Thus, we have 

f(z) f(z) t -(B - A)/3(l - a) d (3 7) 
log(j -z- I)= Re(log(-z-)) 2: lo 1 + [(B - A)/3 + A]t t. . 
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Again two cases arise. (i) If O ~a< 1, /3 f. (A~B), -1 ~A< B ~ 1, 0 < B ~ 1, then 
(3.7) gives 

(I f(z) I) > _ (B - A)/3(l - a) log(l + [(B - A)/3 + A] I z "I). 
log -z- - (B _ A)/3 + A 

This proves (3.2). 
(ii) If O ~a< 1, /3 = (A~B), -1 ~A< B ~ 1, 0 < B ~ 1, then (3.7) gives 

log(j f(z) I) 2:: A(l - a) /lzl dt 
z lo A(l-a)lzl 

which gives (3.4). Hence the theorem. 
Equality in (3.1) and (3.2) holds for the function 

z 
f(z) = (B-A).8(1-o-) 

(1 - [(B - A)/3 + A]z) (B-A).B+A 

whereas in (3.3) and (3.4) it holds for the function 

f(z) = ze-A(l.:...a)z 

4. A sufficient condition for a function to be in S*(a,/3,A, B). 

Theorem 3. Let f ( z) = z + :Z::::::;:'=2 an zn be analytic in the unit disc U. If for some 
o:,/3,A,B (0 ~a< 1, 0 < /3 ~ (A~B), -1 ~A< B ~ 1, 0 < B ~ 1), 

00 L {n[(l - A) - (B - A)/3] - (1 +A)+ (A- B)a/3} I an I ~ (B - A)/3(1- a). (4.1) 
n=2 

Then f(z) belongs to S*(a,/3,A,B). 

Proof. we employ the same technique as used by Clunie and Keogh [1]. Thus 
suppose that (4.1) holds, then, for I z I= r < 1, 
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I zf'(z) - f(z) I - I (B - A)(J(zf'(z) - af(z)) + A(zf'(z) - f(z)) I 
00 

= I L(n - l)anzn I - I (B - A)(J(l - a)z 
n=2 

00 00 

+ L[-A + (A - B)afJ]anZn + L)(B - A)(J + A]nanzn I 
n=2 r· • ;;.. n=2 

:;;" 00 

< L(n - 1) I an I rn - { I (B ~ A)(J(l - a)z 
n=2 

00 00 

+ L[-A + (A- B)a(J]anzn I - L[-A- (B -A)(J]n I an I rn} 
n=2 n=2 

00 

< L(n - 1) I an I rn - { (B - A)(J(l - a)r 
n=2 

00 00 

- L[-A + (A - B)a(J] I an I rn - L[-A - (B - A)(J]n I an I rn} 
n=2 

00 

< [L(n - 1) I an I -(B - A)(J(l - a) 
n=2 

00 

n=2 

+ L(-A + (A- B)a(J-An - (B - A)(Jn) I an I] r S 0, by (4.1). 
n=2 

Hence it follows that 

~ I J<z) - 1 I < 1 
(A - B)(J( ~ - ) + A(~ - 1) ' f(z) O'. J(z) 

so that f E S*(a, (J, A, B). 
Remark. Since f E S*(a,(A~B),A,B) implies f E S*(o:,,8,A,B) for (A~B) S 

(JS 1, the condition (4.1) for (J = (A~B) i.e., the condition 
00 

L {n - 1 - A(l - o)} I an I S -A(l - a) 
n=2 

(4.2) 

can also be used as a sufficient condition for a function to be in S*(o:,(J,A,B) for OS 
a< 1, (A~B):::; (J:::; 1, -1 SA< B:::; 1, 0 <BS 1, 

5. Coefficient estimates. 
We need in our discussion the following two lemmas: 
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and 

Lemma 2 [6J. If w(z) En, the I w(z) l:'.SI z I and if w(z) = E~=l CnZn then 
I C1 I :::; 1 

I c2 I :'.S 1 - I c1 I 2 . (5.1) 

Lemma 3 [4]. Let w(z) = E~=1cnzn be analytic with I w(z) I< 1 in U. If vis any 
complex number then 

(5.2) I c2 - VCi I :'.S max{l, Iv J}. 
Equality may be attained with functions w( z) = z2 and w( z) = z. 

Theorem 4. If f(z) = z + E~=2anzn E S*(a, (3, A, B), /3 :/ (A~B ), then 

(a) for any real numberµ, we have 
(B-A)~(l-o:){(B - A)/3(1- a)(l - 2µ) 

+[(B - A){3 + A]} if µ :'.S ! 
I a3 - µ.a~ I :::; (B-A).6(1-a) 

2 

l+A+(B-A).8(2-a) 
if ! :'.S µ :'.S 2(B-A).B(l-o:) 

(B-A)!(l-o) {(B _ A)/3(1 - a)(2µ - 1) 
-[(B - A)/3 + A]} l+A+(B-A),6(2-a) 

if JJ, 2: 2(B-A),6(1-o) (5.3) 

and 
(b) for any complex numberµ, we obtain 

(B - A){3(1 - a) I a3-µa~ l:'.S 
2 

max{l,I (B-A)/3(1-a)(2µ-1)-[(B-A)f3+A] I}. (5.4) 

The result is sharp for each µ either real or complex. 

Proof. Since f(z) E S*(a, /3, A, B), (2.3) gives 
zf'(z) _ 1 + ((B ~ A)a/3 + A]w(z) 
f(z) - 1 + ((B - A)/3 + A]w(z) ' 

(5.5) 

where w(z) = zw(z) = Ef=1CkZk En. 
From (5.5), we have 

w(z) 
Z f I ( Z) - f ( Z) 

- [-A+ (A - B)/3]zf'(z) + [(B - A)a{3 + A]f(z) 
_ :Z:'.:-ik - l)akzk-l 
- (A - B)/3(1 - a)+ I:'.:=2{[-A + (A - B)(J]k + [(B - A)a/3 + A]}akzk-1 

-1 2 (A-B){3(2-a)-A 2 2 
- (B-A)f3(l-a)[a2z+2a3z - tA n\Dt, -' a2z +···] 
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and then comparing coefficients of z and z2 on both sides, we have 

a2 
ci = - (B - A)/3(1- a) ' 

2a3 (B - A)/3(2 - o:) + A 2 
c2 = - (B - A)/3(1 - a) + (B - A)2/32(1 - a)2 a2. 

Thus 
a2 = -(B - A)/3(1 - a) 

and 
(B - A)/3(1 - a) (B - A)/3(2 - a)+ A 2 

a3 = - 2 c2 + 2(B - A)/3(1 - a) a2. 

Hence 

_ 2 __ (B - A)/3(1 - a) [(B - A)/3(2 - a)+ A_ ] 2 
a3 µa2 - 2 c2 + 2(B - A)/3(1 - a) µ a2 

_ (B - A)/3(1 - a) [(B - A)/3(2 - a)+ A 
- 2 c2 + 2(B - A)/3(1 - a) 

- µ] · (B -A)2/32(1- a)2ci- (5.6) 

Thus taking modulus of both sides of (5.6), we are led to 

(B - A)/3(1 - a) I a3-µa~ I= .... I C2-{-(B-A)/3(1-a)(2µ-l)+[(B-A)/3+A]}cr,. 
(5.7) 

(a) When µ is real. 
For realµ, (5.7) becomes 

(B - A)/3(1 - a) I a3-µa~ I~ " {I c2 I+ I (B-A)/3(1-a)(2µ-l)-[(B-A)/3+A] II c1 12}. 
(5.8) 

Applying Lemma 2 for I c2 ·I in (5.8) we obtain 

(B - A)/3(1 - a) 
I a3-µa~ I~ ..., {l+[I (B-A)/3(1-a)(2µ-1)-[(B-A)/3+A] j -1] I c1 j2}. 

(5.9) 
Again using Lemma 2 for I c1 I in (5.9) we are led to 

I a3 - µa~ I ~ (B - A)f(l - a) {I (B - A)/3(1- a)(2µ - 1) - [(B -A)/3 + A] I}. (5.10) 

Thus from (5.10) with simple computations we obtain the results of (5.3) stated in 
(a) of the theorem for various values of realµ. 
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(b) When µ is a complex number. 
For any complex number µ (5.7) may be written as 

2 (B-A)(J(l-a) 2 I a3-µa2 IS ? I c2-{-(B-A)(J(l-a)(2µ-l)+[(B-A)(J+A]}c1 J. 
(5.11) 

Applying Lemma 3 in (5.11) we get 

(B - A)(J(l - a) I a3-µa~ IS 
O 

max{l, I (B-A)(J(l-a)(2µ-l)-[(B-A)(J+A] I} (5.12) 

which is (5.4) in (b) of the theorem. 11 

The sharpness of (5.3) and (5.4) follows from that of (5.2). 

Theorem 5. Let f(z) = z+ :E~=2anzn be in S*(a,(J,A,B). 

(a) If 

k-1 (J(l - a)(k - a)> 1 n ,1\?. (} {(k - 1)(1- A2
) - (k - a)(B -A)(J[(B - A)(J + 2A]}, 

Let 
(J(l - a)(k - a) 

M = . (k-tl {(k - 1)(1 - A2) - (k - a)(B - A)(J[(B - A)(J + 2A]}' 

k = 2, 3, · · · , n - 1. Then 

I a I < Ilk=2{[(B - A)(J + A]k - 2(A + ¥fJ + ¥afJ)} 
n - (n - 1)! (5.13) 

for n = 2,3,· ·· ,M + 2 and 

1 rrtt3{[(B- A)(J + A]k- 2(A + ¥.B + ¥a.B)} 
I an I S n - 1 ( M + 1) ! 

(b) If 

n > M +2. 
(5.14) 

I I 
(B - A)(J(l - a) 

an < - n- l 

The estimates in (5.13) and (5.15) are sharp. 

for n 2: 2. (5.15) 
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Proof. Since f E S*(a,(3,A,B), we have 

zf'(z) _ 1 + [(B - A)a/3 + A]w(z) 
f(z) - 1 + [(B - A){3 + A]w(z) ' 

where w(z) = Ek=ltkzk = zw(z) En. From (5.16), we have 

(5.16) 

00 00 

[(B - A)/3(1 - a)z + L)[(B - A)/3 + A]k - [(B - A)af3 + A]}akzk][L tkzk] 
k=2 k=l 

00 

(5.17) 
k=2 

Equating corresponding coefficients on both sides of (5.17) we observe that the coefficients 
an depends only on a2, a3, · · ·, an-1 for n 2: 2. Hence for n 2: 2, it follows from (5.17) 
that 

n-I 

[(B - A){3(1- a)z + L {[(B - A)/3 + A]k - [(B -A)a/3 + A]}akzk]w(z) 
k=2 

n oo 

L(l - k)akzk + L bkzk 
k=2 k=n+l 

which, since I w(z) I< 1, yields 
n-1 

I (B - A)/3(1 - a)z + L {[(B - A){3 + A]k - [(B - A)a/3 + A]}akzk I 
k=2 

n . oo 

2: I I)1 - k)akzk + L bkzk I . 
k=l k=n+l 

Squaring both sides of (5.18) and integrating round I z I= r, 0 < r < 1, we obtain 

(5.18) 

n-1 

{(B- A)2(32(1- a)2r2 + L{[(B -A)/3 + A]k - [(B -A)a/3 + A]}2 I ak J
2 r2k} 

k=2 
n oo 

> L)k - 1)2 I ak 12 r2k + L I bk 12 r2k. 
k=2 k=n+l 

If we take the limit as r approaches 1, then 

n-1 

{(B - A)2 (32(1 - o)2 + L {[(B - A)f3 + A]k - [(B - A)a/3 + A]}2 I ak 12} 

k=2 
n 

> L(k - 1)2 I ak 1
2 

k=2 
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or 
n-1 

(n - 1)2 I an 1
2 ~ (B - A)2 /32(1 - a)2 + ~ {([(B - A)/3 + A]k 

k=2 

- [(B - A)a/3 + A])2 - (k - 1)2} I ak 1
2
, n > 2. (5.19) 

Now two cases arise. ( a) Let 

k-1 /3(1 - a)(k - a)> 1 n A\? a {(k - 1)(1 - A2) - (k - o:)(B - A),B[(B - A)/3 + 2A]}. 

If n ~ M + 2, (5.19) gives in particular 

~ (B - A)/3(1 - a), 
~ (B - A)2,82(1- a)2 + {(2[(B - A)/3 + A] 
- [(B - A)a/3 + A])2 - 1} I a2 1

2 

~ (B - A)2,82(1- a)2 · 2[(B - A)/3 + A] - [(B - A)a/3 + A])2 
nf-2{[(B - A)/3 + A]k - 2(A + B;A /3 + B;Aa/3)} < __;:,,:::.=....:..:.._:_____;;.___.;;. _ __;.__--=-------'=--_;...;... 

- 2! i.e., 

Mathematical induction shows that 

I I 
nk=2{[(B - A)/3 + A]k - 2(A + B;A /3 + B;A a/3)} 

an < - ·(n-1)! 

for n = 2, 3, · · ·, M + 2, which completes the proof of (5.13). 
Next, we suppose n > M + 2. Then (5.19) gives 

M+2 

(n - 1)2 I an 1
2 
~ (B - A)2/32(l - a)2 + L {([(B - A)/3 + A]k 

k=2 

- [(B - A)a/3 + A])2 - (k - 1)2} I ak 1
2 

n-1 

+ I: {([(B - A)/3 + A]k - [(B - A)a/3 + A)2 - (k - 1)2} I ak 1
2 

M+2 

< (B - A)2 /32(1 - a)2 + L {([(B - A)/3 + A]k 
k=2 

- [(B - A)a/3 + A])2 - (k - 1)2} I ak 1
2 

. (5.20) 

Substituting upper estimates for a2, a3, · · ·, aM+2 obtained above in (5.20), we get 

(n - 1)2 I an 1
2 
~ ([(B - A)/3 + A](M + 2) - [(B - A)a/3 + A])2 · 
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. (II~t2{[(B -A)(J + A]k - 2(A + ¥fJ + ¥ofJ)})2 
(M + 1)! 

. 1 II~t3{[(B- A)(J + A]k - 2(A + ¥fJ + ¥afJ)} 
z.e., I an I :s; -- ( )' n-1 M+l. 

this proves (5.14). 
(b) If 

k-1 (J(l - a)(k - a) S In A\? 
0 
{(k - 1)(1 - A2) - (k - a)(B - A)fJ[(B - A)(J + 2A]}, 

then (5.19) gives 

z.e., (B - A)(J(l - a) for n 2: 2, I an I :s; n - 1 

which gives (5.15). 
The function / given by 

zf'(z) 
f(z) 

1 - [(B - A)a(J + A]z h 
- [ ) ] , w ere 1- (B - A (J + A z 

k-1 (J(l - a)(k - o:) > 1 0 A\? 0 {(k - 1)(1 - A
2) - (k - o:)(B - A)(J · [(B - A)(J + 2A]} 

shows that the estimates in (5.13) are sharp while the estimates in (5.15) are sharp for 
the function 
f(z) = zexp[(B -A)(J(l - a)/(n- l)]zn-1, where 

k-1 
(J(l-a)(k-a) S 1 0 A\?a {(k-1)(1-A2)-(k-a)(B-A)fJ·[(B-A)fJ+2A]} and n 2: 2. 

6. The radius of convexity for functions in the class S* (a, ,8, A, B). 
Singh and Goel [12] showed the following lemma. 

Lemma 4. If w(z) E 0, then for z EU 

I zw'(z)-w(z) I:::; I z 12 - I w(z) 12 
1- I z 12 (6.1) 
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Lemma 5. Let w(z) En. Then we have 

R { zw'(z) } 
e (1 + f(B - A)/3 + A]w(z))(l + [(B - A)a(3 + A]w(z)) 

< - , B - A)2;2(1 - a)2 Re{ [(B - A){3 + A]p(z) 

[(B-A)af3+A] _2(B-A (3 B-A/3 A)} 
+ p(z) 2 a + 2 + 

r2 I [(B - A)/3 + A]p(z) - [(B - A)a{3 + A] 1
2 - I 1 - p(z) 12 (

6 2
) 

+ (B -A)2(32(1 - a)2(1- r2) I p(z) I ' · 
h ( ) - 1+[(B-A)a,6+A]w(z) -, J d O < l O (3 < 1 1 < A B < 1 w ere p z - l+[(B-A),6+A)w(z) , r - z an _ a < , < _ , - _ < _ , 

O<B:'.Sl. 

The proof of Lemma 5 follows easi]y from Lemma 4. 

R k Th t c t· ( ) 1+[(B-A)a,6+A)w(z) th · l I ( ) I< emar . e rans1orma ion p z = i+[(B-A),6+A]w(z) , maps e circ e w z _ r 
onto the circle 

I ( ) _ 1 - ((B - A){3 + A][(B - A)a(3 + A]r2 ·I < (B - A)/3(1 - a)r 
P z 1 - [(B - A)/3 + A]2r2 - 1 - ((B - A)/3 + A]2r2. 

Theorem 5. If f(z) E S*(a, (3, A, B), then for I z I= r, 0 < r < 1, 
R { l z f" ( z) } 

e + f'(z) 2: 
1 - (2A + (B - A)/3 - 3(B - A)a(J)r + (-A - (B - A)a/3)2r2 

... (1 + [(B - A)/3 + A]r)(l + [(B - A)a(3 + A]r) for Ro :'.S Ri,. 
2 

_ A)(J(l _ a)(l _ r2) { V[(B - A)a/3 +A+ 1)(1 - [(B - A)o/3 + A]r2)· 

J[(B - A){3(2 - a)+ A+ 1] - (B - A)f3[(B - A)/3- o + 2(1 + A)]r2 
-(1 + [-A - (B - A)a/3][(B - A){3 + A]r2)+ 

+(-A - B;A (3 - B;A af3)(1 - r2)} for Ro 2: R1, 
where 

{6.3} 

1 - [(B - A)/3 + A][(B - A)a/3 + A]1·2 
1 - [(B - A)/3 + A]2r2 

(B - A)/3(1 - a)r 
1 - [(B - A){3 + A]2r2' 

R _ [(B - A)a(3 +A+ 1)(1 - [(B - A)a/3 + A]r2) } 
0 - [r,n A\D/t) _\ I A I .. , ,.,... A.'\nr/rl, A.\.I') • r.f"'I • .1.'\1 f")] 

a - 

d = 

and 
R1 = a - d = l + [(B - A)a(3 + A]r 

All these bounds are sharp. 1 + [(B - A)/3 + A]r . 
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Proof. Since the function f(z) belongs to the class S*(a,/3,A,B), by using Theo- 
rem 1, we get 

zf'(z) _ 1 + [(B - A)a/3 + A]z\lf(z) 
/(z) - 1 + [(B - A)/3 + A]zw(z) 

where WE Q for all z EU. Writing z\lf(z) = w(z), where w En, we get 

(6.4) 

zf'(z) _ I+ [(B - A)a,8 + A]w(z) 
f(z) - 1 + [(B - A)/3 + A]w(z) · 

Differentiating (6.5) logarithmically, we have 

(6.5) 

zf"(z) 1 + [(B - A)a/3 + A]w(z) _ 
1 + f'(z) = l + [(B - A)/3 + A]w(z) 

zw'(z) }. (6.6) 
(B - A)/3(1 - o){ (1 + [B _ A)/3 + A]w(z))(l + [(B - A)a/3 + A]w(z)) 

An application of Lemma 5 gives 

zf"(z) 
Re{l + f'(z) } 

1 (B-A)a/J+A > , _ .. _, _ , [Re{((B - A)/3(2 - o) + A)p(z) + p(z) } 

_ r2 I [(B - A)/3 + A]p(z) - [(B - A)a/3 + A] 12 - 11 - p(z) 12] 

( 1 - r2) I p( z) I 
(B - A)/3(1 +a)+ 2A 

(B - A)/3(1 - o) 
(6.7) 

where 

(z) = 1 + [(B - A)a/3 + A]w(z). 
P l + [(B - A)/3 + A]w(z) 

By setting p(z) =a+~+ iri; R2 =(a+ e)2 + ri2, where a= l-[(B~~ff:~J5%;:i~~f+AJr2 
and denoting the expression on the right hand side of (6.7) by G(e, TJ), we get 

G(e,TJ) = /D A/~,1 _\[[(B-A)/3(2-a)+A](a+e) 

+ [(B - A)a/3 + A](a + e)R-2 - l - [(B - A)/3 + A]2r2 (d2 -e - TJ2)R-1] 
1 - r2 

(B - A)/3(1 +a)+ 2A 
(B - A)/3(1 - a) (6.8) 

where 
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d = (B - A)(J(l - o:)r 
1 - [(B - A)(J + A]2r2. 

Differentiating (6.8) partially w.r.t. T/, we get 

8G _ 1 _4 ar, - ' 'Q - ,1 \ a r 1 ~- \ T/ R n c e, T/), (6.9) 

where 

H(e,TJ) = 2(-A-(B-A)a(J)(a+e) 

+ (d2 
- e2 - r,2)(1 - [(B - A)(J + A]2r2) R + 21 - [(B - A)(J + A]2r2 R3. 

1 - r2 1 - r2 

It is easily seen that H(e, TJ) > 0 and so (6.9) gives that the minimum of G(e, TJ) on every 
chord e=constant is reached when T/ = 0 and thus the minimum of G(e, TJ) in the circle 
{2 + r,2 S d2 is attained on the diameter T/ = 0. Hence putting T/ = 0 in (6.8), we get 

L(R) = G(e, 0) = , n '1)~(1- a) [([(B - A)(J(2 - a)+ A] 

1 - [(B - A)(J + A]2r2 )R 
+ 1- r2 

+ [(B - A)a(J +A+ 1](1 - [(B - A)a(J + A]r2) R_1 
1 - r2 

_ 2a 1- [(B - A)(J + A]2r2] _ (B - A)(J(l +a)+ 2A 
1 - r2 (B - A)(J(l - a) ' 

where R =a+ e and a - d S RS a+ d. Thus the absolute minimum of L(R) in (0, oo) 
is attained at 

Ro= [(B - A)a(J + 1 + 1)(1 - [(B - A)a(J + A]r2) _ (
6
.lO) 

and equals 

L(Ro) = (B - A)(J(l ~ a)(l - r2) { 

V[(B - A)a,8 +A+ 1](1- [(B - A)a,8 + A]r2)· 
V[(B - A)(J(2 - o:) +A+ 1] - (B - A)(J[(B - A)(J- a+ 2(1 + A)]r2 
- (1 + [-A - (B - A)afJ][(B - A)(J + A]r2) 

B-A B-A 2} + (-A - 0 (J - " a(J)(l - r ) . (6.11) 

It is easily seen that Ro < a+ d, but Ro is not always greater than a - d. In such a case 
when Ro</. [a - d, a+ d), the minimum of L(R) on the segment [a - d, a+ d) is attained 
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at R1 = a - d since L(R) increases with Ron this segment. The value of this minimum 
equals 

L(R1) = L(a - d) 
1 - (-2A + (B - A)/3 - 3(B - A)a/3)r + (-A - (B - A)o:(3)2r2 

(1 + [(B - A)/3 + A]r)(l + [(B - A)a/3 + A]r) 
(6.12) 

The two minima given by (6.11) and (6.12) coincide for such values of a, (3, A, B (0 :'.S 
a< 1, 0 < (3 :'.S 1, -1 :'.SA< B :'.S 1,0 < B :'.S 1) for which Ro= R1. The ineqality (6.3) 
follows from (6.11) and (6.12). This completes the proof of the theorem. 

The functions given by 

_zf'(z) 
f(z) 

1 - [(B - A)o:(3 + A]z 
1 - [(B - A){3 + A]z 

and 

zf'(z) 
J(z) 

1 - (B - A)o:(3bz + [(B - A)a/3 + A]z2 

1 - (B - A)(Jbz + [(B - A)/3 + A]z2 

where b is determined by the relation 

1 - (B - A)a(Jbr + [(B- A)a/3 + A]r2 

1 - (B - A){3br + [(B - A)/3 + A]r2 
[(B - A)a/3 +A+ 1)(1 - ((B - A)a/3 + A]r2) .l 

[[(B - A)/3(2 - a)+ A+ l] - (B - A)/3[(B - A)/3 - a+ 2(1 + A)]r2] 
2 

Ro= 

show that the results obtained in the theorem are sharp. 
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