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EXPLICIT BOUNDS ON RETARDED GRONWALL-BELLMAN
INEQUALITY

M. H. M. RASHID

Abstract. In this paper, explicit bounds on retarded Gronwall-Bellman and Bihari-like
integral inequalities are established.

1. Introduction

The integral inequalities which provide explicit bounds on unknown functions play an
important role in the development of the theory of differential and integral equations. For
instance, the explicit bounds given by the well-known Gronwall ellman [2] inequality and its
nonlinear generalization due to Bihari [4] are used to a considerable extent in the literature;
see [1, 3, 5, 6, 7] and the references cited therein. However, in certain situations the bounds
provided by the above-mentioned inequalities are not directly applicable, and it is desirable
to find some new estimates which will be equally important in order to achieve a diversity
of desired goals. The main purpose of this paper is to establish explicit bounds on retarded
Gronwall Bellman and Bihari-like inequalities which can be used to study the qualitative be-

havior of the solutions of certain classes of retarded differential equations.

2. Main results

In what follows, R denotes the set of real numbers; Ry = [0,00[, R} =]0,00[, R} = [1,00],
J = [a, b] is the subset of R; and ' denotes the derivative. C(J,R,) denotes the set of all contin-
uous functions from J into R, and C'(J, J) denotes the set of all continuously differentiable
functions from J into J.

Theorem 2.1. Letu,g, he C(J,R,), f € CJ,R*), a € C'(J,]) be nondecreasing with a < a(t) <
t onJ. If the inequality

al(t)

t
u(t)sf(t)+f g(s)u(s)ds+f h(s)u(s)ds. (2.1)
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holds, then
u(t) < f(explG(t)+ H(1)].

where

t
G(t):/ g(s)ds

al(t)
H(1) =/ h(s)ds.

Proof. Since f(t) is positive and nondecreasing we can restate (2.1) as

u(t) Eu(s) a(?) u(s)
mS1+L g(S)mdS'FL h(S)mdS

Letr(t) = w then

f(®

al(t)

t
r(1) Sl+/ g(s)r(s)ds+f h(s)r(s)ds.

Define a function z(#) by the right-hand side of (2.6) then we have

al(t)

I3
z(t) = 1+f g(s)r(s)ds+f h(s)r(s)ds.

Then it is clear that
r(n)<z(t), z(a)=1.

Differentiate (2.7) with respect to ¢, we get
Z() =gr(®+ha®)a' (Dr(a(D).

Using (2.8), we have
Z'(1) < g(0)z(t) + h(a(n)a' (D) z(D).
Hence
Z'(1)
z(1)

< g(t) +ha()a'(1).

So
z(t) =exp |G+ H(D)],

where G(t) and H(t) are defined by (2.3) and (2.4). Therefore
r(t)<expl|G(H)+ H(1)].

Hence
u(t) < f(explG(t)+ H(1)].

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Theorem 2.2. Letu,g,he C(J,R;), fe C(J,R}), a € CY(J,]) be nondecreasing with a < a(t) <
ton ] and p > 1 is a constant. If the inequality

t al(t)
uP (1) Sf”(t)+/ g(s)u(s)ds+/ h(s)u(s)ds. (2.15)
holds, then
p-1 n_ll

u(t) < f(1) 1+(7)[Q(t)+W(t)] ) (2.16)

where ,
Q1) :f I P(s)gs)ds (2.17)

and .
W(t)Zf fl_p(s)h(s)ds. (2.18)

Proof. Since f(t) is positive and nondecreasing we can rewrite (2.15) as

uP (1) f 1-p, . u(s) f"‘( 1-p, ., u(s )
<1+ P ds+ h P s. 2.19
10 g f (S)f( ) ; () f "(s )f( ) (2.19)
Let r(t) = ?Eg, then
t al(t)
rP(1) < 1+f g(s)fl_p(s)r(s)ds+f h(s)f1P(s)r(s)ds. (2.20)
Define a function z(t) by the right-hand side of (2.20) then we have
t al(t)
z(t) = 1+f g(s)fl_p(s)r(s)ds+/ h(s)f1P(s)r(s)ds. (2.21)
Then it is clear that
rP () < z(1), z(@) = 1. (2.22)

Differentiate (2.21) with respect to ¢, we have

2 =gt f P Or) + hia@) fPam)a (Hr(alt)
1

<gO P27 (1) + hia®) fP @) (2P (1).

Hence
z%(t)z'(t) <gOf'" @) +h@®) fPar)a (1). (2.23)

dz(t)

zp(t)

< (@O fP) + h(a@) fLPa@)a (n)dt. (2.24)
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Integrating From a to ¢, and making change of variable, we have

P55 -—L<om+wm+c.
p-1 p-1

Using z(a) = 1, we have C = 0. Hence

14
-1 &
20 < 1+(p7)[Q(t)+W(t)]] :

where Q(#) and W (¢) are defined by (2.17) and (2.18). Therefore,

p-1 ﬁ
r(e)<|1+ (7)[(3(1‘) + W(l‘)]] .

So

1 =
u(r) < (1) 1+(p7)[Q(t)+W(t)]] ’

(2.25)

(2.26)

(2.27)

(2.28)

a

Theorem 2.3. Let u,g,h € C(J,R;), f € C(J,R}) be nondecreasing and p > 1 is a constant.

Suppose that « € cty,n nondecreasing with a < a(t) < t on J. If the inequality

al(t)

t
u(e) sf(t)+f g(s)u(s)ds+f h(s)uP(s)ds

holds then
u(t) < f(0)z(1),
where
z(t) = [w()]™r,
t
luU)se“_mA“)x{/‘ew_UM”Huaunqu(aBDa%Q]ds+1}
and

t
A1) =f g(s)ds.

Proof. Since f(t) is positive and nondecreasing we can rewrite (2.29) as

u(t) Lo u(s) (1) 1=p, WP (S)
Fio =0 g ase ) o T s
Ifweset r(t) = %, then

al(

t 1)
r(t) < 1+f g(s)r(s)ds+f h(s)f1P(s)rP(s)ds.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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Define a function z(t) by the right-hand side of (2.35) then we have

al(t)

I3
z(1) = 1+f g(s)r(s)ds+f h(s)f1P(s)rP(s)ds.
Then it is clear that
r(t)y<z(t), z(a)=1.
Differentiate both sides of (2.36) with respect to f we get
Z() =g+ h(a(l‘))fp_l(a(t))a/(l‘)rp(a(l‘))
= g(®)z(r) + h(a(t))fp_l(Cr(l‘))a'(t)zp(l‘)-

Therefore,
Z()-gz) < h(a(t))fp_l((x(l‘))a'(t)zp(l‘)-

Let w(t) = z' 7P () then w'(t) = (1 - p)z~P(1)Z'(t). Hence

Z'() = Lw’(t)z”m.
1-p

z(t) = w() P (1).

Substitute (2.39) & (2.40) into (2.38) we have

1
Ew'(t) — g w(n) < h(a) P a)a (1.

Therefore

[e(P—l)A(t) w(t)], < e(p—l)A(t) x [(p _ l)h(a(t))fp—l(a(t))a/(t)] .

Integrating from a to ¢ we have

t
w(t) < e1=PAW {f P~ VA (ha(s) fFP N als)a (s)) ds + C}.

But w(a) = z(a) = 1 so we have C = 1. Therefore

2(t) = [w(n)] .

Hence

u(t) < f(1)z(1).

103

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.23)

(2.41)

(2.42)

(2.43)

(2.44)
O

Theorem 2.4. Let u,g,he C(J,Ry), f € CU,R}) and a € CY(J,)) be nondecreasing with a <
a(t)y<ston]. Fori=1,2, lety; € CR;,Ry) be nondecreasing functions with v;(u) > 0 for

wi(u(t) u(n) . .
0 < w’(f(t) ). If the inequality
a(r)

T
u(t)Sf(t)+f g(S)wl(u(S))dHf h(s)wa(u(s)) ds.

u>0and

Thenfora<t<t,

(2.45)
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() in casey(u) < wo(u),

u(r) Sf(t)‘I’gl[‘I’g(l)+G(t)+H(t)]. (2.46)
(ii) in casew,(u) < w1 (u),
u(r) Sf(t)‘I’l_l[‘I’l(l)+G(t)+H(t)], (2.47)

where G(t) and H(t) are defined by (2.3) and (2.4) and fori = 1,2, ‘I’i_1 are the inverse functions
of
\P~()—f” ds >0, 10> 0 (2.48)
1 H o wi (S) » N rHO » .

and t, € ] is chosen so that
(1) +G(0) + H(t) e Dom(¥; ),
respectively, for all t lying in the interval [a, t;].

Proof. Since f(t) is positive and nondecreasing we can be restate (2.45) as

t
Msh[ g(s)%(u(S)) ds+f h(s )%(u(S))

f f(s) f(s)
u(s) (D u(s)
< 1+f g(SW/l(ﬁ)d +f h(s )Wz(ﬁ)ds
Letr(t) = % Hence we have
t al(t)
r(t) < 1+f g(s)wl(r(s))ds+f h(S)wo(r(s))ds. (2.49)

Define z(¢) by the right-hand side of (2.49) we have

t al(t)
z(t) = 1+f g(s)wl(r(s))ds+/ h(sS)yo(r(s))ds. (2.50)

Then it is clear that
r(t) < z(1), z(a)=1. (2.51)

Now

Z' (1) = gy (r(1) + h(a®)a' (w2 (r(a(r))
< gy 1(z() + h(a(n)a (D2 (z(1).

In case v (r(t)) < w2 (r(f)) we have

Z' () <y (2(1)[g(1) + ha()a' (1)]. (2.52)
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Therefore,

d Z'(1)
—Vv 1) =
ar 2EO =

Integrating (2.53) from a to ¢ and using the condition z(a) = 1 we get

= [g(®) + h(a(n)a'(1)]. (2.53)

Wi (z(1)) = G(t) + H(t) + W2 (D), (2.54)
where G(t) and H(t) are defined by (2.3) and (2.4). Therefore
Wi (z(1) =G+ H(t) +Wa (D). (2.55)

Hence
z(1) :\1’2_1 [G(H+ H(t)+W¥a(1)]. (2.56)

Using (2.51) we have the desired result. Since the proof of case (ii) is similar we omit the
details. O

Theorem2.5. Letu,g,he CU,R.), fe C(J,R})ae ctu,n benondecreasingwitha< a(t) <t

on J and p > 1 is a constant. Fori =1,2, Lety; € C(R;,R;) be nondecreasing functions with

vi(u(e) <wi(u(t))-[ftheinequalily

fo T fm
al(t)

¢
uP (o) Sfp(t)+/ g(s)wl(u(s))ds+f h(s$)wo(u(s))ds. (2.57)

wi(u)>0 foru>0and

thenfora<t<t,
() in casewy(u) <y (u),

u(t) < f() [¥5 [P2(1) + M(0) + L(D]] 7. (2.58)

(ii) in casey,(u) = y1(u),

u(t) < f(0) [P [P (1) + M)+ L] 7 (2.59)
Where M (t) and L(t) are defined by
t
M(t) = f I P(s)g(s)ds, (2.60)
al(t)
L(t) = I P(s)h(s)ds. (2.61)

a

. -1 . .
and fori=1,2,V;" are the inverse functions of

B ds

‘Pi(p):f —, K>0,19>0 (2.62)
Ho Wi(s”)

and t, € ] is chosen so that

¥ (1) +G(t) + H(1) e Dom(¥; 1),

respectively, for all t lying in the interval [a, t>].



106 M. H. M. RASHID

Proof. Since f(t) is positive and nondecreasing we can be restate (2.57) as

p t a(r)

P f(s) f(s)

u(s) u(s)

t (1)
< 1+/ g(s)fl_p(S)wl(—)dS+/ 1) P (s (D) g,

f(s) f(s)

u(t)

Let r(t) = —— we have

f(®

al(t)

t
P <1+ f g Py (r(s)ds+ f h(s) frP(s)y2(r(s) ds.

Define z(f) by the right-hand side of (2.63) we have

a(

t 1)
zZ(t) =1+ f g Py (r(s)ds+ f h(s) 1P ()ya(r(s) ds.

Then it is clear that

r(<zr (), z(a)=L.

Differentiate (2.64) we get

20 = g0 POy (r(1) + ha(0) FP (D) a (Dwa(r(a(n) ds
< g POy (27 () + h(@(®) fP () a (D (2P (1)

Now if 91 (2(1)) < w2 (z(t)) we have
2 (D) s yalz? (1) [g(Of PO+ ha@) fPa@)a (1)].
Hence

Wa(z(1)) = [W2 (D) + M(0) + L(D)],

where M(t), L(t), V¥, are defined by (2.60), (2.61) and (2.62), respectively. Therefore

z(0) < W, [Wa(1) + M(2) + L(D)].
Hence
u(t) < f() [ P51 [P21) + M() + L(D)]] 7.

Since the proof of case (ii) is similar we omit the details.

(2.63)

(2.64)

(2.65)
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Theorem 2.6. Letue C(J,Ry), fe CU,R}), g, he CU,R;) anda € CY(J,)) be nondecreasing
witha< a(t) <t forallt € ]. If the inequality

t a(t)
u(t) sf(t)+f g(s)u(s)ln(u(s))ds+f h(s)u(s)In(u(s)) ds (2.66)
holds then 5
u(r) < f(r) [1 - % (X)) + Y(t))] , (2.67)
where ;
X(t) = f g(s)f2(s)ds, (2.68)
a(r) 1
Y (1) :f gs)f2(s)ds. (2.69)

Proof. Use the fact that In(x) < \/x for all x € (1,00). Then (2.66) can be restate as

al(t)

r 3 3
u(t) Sf(t)+/ g(s)ui(s)ds+/ h(s)uz(s)ds. (2.70)

Since f(¢) is positive and nondecreasing function, we can be restate (2.70) as

t . 3 0) . 3
u) 1+f g(s) fH (522 ds+f his) £ (922 gs. @.71)
@) a f2(s) a f2(s)
Letr(r) = % then (2.71) can be restate as
L 1 3 OC([) 1 3
r(t)sl+/ g(s)fi(s)ri(s)ds+/ h(s)fz(s)rz(s)ds. (2.72)

Define a function z(t) by the right-hand side of (2.72), then we have

al(t)

t 1 3 1 3
z(t) = 1+f fi(s)g(s)ri(s)ds+f h(s)fz2(s)rz2(s)ds. (2.73)

Then it is clear that
r(t)y<z(t), z(a)=1. (2.74)

Differentiate (2.73) with respect to ¢, we have
20 =F2OgOr? (O +ha®) f2(@@)r? (@) (f)
< f2(Dg(Hz2 (1) + ha(®) f2 (a(D)z? (a()a ()
< 2 (08122 (1) + ha(®) f2 (@(D)2? (N (1)

Hence
22 (0Z(0) = f2()g(D) + h(a(t) f2 (a(t)a (D). (2.75)



108 M. H. M. RASHID

Or
dz(t 1 1
SZ(( )) < f2(0)gt) +h(a@®) fz(a()a (1. (2.76)
z2(t

Integrating from a to ¢ and making change of variable, we have
~2z7 (D +2 < [X(1)+ Y (1) +C].

where X(t), Y (¢) are defined by (2.68) and (2.69) and C is a constant. using the condition
(2.74), we have C = 0. Then

2
20 < |1- % (X(0)+ Y(r))]

Therefore,

2
u(t)Sf(t)[1—%(X(t)+Y(t))] Oa
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