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A REVERSE HILBERT-TYPE INEQUALITY WITH
A GENERALIZED HOMOGENEOUS KERNEL

BING HE

Abstract. In this paper, by introducing a generalized homogeneous kernel and estimating
the weight function, a new reverse Hilbert-type integral inequality with some parameters
and a best constant factor is established. Furthermore, the corresponding equivalent
form is considered.

1. Introduction

o0 o0
If a,, b, >0,0< Y a?<ooand0< Y. b? < oo, then(see [1])

n=1 n=1

5 3 dmbn < 5 afl)m( 5 b?,)m, (1.1)
n=1 n=1

n=lm=1Mm+n

where the constant factor 7 is the best possible. Inequality (1.1) is well known as Hilbert’s
inequality. It is important in analysis and its applications. It was studied extensively and
refinements, generalizations and numerous variants appeared in the literature (see [1]- [3]).
Firstly, we shall recall some Hilbert’s inequalities. If f,g=0,p>1, - + ==1,0< [;° fP(x)dx <
ocoand 0 < [ g9(x)dx < oo, then

[8) 4 T foo P r foo q 1q
f f Xty y<sin(n/p){ T (x)dx} {0 gltadxf 5 ()

where the constant factor is the best possible. Inequality (1.2) is named of Hardy-

sm(n/ p)
Hilbert’s integral inequality (see [1]). Under the same condition of (1.2), we have the Hardy-
Hilbert’s type inequality (see [1, Th. 319, Th. 341]) as:
f"o * f(x)g(y)
0o Jo

o Up( [ 1/q
P q .
max{x,y}dxdy<p61{ fo FPeodaf fo gl(dx} (1.3)

where the constant factor pq is also the best possible. The corresponding inequality for series
is:
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& 1/ipr & l/q.
(Zaﬁ) (n;bZ) ; (1.4)
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where the constant factors —=——

() ()

max{m n} =1

Sm(n ST and pgq are both the best possible.

In 2007, Yang (see [4]) gave a reverse inequality as follows: If 0 < p < 1, l +i=1a>

q
1-a la
0,2-p<iA<2-gq, f(x),gx) =0, suchthat0<f°°%dx<ooo<f‘”%d < oo

Then
o 1-a p 1 00 l1-a q 1
ff G ()M dy>lk,1(p){f mdx}n{f de}", (1.6)
a 0 0

(xa + ya)/l x1+a(/l—2) x1+a(/l—2)

where the constant factor ék,l(p)(k/l(p) (pm 2 ‘7” 2)) is the best possible. And in 2008,

Xie (see [5]) got the following reverse form: For 0 <p< 1 a,b>0,a# b and some other con-
ditions, then

fX)gy) {foo » }1/P{foo 1, }I/q
f f (x+dy)2(x+by)2d dy>K A erlf (x)dx A qug (x)dx , (.7

a+b |In/a) 2
(b—a)? b—a a+b

years, the reverse form of the Hardy-Hilbert’s inequality has been studied by Zhao(see [6]) and

where the constant factor K :=

] is the best possible.. By the way, in recent

other mathematicians.

Until now, we only focus on the Hilbert’s inequality with A homogeneous and non-homo-
geneous kernel, but we are just at the beginning of the long trip on the study of the real num-
ber homogeneous kernel. Lots of related results will appear in the coming future.

The main purpose of this article is to establish the reverse form of the Hilbert’s type in-
equality with the mixed homogeneous kernel of real number degree. We hope that this work
will pave the way for the future research of the Hilbert’s inequality.

2. Main results

Lemma 1. Setting A, u € R and A + u > 0, define the weight function @), ,(u) as

@y p(u) = foo (miniu,v)! u dv, u € (0,00) @2.1)
)= | UDR Ry ) ,00), .
then for u € (0,00), we have
4
(D/]”u(U) = m, ue (0,00) (22)
Proof. For fixed u > 0, setting ¢ = £, we have
. _Au .
@p,u (W) :foo (minfu, vh?  u f dyzfoo—(mln{l’t})A Ty
’ o (max{u,vh# 1+5F o (max{l, tHh*
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1 44 oo
t A 1 __—u
:f—-tlzdt+f— "7 dr
o 1 1 tH

4
/1+p'

It follows that @, ,(u) = thus (2.2) is correct. ]

In what follows, A, i will be real numbers such that A+ > 0 and p, g will be real numbers
such that —co< g <0, 0<p<1and + =1.

[e¢] _ (o°] -
Theorem 2. If f, g = 0 such that0 < f xp(”ﬁT”)‘lfp(x)dx <ooand0< f x"(lﬂTﬂ)‘lgq(x)
0 0
dx < oo, then we have the following inequality

_ * (minfx, y)*
= f f (max{x ,y})ﬂf(x)g(y)dxdy

P+ Up (oo (At 1/q
P qu+=7)=144q
A+u{fo o (x)dx} {fo y g (y)dy} : 2.3)

where the constant factor ~2— pET is independent of p, g and +— is the best possible.

/1+u

Proof. By the reverse Holder’s inequality with weight[7], we obtain

° (min{x, yh)’
f f (max{x, J;})uf(x)g(y)dxdy

A-p A-p
o roo (min{x, ypt | x0+7Z /4 JUHIp
:fo fo e | "0 | [ 8 | dxdy
’ yrooe XUz
1/p
00 oo A (p— 1)(1+ iy
= f f iy x fP(x)dxdy
(max{x, ypr 1+t
A-p 1/q
% (% (minfx, yp* yla-V+7
* (ydxdyp . 2.4)
{fo fo (max{x, yDH  1+52 gy y

If (2.4) takes the form of the equality, then there exist constants a and b, such that they
are not all zero and

(p-Da+454) pyla-Da+4h
ax 2
— fP(x) = % -g%(y) a.e. in (0,00) x (0,00).

y X

Then we have ax?* 2" P (x) = byd1+3 g4(3) ace. in (0,00) x (0,00). Hence there exist a

constant c, such that

axP+ 5 VFP(x) = %)gq(y) =c a.e. in (0,00) x (0,00).
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Without losing the generality, suppose that a # 0, we may get x’”“Jr 7)-1 fP(x) = 7 ae. in

A—
(0,00), which contradicts the fact that 0 <[5 xPU+739-1 £P(x)dx < co. Hence by (2.1), (2.3)
takes a strict inequality as follows:

 (min{x, yH*
f f (max{x ,y})yf(x)g(y)dxdy

1

> {fo Orp (x)x’”“Jr 7" lf”(x)dx}p {fo (DA,M(y)yq(H%)_lgq(y)dy}q

In view of (2.2), we have (2.3).

Assume that the constant factor A%u in (2.3) is not the best possible, then there exists a
positive number k with k > ﬁ and a > 0, such that
¢S] ; A
f (min{x, y})
0

fa (max{x, yHhH

>k(f xPIH )1fp(x)dx) (f y4 gq(y)dy_. (2.5)

fx)g(ydy|dx

For0<e < (Mé‘)lq', setting

- 0, x€©,a), _ 0, €(0,a),
f(x):{ (1_*_/1 .U)__ g(y):{ y

A-py_ e
, X € [a,00), Ty e [a,00).

Putting f(x), §(y) into (2.5). For fixed y, setting ¢ = £, we find
f"" (min{x, yHh*
0

fa (max{x, yHhH

foo Clee f‘” (min{l, H | Aw_ e
= X - .t
a o (max{l, tHH

1 1 1
=— + .
gat | Ak _ e My e

2 q 2 q

Multiplying by ea® for both sides of (2.5), by the above inequality, we obtain

f0gydy|dx

1 ® (min{x, y})’1 _
% " % £ =ed f [f (max{x, y})yf(x)g(y)dy dx
q

Qlm

> ea‘"k(f K+ 1f’j(x)dx) (/ y"(”%)‘lgq(y)dy)q = k.
a a

It follows that ﬁﬂ > k (¢ — 0%), which contradicts the hypothesis. Hence the constant factor
A T in (2.3) is the best possible. This completes the proof. U
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Theorem 3. If f = 0 such that 0 < [;° x’”(“%)_lfp(x)dx < oo, then we have the following
equivalent inequality of (2.3)

I f PO foo (min{x, yH* Fodx pd
v o (max{x, yhH Y
p
p(1+—) 1rep
/1+,u) fo X fP(x)dx, (2.6

where the constant factor ( e y) is the best possible.

Proof. Since [;° xPU+71 P () dx > 0, it is obvious that J > 0. If J = oo, then (2 6) is valid

naturally. We now assume J < co and g(y) = _1_ e I (IIE;I,I({?C {,})p f(x)dx] ,¥ € (0,00).

By (2.3), we get

co> [Ty 1 gty = 1= 1

oo ) Up ( poo ) 1/q
A+u{fo x”(”ﬂT”)‘lf”(x)dx} {fo y"(”%‘lg"(y)dy} >0,

foe) _ l/p 4 o0 - l/p
]1/p:{f0 qu%)—lgq(y)dy} >m{f0 xp(“%”)—lfp(x)dx} .

Hence (2.6) is valid.

On the other hand, suppose that (2.6) is valid. By the reverse Holder’s inequality with

weight, we find
(o] _ﬂ_l [e 0]
I:f [y 2 Pf fx)dx
0

1/q
>1”"{ f y a+ g"(y)dy} : 2.7)

Then by (2.6), we have (2.3). Thus (2.3) and (2.6) are equivalent.

y? "g(y)] dy

It is of course that the constant factor in (2.6) is the best possible. Otherwise, by (2.7),
we may get a contradiction that the constant factor in (2.3) is not the best possible. This
completes the proof. O

Theorem 4. If g = 0 such that0 < [5° x"(“%)‘lgq(x)dx < oo, then we have the following
equivalent inequality of (2.3)

o q(/l w ® (minf{x, y})A I
L:— ! f
[ (maxtx, e 8V | 4
4 q
/1_'_”) ﬁ yq(1+T)—ng(y)dy, (2.8)

q
4 . .
where the constant factor (m) is the best possible.
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Proof. If L = 0, then (2.8) is valid naturally; If L > 0, for y € (0,00), setting

1 gy<i,
[En=4 80, L<g)=n,
n, gly)>n,

then there exists ny € N such that for all n = n,, we have

" g+, q
[y g mitay>o,

n

L(n) := fnx—W—l " mintxy)t g qu>0
! L (maxix, ype 0 Y '

Furthermore, supposing

ai-p ( ™ (min{x, y})l

q-1
Jnla) = 1 (max{x,y})“[g(y)]ndy) ’

™ (™ (min{x, yh*
I(n).—f%f%Fax{x,y})ufn(x)[g(y)]ndxdy(nzno).

By (2.3), in view of g < 0, we have

" opa+iEy- op
oo>fl X 27 f (x)dx = L(n) = 1(n)

4 n LA 1/p n LA 1/q
Z A+ n fl P odx fl Y1 glpdy >0,

T opalty 1 gp 4 )7 qaei-1 g
0< L 27 f (x)dx = L(n) < m A ¥ 27 g(y)dy < oo.

A—
This shows that 0 < [5° xP1+739-1 £P (x)dx < oo, when n — oo, applying (2.3), the above two
inequalities still take the form of strict inequality. Hence (2.8) is correct.

On the other hand, assume that (2.8) is valid. By the reverse Holder’s inequality with
weight, we find

I A1 _M_Lfm (min{x,y})’1
I = 2 ' q 2 q - - dv!ld
fo x f)||x | (max{x,y})“g(y) y|dx
o) Ap 1/p
- Ll/q{f xp(1+T)—1fP(x)dx} . 2.9)
0

Then by (2.8), we have (2.3). Thus (2.8) and (2.3) are equivalent.

It is obviously that the constant factor in (2.8) is the best possible. Otherwise, by (2.9),
we may get a contradiction that the constant factor in (2.3) is not the best possible. This
completes the proof. O
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