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Algorithm for finite family of variational
inequality with fixed point of two non-expansive

mappings

Monika Swami and Savita Rathee

Abstract. In the recent work, a new hybrid technique for computing the common
solution of fixed point of a finite family of two non-expansive mapping and variational
inequality problem for inverse strongly monotone mapping in a real Hilbert space
is provided. We also demonstrate the convergence of the hybrid approach using an
example.
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1 Introduction

All over, let H be a real Hilbert space with norm and inner product expressed as ||.|| and (.,.),
jointly. Let D be a nonempty closed and convex subset of H and Pp represent metric projection
of H onto D. Let 8§ : D — D be a non-expansive mapping defined as

I18a — 8b|| < |ja—b|| ¥ a,b € D.

Here, Fixz(8) serve as a set of fixed point of 8.
Let A : D — H be a nonlinear mapping. The problem of classical variational inequality is
to find a point a € D such that

(Aa,b—a) >0, VbeD (1.1)

Here, VI(D, A) serves as a solution set of the variational inequality problem.

Firslty, VIP was stated by Lions [7], after Lions [7] many researcher worked on VIP (1.1) to
find its solution in finite and infinte dimensional spaces. There are various well-liked methods for
solving variational inequalities. The first approaches, which were based on Lemke and Howson [1],
were referred to as a fixed point approaches. Scarf [5] put out the first algorithm to approximate
a continuous mapping’s fixed point. These techniques have been used in numerous applications.
Also, nonlinear optimization, which reformulate the variational inequality problem into similar
optimization problems, is another technique for resolving variational inequalities. Recently many
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researchers work in this direction, for instance, see [10, 15] .
In 1976, Korpelevich [4] planned an iterative algorithm {z,} for VIP (1.1) defined as:

Yn = P“D(Jjn - g-A-rn)

Tn+1 = P@(an - fflyn), n >0

where Pp is the metric projection from R™ onto D, A : D — H is a monotone operator and £ is
a constant and proved the strong convergence of sequence {z, }.

Takahashi and Toyoda [16], defined an algorithm to find the common element of Fiz(S) N
VI(A, D) by considering 8 and A must be non-expansive mapping and inverse strongly monotone
mapping, respectively, as

=z €D

Tp+1 = ann + (1 - Bn)SPD(xn - nn‘Axn)vn Z 1

where {8,} is a sequence in (0,1) and {n,} is a sequence in (0, 23) where 5 > 0.
Marino and Xu [6] represents the consecutive iteration which depends on viscosity approxi-
mation method, as:
Tnt1 = (I — anA)8xy + anég(xy,),n >0,

where A is a strongly positive bounded linear operator on H. They proved the strong convergence,
under some convinient conditions, to unique solution of the following variational inequality

((A=E&g)x*,x —x*) >0,z € D. (1.2)

Cho and Qin [18] proposed a continued composite iterative algorithm {x,} as follows:

r1=x €D,
Zn = Entp + (1 — &,)8xn,
Yn = BrnTn + (1 - Bn)szn, (13)

Tni1 = n€9(Tn) + Mn2n + [(1 = Y) ! — anAlyn, ¥V n > 1,

where g,8, A are contraction, non-expansive and strongly positive linear bounded self adjoint
operator respectively. Iteration (1.3) converges strongly to a fixed point of 8, which also solves
(1.2).

Husain and Singh [14] proposed an iteration which is combination of Korpelevich’s extra-
gradient method, viscosity approximation method and the hybrid steepest method, as follows:

Yn,1 an,lslxn + (1 - Bn,l)xna
Ynt = BniSiZn + (1 = Bni)Tpi—1, 1=1,2,3..., M
Tn+1 = angg(xn) + YnTn + [(1 - ’771)] - anA]PD (yn,l - glgjlyn,l)vv n> 1.

where g,8, A are contraction, non-expansive and strongly positive linear bounded self adjoint
operator, respectively. Iteration (??) converges strongly to common solution of finite family of
non-expansive mappings and variational inequality, whose solution set is denoted by 2, defined
as:

(€g(x) —Az,z—2) >0V z€ Q. (1.4)

Furthermore, research is being carried out in the same direction [9, 11, 12]. In this paper,
motivated from [14, 18], we proposed and evaluate an iteration and prove its strong convergence
to fixed point of finite family of two non-expansive mappings and solution set of variational
inequality.
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2 Preliminaries

In this section, we collect some lemma’s and definition’s which are useful for our result.
Definition 1. Pp is metric projection from H onto D, if for every point s € H there exist a
unique nearest point in D, such that

lIs — Pps|| < ||s—t||VteD (2.1)

Also, x € VI(A,D) <= z = Pp(ax — EAx),& > 0.

Definition 2. A mapping B : D — H is said to be

1. monotone if,
(Bs — Bt,s—t) > 0Vs,t € D;

2. L-lipschitz, if there exists a constant L > 0 such that

|Bs — Bt|| < L||s — t|| Vs, € D;

3. a-inverse strongly monotone, if there exists a positive real number o such that

(Bs — Bt,s —t) > o||Bs — Bt||* Vs,t € D.

Lemma 2.1. [2] Assume that A is strongly positive linear bounded self adjoint operator on a
Hilbert space H with coefficient ¥ > 0 and 0 < p < [|A||7. Then ||I — pAl| < 1— p7.

Lemma 2.2. [6] Assume {a,} is a sequence of non-negative real numbers such that
An41 S (]- - Vn)an + 5na

where {vy,} is a sequence in (0,1) and 6, is a sequence such that

(i) > ey vn =0

(i1) Hm supy,— 00 (0 /vn) < 0 or D07 1 |6,] < 00.

Then, lim,, o a,, = 0.

Lemma 2.3. [17] Let 3 be a real Hilbert space. Let D be a closed convex set and T : D — D
be an L-Lipschitz quasi-pseudocontractive operator. Then we have

11 = o)a+oT((1 = &a+ETa) = bl* < [la = b]|* + o(0 = IT((1 — E)a+ &Ta) - al?,

foralla € D and b € Fix(T) when0<a<§<ﬁ,

Lemma 2.4. [17] Let 3 be a real Hilbert space. Let D be a closed convex set. If the operator
T :D — D is L-Lipschitz with L > 1, then
Fiz(((1 = 6)I +0T)T) = Fiz(T(1 —§)I — 0T) = Fiz(T),

where § € (0, 7).
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Lemma 2.5. (Demiclosed principle)[8] Let D be a non empty closed and convex subset of a real
Hilbert space 3. Let 8 be a non-expansive self mapping on H with Fix(8) # ¢. Then I — 8§ is
demiclosed. That is, whenever {x,} is a sequence in H weakly converging to some x € H and
the sequence {(I — 8)x,} strongly converges to some t, it follows that (I — 8)x = t. I is identity
operator in H.

Lemma 2.6. [3] Let 3 be a Hilbert space and let D be a closed convex subset of H. For any
integer N > 1, assume that for each 1 < i < N,§; : D — H is a k;-strictly pseudocontractive
mapping for some 0 < k; < 1. Assume that {p;}, is a positive sequence such that Zf\il p; = 1.
Then ZZ]\LI ©id; is a k-strictly pseudocontractive mapping with k = max{k; : 1 <i < N}.

Lemma 2.7. [3] Let {6;}Y, and {¢©;}}Y, be as in Lemma 2.6. Suppose that {5;}Y | has a
common fized point in D. Then Fzz(Zf\;l i) = NN Fiz(5;).

Rockafellar[13] defined monotone mapping for set valued mapping and maximal monotone
with the help of normal cone.

3 Main Result

Let D be closed and convex subset of real Hilbert space H, let 2 be strongly positive linear
bounded self adjoint operator, g : D — D be a &-contraction with coefficient £ € [0,1], F; : D — K
be a ¢- inverse strongly monotone mappings and 8§ : D — D, T, : D — D are two finite
family of non-expansive mappings for all 1 < [ < M, where M is some positive integer. Let
{oni}: {01}, {Bnits {nma} for all 1 < 1 < M, {an},{cn} be the sequences in [0,1]. For an
arbitrary given 1 = x € D, we recommend the accompanying hybrid iterative algorithm:

Yn,1 :(1 —0n,1)%n + 001 T1((1 = 0p1)@n + 01 T120)
=1 —0n1)Yni-1 + 00,1 T (1 = 0n.0)Yn,i—1 + 6n 1 T1Yn,1-1)
Zn,1 —(1 - 5n,1)yn,1 + Bn,181((1 = 7n,1)Yn,1 + 11,181Yn,1) (3.1)
Zng =1 = Brnt)Zni—1 + BriSi((1 = Nn)Zni—1 + Mn,iSi2n,i—1)
Tnt1 =n€9(xn) + cn®n + [(1 — cp)I — anA|Pp (2n1 — 61 F12n,1) + anPo(yni — 01 F1yn1)

The sequence {z,, } defined by iteration (3.1) converges strongly to a common point of the solution
set of finite family of variational inequalities for an inverse strongly monotone mapping and
solution set of common fixed point of a finite family of two non-expansive mapping.

Theorem 3.1. Let D be closed and convex subset of real Hilbert space H, let A be strongly positive
linear bounded self adjoint operator with the coefficient ( > 0, g : D — D be a &-contraction
with coefficient £ € [0,1], F; : D — H be a g- inverse strongly monotone mappings for each
1 <1< M, where M is some positive integer, and 8; : D — D, T, : D — D are two finite family
of non-ezpansive mappings with Q@ = NM ((Fiz(8;) N Fix(T,)) N (MM, VI(F, D)) # ¢. Assume
0<&<L % and let {0;} be a real numbers in (0,25). Let {on1}, {0ni}s {Bni}s {nni}, and {c,} be
sequences in (0,1) fulfilling the following conditions:
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(i) im0 @, =0 and 307 an = 00
(i) Y07 lan — an—1| < 00 and Y0 |en — cp_1| < .

(Z”) Zzo:1 |Jn,l - Unfl,l‘ < 00, 22021 |ﬁn,l - ﬂnfl,l| < 00, Z;.Lozl |5n,l - 6n71,l| < oo and
> oo Mng — Mn—1,1| < 00. for each 1=1,2.....M.

(iv) 0 <liminf, .o 0, <limsup, . on; <1,
0 < liminf,, o Bn, < limsup,_, o Bni < 1,
0 <liminf,, o0 6, < limsup,, oo 6y < 1
and 0 < liminf,,_, o np,; <limsup,, . Mn,g < 1.

Then, the {x,} sequence characterized by iteration (3.1) converges strongly to x € Q, where
x = Pqo(fg+ (I — )z is also unique solution of the consecutive variational inequality:

(€g(x) — Az, z—x) <0V z € Q. (3.2)

Proof. Cousider any z,y € D and 6, = (0,2g;), we get
(I = F)a — (I - 6iF)y|?
= [l(z —y) — Ou(Fiz — Fiy)|?
lz = ylI* = 20u(Fix — Fy, & — y) + 67| Fix — Fry|?
lz = ylI> — 6125 — 6)|| Fz — Fyy|?

This implies that, (I — 6;F}) is non-expansive. Since 2 is linear bounded self adjoint operator ,
S0

IN

[2]| = sup{|(As, s)| : s € H, ||s|| = 1}.
We assume that

Ian <1—=¢, Vn>0,

and since lim,,_, o, a, = 0, so without loss of generality, we have

([(1 =) —apd]s,s) =1 —c, — an(As, s)
<l-e¢,— an”m” <0,

so (1 —¢y)I — a,2 is positive. So, it gives us

(1 =) — a2 =sup{{[(1 — cn)] — anU]s,s): s € H,||s| =1}
=sup{l — ¢, — a,(As, s) : s € H.||s|| =1}
<1 —cp—an(.

Next, we prove that the sequence {z,} is bounded. Taking «* € Q, for | =1

Yn,1 — m*HQ =1 = on1)zn + 001 T1((1 = 6n,1) 20 + 601 T120) — z*||2
By Lemma 2.3, we get

< lan — o ||* + On,1(0n1 — 0n )| T1((1 = 0n1)zn + 6 1T120) — o, |2

< llen — 2|



208 M. Swami and S. Rathee

By induction over [ = 2 to [ = M, we obtain
[yni = 2*1* = (1 = on)yni—1 + 0ni T (1 = 0n)Yni—1 + 0n i Tiyn,i—1) — 2|
< yni—1 = 2* 1> + oni(ont = 0 )IT2 (L = 8n,0)yn,11
+ 61 T1Yni—1 — Yni—1|?

[Yni—1 — *|?

ININ A

Y1 — 2|
Then for every | = 1,2, ..., M, we get
[Yn,i — &*[* < [l — ¥
Similarly, for the 2z, for [ =2 to [ = M, we have
20,1 = 2*[1” < flgng — 2| < ||lzn — 27|12
200 = 2*I* < [lzn1—1 — 2|2
S O N A
From iteration (3.1), we calculate
|znt1 — 2| = llan€g(xn) + cnzn + [(1 — en)I — an0]Pp (21 — 01F 2.1)
+ anPo(Yni — O F1yny) — =%
= llan(§g(wn) — Az™ + 2) + cp(@n — 27)
+ (1 = cn — anQ)(Po (20,1 — olFlZn,l) —z") + an(P'D(yn,l - 91Flyn,l) —z")||
< [lan(€g(zn) — £927) + an(€g(z”) — Az™ + 27) + cn(zn — 2¥)
+ (1 =) — an20)(Pp(zng — 01F1201) — ) + an(Po(yn,i — O F1yng) — z7)||
< anlég(@n) — Eg2™|[ + an||€g(a”) — Ax™ + 27| + cp[|zn — 27|
+ (1 = cn — anQ)||[Pp (20,0 — O Fi2n0) — 2% + anl|Po (yni — O Fiyn1) — )|
< andrl|Tn — 2| + anll§g(z™) — Ax™ + 2| + cp |z — 27|

+ (1= cn = anQ)l[zn — 27| + anllzn — 27|

ST leg(et) — 2t + |

(1= an(¢ = &r = 1))[an — 2™ + an

C—&m—
1
< max{|[z, — 2", ﬁ”fg(m*) —Az" + 2" ||}
By induction on n, we have
1
< max{|[zo — =", m”fﬂ(f) —Az” + 2|}

Thus {z,} is bounded and so is {z,} and {y, } for [ =1,2, ..., M.
Next, we prove that lim, oo ||Tnt1 — zn|| =0

Forl=1
1Yn1 = Yn-1.1ll = (1 = on,1)Tn + 001 T1((1 = 6n1)Tn + 601 T1%0) — (1 — 0p1.1)Tn—1
—0n-1,171((1 = dp—11)Tn—1 + 6n—1,1T1Zn-1)||
= [[(zn —Tp_1) — Un,l(xn — Tp_1) + xn*l(anfl,l - Un,l)
+0n1(T1((1 = 0n,1)Tn + 6n1T120) — T1((1 — 6n—11)Tn—1 + On—11T1%n_1)
+ (01— 0n—1,1)T1((1 = 8p—11)Tn—1 + On—1,1T12r—1)||
Replace
T1((1 = 6p-1,1)@Tn-1 + 0pn—1,1T12p—1) with T1(n — 1, 1)z,
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and
T1((1 = 6p1)xn + 0n,1T12y) with Ty (n, 1)z,
and similiarly for the 8;, we have
19,1 = Yn—11ll < 20 — Tp-1ll + on,1 — On—1,1[|T1(n — L, Dap_1 — Tp_1]|
+lonal - [(Ti(n, Dan — zn) = (Ti(n — 1, D)zp—1 — 2n—1)|
lYnt = yn—1ll = (1 = on)Yni—1 + 0ngTi(n L = Dyng—1 — (1 = 0n—1,0)Yn—1,1-1
—On—1,T1(n = 1,1 = 1)yp—1,-1]|
< Nni—1 = Yn—1a-1ll + londl - (Te(n L = Dyni—1 — Yn,i-1)
— (T =11 =Dyn—11-1 — Yn—1,2-1)|
: HTl(n =1, l)yn—l,l - yn—l,l|

+ |O'n,l —On—1,

M
| < llon — @pa|l + Z{|an,i|{(7i<nai = DYn,i-1 = Yn,i-1)
i=1
—(Ti(n = 1,4 = D)Yn—1-1 — Yn—1,i-1)}
+lon,i = on—1,i| - [|Ti(n — 1,4 = Dyn—1,i—1 — Yn—1,i-1(} (3.3)
In a similar manner, we solve {2} for [ =1,
10,1 = 2n—11ll < Yn1 = Yn—11 1l + Bral N1(81(7 DYnt — Yn,1) — (S1(n — 1, 1)yn—11
—Yn-1,0)|| + 1B = Brn—11[181(n = L, 1)Yn—11 — Yn—1.1]]

Yni = Yn—1,1

and for [ =2 to M,
[2ng = 2n—12ll < ll2ni—1 = 2n—10-1ll + [Bul-[[(Se(n, Dzng—1 — Zna-1)
—(8in—1,0)2zn—11 = 2n—10)|| + Bnjg — Brn-1,1)|-
HSl(n — 1, l)zn_u — Zn_1,1|
Thus, for overall [ =1, ..., M, we obtain

M
1200 = Zo—12ll < My = goorall + Y {1Bnil-l18i(n, D)z, = 2ni

i=1
—(Si(n—1,9)zn-1, — Zn—1,i)I} + |Bn,i — Brn=1,il-18:(n — 1,0) z—1; — 2n—1.4|
Next,
||xn+1 - xn” = ||(an£g(xn) + cpxpn + [(1 - Cn)I - anm]PD(Zn,l - el-Flzn,l) + anP'D(yn,l

— 01 Fyn)) — (an—189(n—1) + cn1n1

+ (1 = cn—1)I — an—1A]Pp(2n-11 — O Fi2n—1,1) + an—1Pp(Yn—1,1 — O F1yn—1,))ll
= [|an€(g9(zn) — g(Tnt1) + Eg(Tn-1)(an — an-1) + cn(Tn — Tn-1) + Tn—1(cn — cn—1)

+ (1 — eI — an][Pp (201 — O1F12n1) — Po(zn—11 — 01F12n—1,1)]

+ Pp(zn—11 — O F —lzpn_1)[(1 —¢n) — anG — (1 — cp—1)I — an—1G)]

+ an[Pp (Yni — O1F1Yn1) — Po(Yn—1,1 — 01 F1yn—1,)]

+ Pp(Yn-1, — O Fiyn—1,1)(an — an—1)]|
= |anét||zn — Tp-1l + cnllzn — Tn-1|l + [IEg(xn-1)l-lan — an-1]

+ len — epalllzn—1ll + lan = an—1[|Pp(Yn-1,1 — O F1yn—1,]l

+ (1 —cn —anl)ll2n: — 2n—1,1l + len—1 — cn || P (2n-1,0 — O F12n—1,)||

+lan—1 = an| | Pp(2n—11 = O Fizn_1,)|| + @nllyni — yn—-1,
=llanét + cnlllzn — zp_1ll + lan — an—1[{II€g(zn-1)|| + [ Pp (Yn-1,1 — OiF12n—1,)|l

+ 1P (2n-11 — O F12n—10) I} + len — cnal{l|@n—1ll + | Po (2011 — O Fizn—1)I1}
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+ |1 = en — anll-1znt — 2n—1ll + l@n|-|Yn1 — Yn-1,

=1 = an(¢ = & = D] fJzn — 21|l + |an — an—1|-{[|€g(zn-1]]
+ |Pp(Yn-1,1 — O F1yn—1,l| + |G- Pp (2n—1,1 — 61 F12n—1,) ||}
+len — Cn—1|-{||xn—1|| + ||P’D(Zn—1,l - elFlZn—l,l)”

M
+ an{z |, I(Ti(ny i — 1)ynic1 — Ynji—1) — (Ti(n — 1,4 — D)yn—1i-1 — Yn—1,i—1)||
i=2

+lons — o1l | Ti(n = 1,0 = Dyn—1,-1 — Yn—1,i-1|l}
+ 11 =cn — anl|{long — on—11].|T1(n — 1, 1) zp_1 — 2p_1]]
+lonal(Ti(n, Day, —zn) — (Ti(n— 1, 1)2p—1 + 2p—1)]|

M
+ Z(ﬁn,i(ﬂ(si(n, $)2n,i — Znyi) — (8i(n — 1,9)2n—15 — Zn—1,) |
=2

+Bnyi = Bn—1,ilI18i(n = 1,8) 215 — zn—1.4l|) }
< ‘1 - an(c — & — 1)|||xn - In—ln

M

+ Ml Uan - an71| + |Cn - Cnfl‘ + an Z |Un,i - Unfl,i| + |1 —Cp — and
i=1

M M M

Z ‘/Bn,i - Bn—l,i + Z |Un,i| + Z |ﬁn,i ]

1=1 =1 =1

where

My = max{sup,>1 ([|€g(zn-1) ||+ P (zn—1,—0iF1zn—1,) | +|2-Pp (2n-1,1— 0 Fizn-1,0)]), supp>1 ([2n-1]l+
| P (Yn-1,i — OF1yn—1,l]), Supnzl(zi]\il\l(%(mi — 1) = yni-1) = (Tiln = 1,i = 1) = yn_1.-1)||,

sup,>1 [|(8i(n, ) zn,i—1—2n,i-1) = (8i(n—1,4)2n—1,i—2n—1,0) |, SuP> 1 [[(Ti(n, i—1)Yni—1—Yn,i-1) —

(Ti(n = 1,0 = Dyn—1,i-1 = Yn—1,i-1) |, 8uPp>1 [ (8i (1, 1) 20,0 — 2ni) — (8i(n — 1,4)2n-1i — 2n—1.4) |}
From imposed conditions, we have

nILII;oHI"H —z,| = 0. (3.4)
After setting u,; = Pp(2n,; — 01 F2y) and v, = Pp(yn,i — 01F1yn,), we have
Tna1 = an€g(xn) + cnn + [(1 — cn)I — anAtn + anvn,
Next for z* € 2, we have
|Zns1 — 55*”2 = [lan€g(zn) + cnn + [(1 = cn)I — anAlun1 + anvng — x*”Q
= [lan(§g(n) —Az™ +27) + cp(zn — %) + [(1 — cu) ] — anA](uny — %)
+ an (V1 — x*)”Q

= llan(€g(zn) — Az™ 4+ vo1) + cn(@n — %) + [(1 = en)] — anA](un, — x*)||2
= [lan(§g(xn) — Az™ + Un,l)”Q + len(wn — %) + [(1 = cn)I — an¥]

(tng — 25)||? + 20, (1 = )T — an20) (g — %) + cnlwy — %), €g(zn) — Ax™ + vy, )

* % * 2
= a || (Eg(zn) — Ax* + vu ) II° + [leal ll(@n — )| + 11 = cn — and].[|(ung — )]
+ 2an, (1 — cn)I — an20) (upn,; — %), Eg(zpn) — Az™ + vy 1)
+ 2ancn(xn — 2%, Eg(xy) — Ax™ + vy )
*”2 *HQ

= (l—cn—ang)z.Hunyl—x +c,21||xn—x

+2¢n(1 — ¢ — anQ)||un,y — z*||.||lzn — 2| + dn (3.5)
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where
dn = ai”(fg(xn) —Az™ + Un,l)||2 +2a, (((1 — )T — an)(upy — 2%),
Eg(xn) —Ax™ + v ) + 2ancn(xn — 2, E9(xn) — Ax™ + vp5) (3.6)
As from equation(3.5), we have
[Znt1 = 2*[* = (1 = en = anQ)? [lung — 2| + 5 [|lzn — 22
+ (1 = ¢ — anl)cn [[luns — o2 + ||z, — x*\ﬂ +d,
= ((1 = an€)? = 2(1 — anQ)cn + ¢ ) Jung — ™| + ¢} [lzn — 22
+ [(1 = anQ)en = en] (lung — 2|1 + 2 — 2*[1%) + da
= (1= an0)* Jung — 2" = (1 = an{)enlluny — 2|
+ (1= anQ)enllzn — 2*|* + dy, (3.7)
= (1 = anQ)(1 — anC — cn)l|uns — x*H2 + (1 — anQ)enllzn — x*HZ +dn
< (1= an)(1 = anC = ) [l (200 — OiFizn ) — (2° — 1 Fia*|)?
+ (1 = anQ)enllz, — I*H2 +dn
< (1= anl)(1 = anC — cn) [llzng — 2*[1* — 61(6; — 251)
|Fizn — B2+ (1= anC)eallen — 22 + do
< @ — 2 ||* + 0,00, — 2.9)|| Fizn,g — Fiz*|* +d,
From equation (3.5), we get
—01(01 — 2.0) | Fizna—Fie™||* < |2 — 2% [* = 241 — 27[° + dn

< (lzn — 2% + llenta = 2" Dllzn — ngall + dn (3-8)
From condition (i),
lim d,, =0. (3.9)
n—oo
Using equations (3.4) and (3.9) in (3.8), we get
lim |[Fizn, — Fia*]|=0 ¥V 1=1,2..M. (3.10)
n—oo
Now
[zn — unall = [[(@n = 2nt1) + @nt1 — un)||
= ||xn — Tn+1 + angg(xn) + chxy + ((1 - Cn)I - anm)un,l + AnUn,l — un7l||
= [[2n — Tnt1ll + anll€g(zn) — Arns + vnll + cnllTn — unll
(I =ca)llzn —unill = llzn = znsall + anll€g(@n) — Aung + vn il
Thus,
|zn — upnil] > 0asn— oo (3.11)
Similarly, we find
lzr, — vnil] = 0 as n — 0o (3.12)

Now, from equation (2.1), we have
[tng = 2*|1* = 1P (200 — 6 Fizn0) — Po (2" — 6 Fa™)|?
< ((zng — 0 Fzng) — (2" — O F1a"), upny — ™)

1 « * *
= Uz = O Fiz) = (2" = 1 Fiw M+ lung — 2% = [(z00 — O1Fi2n)
— ({,E* — 91Flm*) - (Un,l - x*)HQ}

IN

1
Uz =217+ llung = 212 = (200 = unt) = O(Fizay — Fia®|*}
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< glllzns = "1 4 ung = 271 = lzns = undll® ~ 67| Pz — Fia® P
+ 201201 — Un,1, Fizn — Fia*)
< g — 2% = |20 — un7l||2 - 6‘12||Flznyl — Fz*||? + 201 (zn1 — ung, Fizng — Fiz*)
Further, from equation (3.7)
[2n41 = 2*[* < (1 = anQ)(1 = en = anQ)lluns — *[> + (1 = an)enllzn — 2*|1* + dn
< (1= anQ)(1 = e = anQ){llzng — &*I1° = llzn = wnal* — 07| Fizn — Fia*||?
+ 200200 = Un,t, Fizng — Fie*)} + (1 = an)enlz, — 2*|* +dy
< ||zn — x*HQ — (1= an0)(1 = ¢ — anl)
[Hzn,l*un,l”2 + 2el”Zn,l - un,l”'”FlZn,l - le*” - 912“Flzn,l - le*”2] + dn,
implies
(1= anQ)(1 = cn=anQ)llzng — ung|* < flwn — %) = l2nsr — 2™
+20,(1 —anl)(1 — ¢, — anl).\|2Zng — Un ||| Fizng — Fiz*||
—07(1 = anQ)(1 = e — anQ)l| Fizng — Fiz*||* + o,
< Hxn — Znt1]] [”xn - x*H + [|Tng1 — x*ll] +201(1 — anC)(1 — ¢ — an()
||Zn,l - un,lH'”FlZnJ - le*H - 0l2(1 —anQ)(1 —cp — anOHFlZn,l - le*”2

+d,
After using equations (3.4), (3.9) and (3.10), we get
Titn [z — ] =0 (3.13)
From equations (3.11) and (3.13), we get
[2n = Znall <llzn — wnall + [[tng = zngll = 0. (3.14)
Similarly, with the help of v, ; we prove that
limy, yo0l|Yn,i — Un,|| = 0 and from equation (3.11) we obtain
120 = ynall = 0. (3.15)
At last from equation (3.14) and (3.15) we have
[2n,0 = Ynal = 0. (3.16)

In view of equation (3.3), we have
Ot (0n0 = Ona) 1 TH((L = S, )Yni—1 + 600 T¥ni—1) = Yni—1 1> + &ni (g — En) IS ((1 = 7 )
Znd—1 + MnaSizni—1)Zni-1?
< lwn —2*|” = [lzng — 2|17

< lwn = znall(lzn — 27 + 20 — 27)

= HIL)H;O ”Tl((l - 5n,l)yn,l71 + 6n,l7lyn,l71) - yn,171|| =0. (317)
Similarly,
= nlg{.lo N8 (1 = M) zni—1 + MniSi2ni—1) — Zni—1]| = 0. (3.18)

Next, we prove that limsup,,_, . (€g(z) — Az, up,; —x) < 0.
Let {up, .} be a subsequence of {u, ;} such that

lim sup (£g(z) — Az, uy,; — z) = lim (Egz — Az, up, | — )
n—oo k—o0

Since {un,} is bounded so there exist a subsequence {uy, i} of {u,, 1} which converges weakly
to z € D. Now, W.L.O.G., we assume {u,, .} — z. Therefore, we have
lim sup (€g(x) — Az, un,; — x)

n—oo
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= kli_)n;o@gx — Az, U, | — )
= (€g(z) —A(x), 2z — x) (3.19)

From equation (3.12) and (3.16), we get y,; — 2z and 2z,; — 2
Apply Lemma 2.3 to equation (3.17) and (3.18) to deduce z € Fiz(T;) and z € Fiz(8;)
respectively for each [ =1,2,3.... M
=z € NM, (FizT; N Fix§;)
Next we prove z € VI(F}, D).
Let

Bv =

{Flv 4+ Nyv, veD (3.20)

¢7 v ¢ D
where % is maximal monotone mapping. For any given (a,b) € G(B), we have (b — Fja) € Ny a.
For u,,; € D, we have
(@ = Un,,b— Fia) > 0 Since uy,; = Pp(2n, — 01F;2n,1), we have (By definition of Projection
mapping)
<a - un,hun,l - (sz - elﬂzn7l)> 2 0

Un,l — %

N
(@ —un,y, 7 "+ Fizp) > 0.

So, we have
(@ = tUn, 1,b) > (@ — up, 1, Fra)

unk,l - an,l
> <a_unk,l,Fla> - <a_unxml’ 0 +Fl'z"’€vl>
U
unk,l - Z’I’Lk,l
= (@ — up,, 1, Fla — Fizy, | — —"5—>=)
o1,
= (a = Uny 1, Fla — Fypup, 1) + (@ — Uny 1, Frun, 1 — Fizn, 1)
Uny,l = Zng,l
—<a—unk,z,70 )
Uy
Uny,l — Znyg,l
2 <a_unk,l7}7lunk,l _ﬂznk,l> - <a'_u7lk,la 9 >
g
Since, ||tn, 1 — 2n,.1l| = 0 as n — oo and Fj is Lipschitz continuous, therefore, we get
(a—2z,b) >0

As 2l is maximal monotone, z € B0 and we have z € VI(F}, D).
Therefore,

z € Q=M ((Fiz(8;) N Fiz(T,)) N ("M, VI(F, D))
From equation (3.19), we obtain,
lim sup(€g(z) — Az, z, — x)
n—oo
= li_)m (€g(x) —A(x),z —x) <0 (3.21)
Since ¢ = Pw({g + (I —2A))z, ||zn — unl| = 0 and from (3.21), we get
lim sup{¢g(z) — Az, z, — z) = le sup(ég(x) — Az, (xr, — un) + (Un, — )

n— 00
< lim sup(g(e) — Az, up; — @)
<0
Now, we show that z, — x
| Znt1 — xHQ =llan€g(xn) + cnn + [(1 — cn) I — anAtn1 + an.vng — xHZ
=[lan(§g(zn) — Az + ) + cp(zn — ) + (1 = en)I — an2A)(ung — ) + an(vng — x)”Q
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=llan(€9(xn) = Az + va 1) + cn(n — ) + (1 = ea) ] — @, 2) (un — )|
=ap[[€g(wn) — Az + vn||* + llen(zn — ) + (1= eI — an2) (up, — )]
+ 2cpan (T, — x,89(xy) — Az + vy )
+ 20, (((1 — en) I — an20) (un,; — x), £g(xn) — Az + vy 1)
:[(1 = cn = anQ)|uny — f| + cnllzn — x”}z +apllég(an) — Az + v
+ 2cpané{xn, — x, g(xn) — 9(2)) + 2ancn(xn — x,89(x) — Az + vy )
+2(1 = en)éan(uns — o, 9(zn) — 9(x)) +2(1 — cn)an(uny — 2,692 — Az + vy 1)
= 203 E(A(un,t — ), 9(xn) — ga) — 20 (W(uny — x),Egx — Az + v50)
<[(1 = en = anQ)llwn — 2l + eullen — @l]” + a2 €g(@n) = A + vagl?
+ 20,87 ||y — ||? + 2¢na0 (Tn — 7, EgT — AT + vy, ) — 2626720 — 2|
+2(1 = ¢p)an (Ung — 2, €97 — Ax + vy, ) — 202 (AU — ), Egr — Az + vy, )
=(1—an(¢ —267)) |20 — 55”2 - 2ai<§7’\|$n - x”Q
+ a2 ||€g(zn) — Az + v ||? + 2000 (20 — 2, EgT — AT + V30 g)
+2(1 = ¢p)an (Uung — 2, Egx — Ax + v ) + 202 || (uny — 2)||.[|Egz — Az + v,y |
=(1 — an(¢ = 267))llzn — z]|* + an{an(2¢r|zy — 2|
+ 1€g(xn) — Az + vn |l + 2[A(un,p — 2)||.[|Eg7 — Az + vy 1))
+2c(xn —x, 69 — Az + vy 1) + 2(1 — ¢p)(uny — x, {9z — Az + v, 1) }
Since{z,}, {g9(xn)} and {uy 1} are bounded, we have
erllan —2|® + €g(@n) — A+ vngl| + 2 A(uny — )| [|€g7 — Az + v, ]| < Mo

where

My >0
Further we have
[zng1 —2)* <(1 = (¢ = 267)an) |20 — z|* + anon, (3.22)
where
On = 2¢p(xn — @, §gr — Az + v 1) + 2(1 — ¢)(un,y — x, {9z — Az + vy )
Using assumption (i) and Lemma 2.2 in (3.22), we have

Ty — .
Hence the result obtained. O

4 Numerical Example

In this part, we present an example with efficiency and convergence of {x,, }.

Let H = 1R and D = [0, 1]. The mapping F;, G and g be defined by

Fl(x) =2
Aew) = ¢ (4.1)
g9(z) = %

for all » € D. Let 8;(z) = 57 and Tj(v) = for all x € C.

Define {an}, {oni}, {Bni}, {0na}, {mn} and {c,} in (0,1) by ap, = 5=, {on.} = {Bay} = L,
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{0n1} ={m} = # and ¢, = ﬁ As 8; and 7} are non-expansive mappings and Fj is 2-inverse

strongly monotone mapping. g is a (%)—contraction mapping.

Now we check that the sequences {an}, {oni}, {Bn.i}, {0n1}, {mn1} and {c,} satisfies the
given condition.
. .1
lim a, == lim — =0
n—o0 2 n—oon

- 11
> an= 5 > oo
n=1 n=1
The sequence {a,} satisfies the condition (i) of theorem 3.1
Next we calculate

and

1 1 1/1 1
Anp —Qp—1 = - — =7~ —=\|\——
2n 2(n—=1) 2\n n-1

_ —1
2n(n —1)
So,
(oo}
Z |an, — an—1] < oco.
n=1

Similarly, we have

oo
Z |en — cno1] < 0.
n=1

Also, the sequences {an}, {on.i}, {Bni}, {0n,i}; {nn.i} and {c,} satisfies the conditions (ii)-(iv) of
Theorem 3.1. Clearly,

Q= n?_, (Fiz(8) N Fiz(T)) N (N, VI(F,D)) =0
The iterative algorithm (3.1) is written as:

when [ =1
2, 2x,
P =
- Yn,1 Yn,1
Zn,1 = Yn,1 — m - 4n3
x _ 253771 Zn,1 _ Zn,1 Yn,1
YT 490 T3 sn | 6n
when [ =2
5yn,1 5yn,1
Yn2 = Yn,1 = 3n  9n3
3Zn,l 3271,1
Zn,1 = Zn,1 — m - an3
25T Zn2 Zn2 | Ynp2
Tl = Yon + 5n + 6n

Remark Table (1) shows the sequences {yn1}, {zn,} and {z,} converges to 0. Also, {0} € Q



216 M. Swami and S. Rathee
=1 =2
r1=1 r1=1

n Tn Yn,l Zn,l T Yn,l Zn,l

1 1 0.111111111  0.027777778 1 -0.135802469 -0.034722222
2 0.270842782 0.173038444 0.124371381 | 0.235683317 0.016823182  0.019433028
3 0.088840646 0.068367082 0.056339539 | 0.046198959  0.02897864  0.026604783
4 0.030143213 0.02501468 0.021790132 | 0.014638189 0.014374755  0.013363479
5 0.010301433 0.008909595 0.008000816 | 0.005892805 0.005900132  0.005552566
6 0.003523706 0.003128558 0.002864223 | 0.002330751  0.002251467  0.002138222
7 0.001204226 0.001088757 0.001010195 | 0.000875135 0.000827766  0.000791516
8 0.000410959 0.000376534 0.000352817 | 0.000317108 0.000297681  0.000286147
9 0.000140035 0.00012962  0.000122374 | 0.000112513 0.000105517  0.000101852
10 4.76488E-05 4.44617E-05 4.22275E-05 | 3.94128E-05 3.70267E-05  3.58617E-05
25 4.06891E-12 3.96035E-12 3.88107E-12 | 3.81308E-12 3.69618E-12  3.64802E-12
26 1.36907E-12 1.33395E-12 1.30828E-12 | 1.28646E-12  1.2484E-12  1.23274E-12
44 4.01967E-21 3.95876E-21 3.91376E-21 | 3.87911E-21 3.80878E-21  3.7803E-21
45 1.34743E-21 1.32746E-21 1.31271E-21 | 1.30139E-21 1.27829E-21  1.26894E-21
50 5.69328E-24 5.61736E-24 5.56118E-24 | 5.51865E-24 5.43009E-24  5.39431E-24
51

1.90723E-24

1.8823E-24

1.86384E-24

1.8499E-24

1.82078E-24

1.80901E-24

Table 1: The values of y,,;, ,; and x,, with initial values 1 =1 when [ =1, 2.

5 Application

In ths part, by implimenting Theorem 3.1 we find the following results.

Theorem 5.1. Let D be closed and convex subset of real Hilbert space H, let g : D — D be a
&-contraction mapping with coefficient & € [0,1], A be strongly positive linear bounded self adjoint
operator with the coefficient ¢ > 0, F; : D — H be a ¢ - inverse strongly monotone mapping s
for each 1 <1 < M, where M is some positive integer, and & : D — D, T; : D — D are two
finite family of non-expansive mappings with Q = MM, ((Fiz(8;) N Fiz(T;)) N (MM, F1(0)) # ¢.
Assume 0 < £ < % and let {6;} be a real numbers in (0,25). Let {yn.i}, {zn1} and {z,} for all
1=1,2,...M defined by

Zng = (1= Bnt)zni—1 + BrnaSi((1 — 0ni) Zni—1 + M iSi2n,1-1)

Tnt1 = ang(Tn) + cnxn + [(1 —cp)I —

anm]PD (Zn,l - elﬂzn,l) +anPp (yn,l - alﬂy71,l)

(5.1)

where {on,1},{0n1}, {Bnits {Mn1}, and {cn} are the sequences in (0,1) satisfying the same as-




Algorithm for variational inequality and fixed point problem 217

sumptions as in Theorem 3.1. Then the sequence {x,} characterized by (5.1) converges strongly
to x € Q, where x = Po(€g + (I — )z is also unique solution of the following variational
inequality:

(€g(z) — Az, z —x) <0,¥z € Q. (5.2)

Now, we apply result of Theorem 3.1, to solve the problem of finding the common point of
the solution set of fixed point of finite family of k-strictly pseudocontractive mappings and the
set of fixed point of finite familty of two non-expansive mappings.

Theorem 5.2. Let D be closed and convex subset of real Hilbert space H, let A be strongly positive
linear bounded self adjoint operator with the coefficient ( > 0, g : D — D be a &-contraction with
coefficient € € [0,1], F1: D — H is a k;-strictly pseudocontractive mapping for some 0 < k; < 1,
Fy: D — H be a g- inverse strongly monotone mapping s, and 8;: D — D, T; : D — D are two
finite family of non-expansive mappings with Q@ = NM, ((Fix(8;) N Fiz(T;)) N (MM, F(F))) # ¢.
Assume 0 < € < % and let {0;} be a real numbers in (0,25). Let {yn.i},{zni} and {x,} for all
1=1,2,....M, where M is some positive integer, defined by

yn,l (1 - Un,l) + an 1‘:]‘1((1 - 6n71)-/13n + 6n,171xn)
Yn,l (]- Un,l)yn I-1+0n lTl«l - 5n,l)yn,l71 + 5n,ljdlyn,lfl)
Zn =1 = Bn,1)Yn,1 + BraS1((1 = 00, 1)Yn,1 + Mn,181Yn 1)
Zn ( /Bn,l)zn,l—l + Bn,lsl((l - nn,l)zn,l—l + nn,lslzn,l—l)
Tnt1 = an€g(xn) + cnn + [(1 — cn)I — anAPo((1 — Ap)zni — An Zcplzn’l) (5.3)
+ anPp((1=An)yni — An Z@lynz

where {on1}, {0n1}, {Bn.its {nni}, and {c,} are the sequences in (0,1) with the same assumptions
as in Theorem 3.1. Then {x,} defined by (5.3) converge strongly to x € Q, where x = Po(§g +
(I — )z is also unique solution of the successive variational inequality:

(€g(z) — Az, z —xz) <0,Vz € Q. (5.4)

Proof Let us examine with F; = 1 — Zi‘il w151 where Fy : D — TH, as F; is - inverse strongly
monotone with ¢; = (1 —k;)/2. Hence, F] is monotone and B- Lipschitz continuous mapping with
B =2/(1—k;). From Lemma 2.6, we have, >, _; ¢;§; is a k-strictly peseudocontractive mapping

with k& = max{k; : 1 <[ < M} and then F(Zf\il wi$1) = VI(F;, D). So, we obtain
M
PD(Zn,l - elﬂzn,l) = P’D((l - An)zn,l - >\n ZSDlZn,l) (55)
Similarly

Pp (yn,l - HlEy7L,l) PD(( yn 1= An Z PiYn, l (56)

After using Theorem 3.1, we crave the final result.
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Conclusion

We proved the common convergence of fixed point of a finite family of two non-expansive
mapping and variational inequality problem for inverse strongly monotone mapping in a real
Hilbert space, by the new hybrid technique. After that, we solved an example by using this hybrid
approach and find the common solution for non-expansive mappings and variational inequlity
problem.
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