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Biconservative Lorentz hypersurfaces with at

least three principal curvatures
Firooz Pashaie

Abstract. Biconservative submanifolds, with important role in mathematical physics
and differential geometry, arise as the conservative stress-energy tensor associated to
the variational problem of biharmonic submanifolds. Many examples of biconserva-
tive hypersurfaces have constant mean curvature. A famous conjecture of Bang-Yen
Chen on Euclidean spaces says that every biharmonic submanifold has null mean
curvature. Inspired by Chen conjecture, we study biconservative Lorentz subman-
ifolds of the Minkowski spaces. Although the conjecture has not been generally
confirmed, it has been proven in many cases, and this has led to its spread to various
types of submenifolds. As an extension, we consider a advanced version of the con-
jecture (namely, Li-conjecture) on Lorentz hypersurfaces of the pseudo-Euclidean
space M® := E? (i.e. the Minkowski 5-space). We show every Li-biconservative
Lorentz hypersurface of MP® with constant mean curvature and at least three princi-
pal curvatures has constant second mean curvature.

Keywords. Lorentz hypersurface, Li-biconservative, isoparametric, Newton transforma-
tion

1 Introduction

From mathematical point of view, the biharmonic surfaces appear as solutions of strongly el-
liptic semilinear differential equations of order four. Also, the biharmonic Bezier surfaces play
important roles in computational geometry. From physical points of view, the biharmonic sur-
faces play central roles in elastics and fluid mechanics. A differential geometric motivation of the
matter of biharmonic maps is a well-known conjecture of Bang-Yen Chen which states that each
biharmonic submanifold of an Euclidean space in minimal. Later on, Dimitri¢ proved that any
biharmonic hypersurface in E™ with at most two distinct principal curvatures is minimal ([7]).
An equivalent statement say that every biharmonic hypersurface in E™ with at most two distinct
principal curvatures is harmonic, which means that there is no proper biharmonic hypersurface in
E™ with at most two distinct principal curvatures. Remember that, a biharmonic hypersurface
which is not harmonic is called proper biharmonic.

Clearly, harmonic maps are biharmonic but not vis versa. In the homotopy class of Brower
of degree £1, one cannot find a harmonic map as T? — S2, although, there exists a biharmonic
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one [8]. From a geometric point of view, the variational problem associated to the bienergy
functional on the set of Riemannian metrics on a domain has given rise to the biharmonic stress-
energy tensor. In 1995, Hasanis and Vlachos affirmed Chen’s conjecture on hypersurfaces in
Euclidean 4-spaces ([10]). In 2013, Akutagawa and Maeta ([1]) have studied Chen’s conjecture
on biharmonic submanifolds in Euclidean n-space. On the other hand, Chen himself had found
a good relation between the finite type hypersurfaces and biharmonic ones. The theory of finite
type hypersurfaces is a well-known subject interested by Chen (for instance, in [5, 6]) and also
L.J. Alias, S.M.B. Kashani and others. In [11], Kashani has studied the notion of L;-finite type
FEuclidean hypersurfaces as an extension of finite type ones. One can see main results in Chapter
11 of Chen’s book ([5]).

The linearized operator L is an extension of the Laplace operator Ly = A, which stands
for the linearized map of the first variation of the 2th mean curvature of the hypersurface (see,
for instance, [2, 12, 16, 17, 19]). This operator is defined by Li(f) = tr(P; o V2f) for any
f € C°(M), where P, = nHI — S denotes the first Newton transformation associated to the
second fundamental from of the hypersurface and V2f is the hessian of f. It is interesting to
generalize the definition of biharmonic hypersurface by replacing A by L;. Recently, in [14], we
have studied the L;-biharmonic spacelike hypersurfaces in 4-dimentional Minkowski space M2,
In this paper, we study the L;-biharmonic Lorentzian hypersurfaces in M®>. We show that, every
Li-biconservative Lorentzian hypersurface z : M{ — M?, with constant mean curvature and
three distinct principal curvatures is Li-harmonic.

Now we present the structure of paper. In section 2 we remember some notations and
definitions which will be needed in paper. In section 3, we study the L;-biconservative Lorentzian
hypersurfaces with constant mean curvature, separately according to four possible types of shape
operator of hypersurfaces in four subsections. In subsection 3.1, by three propositions, we show
that if a hypersurface M; of type I has constant ordinary mean curvature and three distinct
principal curvatures, then it has constant second mean curvature. In subsection 3.2, we study on
Li-biconservative Lorentzian hypersurfaces M{ with non-diagonal shape operator and at least
three distinct principal curvatures.

2 Preliminaries

In this section, we recall some preliminaries from [2, 12, 13] and [15]-[18]. The 5-dimensional
Minkowski space, M?, is the Euclidean 5-space E® equipped with a scalar product as

<Ly> = —T1 + Z?:inyiv

for every x,y € 5.

Throughout the paper, we study the Lorentzian hypersurface of M°, defined by an isometric
immersion x : M{ — M.

The symbols V and V stand for the Levi-Civita connection on M and MP, respectively.
For every tangent vector fields X and Y on M, the Gauss formula is given by VxV = VxY +
(AX,Y)n, for every X,Y € x(M), where, n is a (locally) unit normal vector field on M and
A is the shape operator of M relative to n. For each non-zero vector X € MP®, the real value
(X, X) may be a negative, zero or positive number and then, the vector X is said to be time-like,
light-like or space-like, respectively.

Definition 1. For a 4-dimensional Lorentzian vector space Vi, a basis B := {eq, -+ ,e4} is said
to be orthonormal if it satisfies (e;,e;) = €;6] for 4,5 = 1,--- ,4, where ¢, = —1 and ¢; = 1 for



Biconservative Lorentz hypersurfaces 223

1= 2,3,4. As usual, 53 stands for the Kronecker function. B is called pseudo-orthonormal if it
satisfies (e1,e1) = (e2,e2) =0, (€1,e2) = —1 and (e;,e;) =87, for i = 1,2,3,4 and j = 3,4.

As well-known, the shape operator A of the Lorentzian hypersurface Mi in M®, as a self-
adjoint linear map on the tangent bundle of My, locally can be put into one of four possible

canonical matrix forms, usually denoted by I, II, II1] and IV. Where, in cases I and IV, with
respect to an orthonormal basis of the tangent space of M}, the matrix representation of the

induced metric on M is
-1 0 0 0
_ 0 1 0 0
G = < 0 0 1 0 )
0 0 0 1

and the shape operator of M; can be put into matrix forms

M 0 00 kK A 0 0
_ 0 A2 0 0 o —A K 0 0

Bl_( 0 0 X3 O ) and By = o 0 m , (A#0)
0 0 0 X 0 0 m

respectively. For cases II and III, using a pseudo-orthonormal basis of the tangent space of
M, the induced metric on which has matrix form

0

0

0

1

0
G2=<3
0

and the shape operator of M; can be put into matrix forms

(=R
o=OOo

o © O

kK 0 0 0

1 x 0 0 0

By = ( 0 0 N O ) and B3 = o
0 0 0 A

o © 3 O
o & = O

0 A

respectively. In case IV, the matrix B; has two conjugate complex eigenvalues k =+ i\, but
in other cases the eigenvalues of the shape operator are real numbers.

Remark 1. In two cases I] and III, one can substitute the pseudo-orthonormal basis B :=
{e1,ea,€e3,e4} by a new orthonormal basis B := {€1,¢€3,e3,e4} where é; := %(el + e2) and
€9 1= %(el — eg). Therefore, we obtain new matrix representations By and B (instead of By and

Bs, respectively) as

1 1 0 V2 0
K+ L L 0o o0 " 2

~ 1 1 ~ V2
Y K — = 0 0 0 K — 5= 0

BQ = 2 2 and B3 = 2

0 0 A 0 V2 V2

! -5 5 k0
0 0 0 A2 0 0 0 A

After this changes, to unify the notations we denote the orthonormal basis by B in all cases.

Notation: According to four possible matrix representations of the shape operator of M,
we define its principal curvatures, denoted by unified notations k; for ¢ = 1,--- ,4, as follow. In
case I, we put k; := \;, for i = 1,--- 4, where \;’s are the eigenvalues of Bj.

In cases I, where the matrix representation of A is B,, we take k; :=  for i = 1,2, and
Ri = )\i,Q, for i = 3,4.

In case I11, where the shape operator has matrix representation B, we take k; := £ for
1=1,2,3, and k4 := .
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Finally, in the case IV, where the shape operator has matrix representation By, we put
K1 =K+ i\ kg = Kk — 1A, and K; := m;_q, for ¢ = 3,4.
The characteristic polynomial of A on Mj is of the form Q(t) = [[i_, (t—r:) = ijo(—l)jsjt‘l_j,
where, sg:=1, s; :== Zl§j1<~-<ji§4 Kj, -+~ kj, for i =1,2,3, 4.
For j = 1,---,4, the jth mean curvature H; of M} is defined by H; = (Tl_)sj. When Hj is
J
identically null, M} is said to be (j — 1)-minimal.

Definition 2. (i) A timelike hypersurface z : M{ — M?®, with diagonalizable shape operator,
is said to be isoparametric if all of it’s principal curvatures are constant.

(ii) A timelike hypersurface x : M} — MP?, with non-diagonalizable shape operator, is said to
be isoparametric if the minimal polynomial of it’s shape operator is constant.

Remark 2. Here we remember Theorem 4.10 from [13], which assures us that there is no isopara-
metric timelike hypersurface of M® with complex principal curvatures.

The well-known Newton transformations P; : x(M) — x(M) on M, is defined by
PQ:I, Pj:SjI—AOijl, (j:1,2,3,4), (21)

where, I is the identity map. Using its explicit formula, P; =Y 7_ (—1)%s;_; A’ (where A° = I),
which gives, by the Cayley-Hamilton theorem (stating that any operator is annihilated by its
characteristic polynomial), that Py = 0. It can be seen that, P; is self-adjoint and commutative
with A (see [2, 16]).

Now, we define a notation as

Hige = > Ky s (i=1,2,34 1<k<3). (2.2)
1< < <jr <4517

Corresponding to four possible forms B; (for 1 < i < 4) of A, the Newton transformation P; has
different representations. In the case I, where A = Bi, we have P; = diag[pi;j,- - , pta;;], for
j=1,2,3.

When A = Bs (in the case IT), we have

>\1+>\2+~7% 7% 0 0
1 A Ao +r+ 2L 0 0
Pl = 2 2 )
0 0 2K + Ag 0
0 0 0 2k 4+ A1
Az + (k= $)(A1 + A2) -1 +29) 0 0
P — (a1 +22) M2+ (8 + )M+ A2) 0 0
) =
0 0 k(K + 2X2) 0
0 0 0 k(k 4+ 2X1)

In the case I11, we have A = B3, and

26 + A 0 -2 0 26X + k2 — L -1 (k4N 0
2w+ A L2 0 1 A+ 1%+ 1 (k42 0

0
vz Y2 2k4x 0 Y2k +X) Y2(k+ ) 26X + K2 0
0

0 0 3k 0 0 0 3r2
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In the case IV, A = By,

K+mn1+mn2 = 0 0
A K+ mn1+mn2 0 0
P1 = 9
0 0 2Kk + 12 0
0 0 0 2k + M1
w(m +n2) + n1m2 =XA(m +n2) 0 0
P = A1+ n2) K(n1 +m2) + mn2 0 0
H =
0 0 K2+ A2 + 2619 0
0 0 0 m2+/\2+2n771

Fortunately, in all cases we have the following important identities, similar to those in [2, 16].
Mi,l = 4H1 — )\l’, Mi,? = 6H2 — )\i,um = 6H2 — 4)\1H1 + )\?, (1 S ) S 4)7 (23)

tT(Pl) = 12H1, t’I“(PQ) = 12H2, t’l"(Pl o A) = 12H2, t’I"(PQ ¢} A) = 12}137 (24)

trA? = 4(4H? — 3H,), tr(PyoA%) =12(2H,Hy — H3), tr(Pyo A?) = 4(4H,Hs — Hy). (2.5)
The linearized operator of the (j+ 1)th mean curvature of M, L; : C*°(M) — C*°(M) is defined
by the formula L;(f) := tr(P;oV?2f), where, (V2 f(X),Y) = (VxV[,Y) for every X,Y € x(M).

Associated to the orthonormal frame {eq,---,e4} of tangent space on a local coordinate
system in the hypersurface x : M{ — M® , Li(f) has an explicit expression as

4
Li(f) = Z eipti1(eieif —Veeif). (2.6)

i=1

For a Lorentzian hypersurface z : Mj — M®, with a chosen (local) unit normal vector field
n, for an arbitrary vector a € M® we use the decomposition a = a” 4+ a"¥ where a” € TM is the
tangential component of a, al¥ | TM, and we have the following formulae from [2, 16].

V(z,a) =a’, V(n,a)=-Sa’. (2.7)
Lll‘ = 12H21’1, L1n == —GV(HQ) - 12[2H1H2 - H3}Il, (28)
L2z = 121, (Hon) = 24[P,V Hy — 9H,V Hy) + 12[Ly Hy — 12H,(2H, Hy — Hs)n. (2.9)

Assume that a hypersurface x : M; — MP® satisfies the condition L2z = 0, then it is said to be L1-
biharmonic. By equalities (2.8) and (2.9), from the condition L;(Hon) = 0 (which is equivalent
to L;-biharmonicity) we obtain simpler conditions on M to be a Li-biharmonic hypersurface in
MP?, as:

(Z) L1H2 = 12H2(2H1H2 — Hg) = HQtT(Pl o) A2), (ZZ) PQVHQ = 9H2VH2 (210)
The hypersurface = : Mj — M?® is said to be L;-biconservative if it satisfies condition (2.10)(ii).

5
The well-known structure equations on M?® are given by dw; = > wij A wj, wij +wj; = 0
j=1

5 4
and dw;; = Y wi; Awy;. Restricted on M, we have ws = 0 and then, 0 = dws = > ws,; A w;.
=1 i=1

4
So, by Cartan’s lemma, there exist functions h,; such that ws; = Y h;jw; and h;; = h;; Which
j=1
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give the second fundamental form of M, as B = > h;jw;w;es. The mean curvature H is given

4]
4
by H = % > hi;. Therefore, we obtain the structure equations on M as follow.
i=1
4
dwi = Zwij A UJ]‘, w,;j =+ wji = O, (211)
j=1
4 &
dwij = ;wik A\ Wkj — 5 k;1 Rijklwk A\ wi, (212)

for 4,7 = 1,2,3, and the Gauss equations R;jiu = (hikhﬂ — hithji), where R;j; denotes the
components of the Riemannian curvature tensor of M. Denoting the covariant derivative of h;;
by hiji, we have

4 4 4
dhi; = Z hijrwr + Z hjwir + Z hikwjk, (2.13)
k=1 k=1 k=1

and by the Codazzi equation we get hiji = hix;.

3 Biconservative hypersurfaces in Minkowski 5-space with
different types of shape operators

This section is followed in several subsections by considering different possible cases for the shape
operator of hypersurfaces.

3.1 Diagonal shape operator

The next lemma can be proved by the same manner of similar one in [19].

Lemma 3.1. Let M{ be a Lorentz hypersurface in M® with diagonal shape operator and real
principal curvatures of constant multiplicities. Then distribution generated by principal directions
1s completely integrable. In addition, if a principal curvature be of multiplicity greater than one,
then it will be constant on each integral submanifold of its corresponding distribution.

Proposition 3.1. Let M{ be a Ly -biconservative orientable Lorentz hypersurface in M® having
diagonal shape operator A, constant 1st mean curvature and non-constant 2nd mean curvature.
Then, M{ has a non-constant principal curvature of multiplicity one.

Proof. By assumption, there exists an open connected subset U/ of M, on which we have VH;y # 0.
By the biconservativity condition (2.10)(ii), e; := % is an eigenvector of P, with the corre-
sponding eigenvalue 9H,, on U. Without loss of generality, we can take a suitable orthonormal
local basis {eq, e, e3,e4} for the tangent bundle of M, consisting of the eigenvectors of the shape
operator A such that Ae; = \;e; and Pae; = p; 264, (for i =1,2,3,4) and then

H1,2 :9H2 (31)

4
By the polar decomposition VHs = > e;(Ha)e;, we get
i=1

el(Hg) 75 07 62(H2) = 63(H2) = 64(H2) =0. (32)
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By (2.3) and (3.1) we have

1
Hy = 2 (M — 4H). (3.3)
Then, having assumed H to be constant, from (3.2) we get
61()\1) ?é 0, 62()\1) = 63(/\1) = 64()\1) = 0, (34)

which gives that A; is non-constant. Now, putting V., e; = Zi:l wf’jek (for i,5 = 1,2,3,4), the
identity e), < ej,e; >= 0 gives ¢jw); = —eiwy; (for 4,5,k = 1,2,3,4). Furthermore, for distinct
1,7,k =1,2,3,4, the Codazzi equation implies

eilN) = i = N)wls, (i = Awl, = O — Aj)wl,. (3.5)

Jv’

Since by (3.4) we have e1(A1) # 0, we claim \; # Ay for j = 2,3,4. Because, assuming
Aj = A1 for some integer j # 1, we have e1()\;) = e1(A1) # 0. On the other hand, from (3.5) we
obtain 0 = (A1 — Aj)w}; = e1(\;) = e1(M1). So, we get a contradiction. O

One can find the similar ordinary version of Proposition 3.1 in [9] and [20].

Proposition 3.2. Let M{ be a Ly-biconservative Lorentz hypersurface in M® with diagonal shape
operator, which has exactly three distinct principal curvatures, constant 1st mean curvature and
non-constant 2nd mean curvature. Then, there exists a locally moving orthonormal tangent frame
{e1,ea,e3,e4} of principal vectors of M{ with associated principal curvatures A1, Aa = A3, A4,
which satisfy the following equalities:
(i)Ve,e1 =0, Ve,e1 = aea, Veger = aes, Ve,e1 = —fey,
(1) Veye2 = —ae) + wiges +yeq, Ve,ea =whes fori=1,3,4;
(1i1)Veze3 = —ae] — Wiges +veq, Ve,e3 = —whes fori=1,2,4,
(“)) e1€4 = 0 v€264 = —7eé2, V6364 = —7€s; v64e4 = 6617

where o :=

e1(A2) 8= 61(/\1+2/\2) . ea(X2)

A1—A2 A—=Aa 7 T Xa=Ag

Proof. Similar to the proof of Proposition 3.1, taking a suitable local basis {eq, ez, e3,e4} for
TM, one can see that the equalities (3.1) — (3.5) occur and A; is of multiplicity one. Also, direct
calculations give [ez, e3](A1) = [es, e4](A1) = [e2, €4](A1) = 0, which yields

1 1 1 1 1 1
Wog = W3y, W3y = Wy3, Way = Wyo. (3.7)
Now, having assumed M{ to has three distinct principal curvatures, (without loss of generality)

we can take A2 = A3, and then Ay = 4H; — \; — 2). Hence, applying equalities (3.5) for distinct
positive integers 4, j and k less than 5, we get ea(Aa) = e3(A2) = 0 and then,

N1 1 Wl 1 2 3 2 3 4 4
(1) wi; = Wiy = Wiy = Wiy = W3 = Wy = Wiy = Wy = Wy = Wy =0,

. 3 e1(A2) 4 —e1(A1 +2X) 3 —eq(A2)

1) Wy = w Wy = —————— 2 Wy, =wsyy = ———=~ 3.8
(41) wyy 31 = Moy u VW y Way T VS Y (3.8)

(iid) (A1 — A)wyg = (A1 — A2)wia, (A1 — Aa)wsy = (A1 — Ag)wis.

From (3.7) and (3.8) we get wi, = wi,, = wi, = wiy = Wiy = wi; = 0. Therefore, all items of the
proposition obtain from the above results. O
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Proposition 3.3. Let M be a Ly -biconservative orientable Lorentz hypersurface in the Minkowski
5-space M® with diagonal shape operator, which has three distinct principal curvatures, constant
1st mean curvature and non-constant 2nd mean curvature. Then, there exists an orthonormal (lo-
cal) tangent frame {ey, e, e3,e4} of principal vectors of Mi with associated principal curvatures
A1, A2 = A3, A4, satisfying eq(A2) = 0 and

1
61()\2)61(>\1 + 2)\2) = 5/\2()\1 — )\2)(>\4 - )\1)(2)\1 +4); + /\4) (39)

Proof. From Gauss curvature tensor R(X,Y)Z = VxVyZ—-VyVxZ—V|x y)Z, by substituting
X, Y and Z by different choices from ey, es, es and ey, using the results of Proposition 3.2, we
get the following equalities:

i oz) + Oé = —/\1/\2, ,@2 - 61(5) = —>\1>\4;

64 >\2 64()\2) —0:
)\2 — M ’

(#i7) eq(a) — (a4 B) 64()\2)\) =0; (3.10)
4

() - (22) -

Now, from (2.6) and (2.10), applying Proposition (3.2) we obtain

()\1 — 4H1)6161(H2) — (2()\2 — 4H1)OZ + ()\1 + 2)\2)ﬁ)61(H2)

(3.11)
= 12H,(2H, Hy — Hy),
where o = il(h) and B := w
On the other hand, from (3.2) and (3.6), we obtain
eiel(HkH) = 0, (312)

for i = 2,3,4. Also, by differentiating a and 8 along ey, we get

1
(A1 = Az)ea(@) — aea(A2) = eqer(A2) = 5 (A — Ad)ea(B) + Bea(A2),
then 1
5()\1 —A)ea(B) = (M1 — Ag)ea(a) — (a+ Bes(A2),
which, by substituting the value of e4(«) from (3.10), gives

—864()\2)(OZ + ﬁ)()\z — Hl)

ealf) = (A1 = A) (A2 — Ag)

Again, differentiating (3.11)along e4 and using (3.12), (3.10) and the last value of e4(53), we
get eq(A2) =0 or

Ao+ B)[—Hi(8A\1 + 12X3) + M\1” 4 3\ Ao + 16 H ey (Ha)

Ho(Mo — Ag)? = 0. 1
SYEESY +6 2(2 4) 0 (3 3)

Finally, we claim that eq(A2) = 0.
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Indeed, if the claim be false, then we have

4(a + B)ve1(Ha)

= 6Ho(\g — \y)? 14
S 6Hz (A2 1), (3.14)

where v = —8H1 A1 + M2 430N\ — 12H Mo + 16H?. Differentiating (3.14) along ey, we get

2(@ + ﬁ) [6’}/()\2 - Hl) + (3)\1 — 12H1)()\1 + )\2 — 2H1)(>\1 + 3)\2 — 4H1)] 61(H2)
(A1 + Ay — 2H;)? (3.15)

= 36Hy(4H, + M\ + 3X2)°.
Eliminating e; (Hz) from (3.14) and (3.15), we obtain
7(2)\1 — 2H1) = ()\1 — 4H1)()\1 + )\2 - 2H1)(—4H1 + )\1 + 3)\2) (316)

By differentiating (3.16) along ey, we get 4H; = A1, which is not possible since A; is not
constant. Consequently, es(A2) = 0. Therefore, the latest equality in (3.10) gives the main
result. O

Theorem 3.1. Let x : M} — M?® be a Ly-biconservative Lorentz hypersurface with diagonal
shape operator and constant 1st mean curvature which has three distinct principal curvatures.
Then it has constant 2nd mean curvature.

Proof. We assume Hs is non-constant on M and try to get a contradiction.

By differentiating (3.3) in direction of e; and using the definition of 3, we get

el(Hg) = %(2H1 — )\1)61()\2) + %()\1 + Ao — 2H1)()\1 — 2H1)ﬁ. (317)

By Proposition 3.3 and equalities (3.10), from (3.17) we obtain

4
6161(H2) = §A1A2()\1 — )\2)()\1 + 2H1)

4
+ §(4H1 — A — 2)\2)()\1 — 2H1)(4)\1)\2 + )\12 —4H My — 2H1)\1) (318)

()\1 + )\2 — 2H1)ﬁ — (/\1 — )\2)0[

—4 2 H,).
+ (38 a+ N 2, e1(Hs)
Combining (3.11) and (3.18), we get
(Proa+ Papf)er(Hz) = P, (3.19)

where P; 2, P» 2 and P g are polynomials in terms of A\; and A of degrees 2, 2 and 6, respectively.
Differentiating (3.19) along e; and using equalities (3.9), (3.10)-(i) and (3.19), we get the
following equality
Pygo+ Psgf3 = Psse1(Ha), (3.20)
where P, 5, P53 and Ps 5 are polynomials in terms of A\; and A2 of degrees 8, 8 and 5, respectively.
Combining (3.17) and (3.20), we obtain

4
<P4,8 + §P6,5()\1 —A2)(A1 — 2H1)) a
(3.21)

4
+ (PS,S - §P6,5(/\1 + A2 —2H1) (M — 2H1)> B =0.
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On the other hand, combining (3.17) with (3.19) and using Proposition 3.3, we get
Pyo(M + Ao — 2H1) (A — 2H1)B% — Pra(M — A2) (A — 2H;)a? = ¢, (3.22)

where ( is given by
3
¢=X(4H1 — A1 —2X2) (M — 2H1) (Pz,z()q —A2) = Pro(A1+ A2 — 2H1)) + ZP3,6~

Using Proposition 3.3 and equality (3.21), we get

s 2Ps55(M — Ag)(A —2Hy) + Ps g
o = 1 )\2>\47
Pyg+ 3P 5(A — A2) (M — 2H;)

4 (3.23)
32 = 3Ps5(A1 — A2)(M — 2H;) — P4,3)\ \
= 2A4.
Psg— 2P55(A1 — Ag) (A — 2Hy)
Eliminating o and 32 from (3.22), we obtain
9 2
_ )\2>\4(>\1 + 2H1)(A2 — )\1)P172 <P578 — §P6,5(>\1 — )\4)()\1 — 2H1)>
1 4 ’ 3.24
= 522+ 2H1) (A = M) P Pas + 5 Pos (M = Ao) (M — 2H1) (3.24)

2 4
=( <P5,8 - §P6,5<>‘1 — )M\ — 2H1)> (P4,s + §P6,5()\1 —A2)(A1 — QHl)) ,

which is a polynomial equation of degree 22 in terms of Ay and A;.

Now consider an integral curve of e; passing through p = ~(ty) as v(t), t € I. Since
ei(A1) = e;(A2) = 0 for ¢ = 2,3,4 and e1(\1), e1(A2) # 0, we can assume Ay = Ao(t) and
A1 = A1(A2) in some neighborhood of Ay = Aa(tp). Using (3.21), we have

dhi  dh dt er(\)
da  dt dh, e1(A2)
AL+ Ao — 2HDB — (A — Ao)ar
(M — Ao
2 (Pys + 3Ps,5(A1 — A2) (A — 2H1)) (A + A2 — 2H))
(2Pss(M + Ao — 2H1) (M — 2H1) — Psg) (A1 — Aa)

=2

(3.25)

Differentiating (3.24) with respect to Ay and substituting % from (3.25), we get

f(A1,22) =0, (3.26)

another algebraic equation of degree 30 in terms of A; and As.
We rewrite (3.24) and (3.26) respectively in the following forms

22 30
S HEADN =0, D gi(M)A =0, (3.27)
=0 1=0

where fi(A1) and g;(\;) are polynomial functions of A;. We eliminate A3° between these two
polynomials of (3.27) by multiplying gzoA5 and fa respectively on the first and second equations
of (3.27), we obtain a new polynomial equation in A2 of degree 29. Combining this equation with
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the first equation of (3.27), we successively obtain a polynomial equation in Ay of degree 28. In
a similar way, by using the first equation of (3.27) and its consequences we are able to gradually
eliminate Ao. At last, we obtain a non-trivial algebraic polynomial equation in A; with constant
coefficients. Therefore, we get that the real function A; is constant and then by (3.3), Hs is
constant, which contradicts with the first assumption. Hence, H, is constant on M. O

3.2 Non-diagonal shape operator

Proposition 3.4. Let x : M} — M?® be a Ly-biconservative connected orientable Lorentz hyper-
surface with non-diagonal shape operator of form I, which has three distinct principal curvatures
and constant 1st mean curvature. Then, its 2nd mean curvature has to be constant.

Proof. Assuming H; to be non-constant, we try to get a contradiction. We show that the
open subset U = {p € M : VH}_,(p) # 0} is empty. By the assumption, with respect to a
suitable (10(;&1) orthonormal tangent frame {e,---,eq} on M, the shape operator A has the

matrix form Bs, such that Ae; = (k + %)61 — %62, Aey = %61 + (k — %)62, Aes = Mes and
A64 = )\2647 and then, for ] = 1,273 we have Pjel = [,LLLQ;J' + (H — %),LLLQ;]'_l]el + %/ng;j_leg,

Paey = —3p105 161 + (12,5 + (k= 3)p12,-1)ea, and Paes = g jes and Poey = pugjes.
4
Using the polar decomposition VHy = Y €;e;(Hz)e;, from conditions (2.10)(ii), we get
i=1

(’L) [)\1)\2 + (/‘6 - %)(/\1 + )\2) — 9H2}61€1(H2) = %()\1 + )\2)6282(H2),

(i) Mo + (s + %)(Al + Ne) — OHleses(Ha) =
(ZZZ) (li2 + 259 — 9H2)63€3(H2) =0,
(Z"U) (Ii2 + 28] — 9H2)63€4(H2) =0.

_%()\1 + A2)erer (Ha), (3.28)

Now, we prove the following claim.
Claim: e;(Hz) =0 for i =1,2,3,4.
If e1(H2) # 0, then by dividing both sides of equalities (3.28(%,%)) by e1e1(Hz) we get

(Z) A A + (Ii — %)()\1 + )\2) —9H, = %(/\1 + )\g)u, ( )
3.2
(1) D\ada + (5 + %)(Al + ) — OHaJu = —%(Al ),

where u :1: ZZ%; By substituting (i) in (ii), we obtain (A1 + A2)(14+u)? = 0, then Ay + Xy =0
or u = —1.

If \; + X2 = 0, then, from (3.29)-(i) we obtain 9H, = —\?, which gives 3x? = —\?. Since
H; is assumed to be constant on M, then k = 2H; is constant on M. Hence, A\; and Ay are
also constant on M. Therefore, Mj is an isoparametric Lorentz hypersurface of real principal
curvatures in E7, which by Corollary 2.7 in [13], cannot has more than one nonzero principal
curvature contradicting with the assumptions. So, A1 + A2 # 0 and then u = —1.

From u = —1, we get M A2 + k(A1 + \2) = 9Ho, then
3k + 4/43()\1 + /\2) + A1 = 0.

Since 4Hy = 2k + A1 + Ao is assumed to be constant on M, by substituting which in the last
equality, we get \> — Hi\ — 3H? = 0, which means \, x and the kth mean curvatures (for
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k = 2,3,4) are constant on M. So, we got a contradiction and therefore, the first part of the
claim is proved.

By a similar manner, each of assumptions e;(Hy) # 0 for i = 2,3,4, gives the equality
A2 + 25X = 9H,, which implies the contradiction that H is constant on M. So, the claim is
affirmed. U

Proposition 3.5. Let x : M} — MP be a Ly-biconservative connected orientable lorentz hyper-
surface with shape operator of type I which has one constant principal curvature. Then its 2nd
mean curvature is constant. Furthermore, M{L is isoparametric and its principal curvatures are
constant.

Proof. Suppose that, Hs be non-constant. Considering the open subset U = {p € M : VH2(p) #
0}, we try to show U = (). By the assumption, with respect to a suitable (local) orthonormal
tangent frame {el, -+ ,eq} on M, the shape operator A has the matrix form Bs, such that
Aey = (k4 1)er — Sea, Aes = fe1 + (k — §)ea, Aes = Ae3 and Aey = Asey, and then, we have
P2€1 [)\ )\2+(K’/7*)(>\1+)\2)]61+ (>\1+>\2)€2, P262 = 7%(/\1+A2)€1+[)\1)\2+(I€+%)(>\1+>\2)]€2,
and Pyez = (k% + 2k\2)es and P2€4 = (k% + 2K\ )ey.

4
Using the polar decomposition VHs = > €;e;(Hsz)e;, from condition (2.10(ii)) we get
i=1

(Z) [)\1)\2 + (I‘E — 1)(Al + )\2) — 9H2]61€1(H2) = 1()\1 -+ )\Q)EQGQ(HQ),

(i) [MAg+ (5 + )(Al + A2) — 9Hslezen(Ha) = (Al + A2)erer (Ha), (3.30)
(i33) (K% 4+ 2KAg — 9H>)ezez(Ha) = 0,
(Z"U) (/12 + 2kA1 — 9H2)€3€4(H2) =0.

Now, we prove some simple claims.
Claim: 61(H2) = 62(H2) = eg(HQ) = 64(H2) =0.
If e;1(Hsz) # 0, then by dividing both sides of equalities (3.30(7, 7)) by e1e1(Hz) we get

(2) Ay + (H — *)()\1 + )\2) —9H, = ()\1 + )\2)

0,
1
2 (3.31)
(Z’L) [)\1)\2 + (Ii + )()\1 + )\2) 9H2]’LL = —5()\1 + )\2),

where u := % By substituting (¢) in (ii), we obtain §(A4+A2)(1+u)? = 0, Then A; + A2 =0
or u =—1. If Ay + Ao =0, then, by assumption we get that k = 2H; is constant, and also, from
(3.29(i)) we obtain Hy = A7 which gives ¢ (k% — A7) = A7 and then A} = 3x%. Hence, we
get Hy = 552, which means Hj is constant.

Also, by assumption A\;+Xy # 0 we get u = —1, which, using (3.31(¢)) and 4H; = 2k+ A1+ Az,
gives 5k? — 16xH; — A\ (4H; — 2k — A1) = 0. Without loss of generality, we assume that \; is
constant on M. So, from the last equation we get that x, Ay and Hy are constant on U/, which is
a contradiction. Therefore, the first claim is proved. The second claim (i.e. e2(Hz) = 0) can be
proven by a similar manner.

Now, if e3(Hz) # 0, then using (3.30(i4¢)) and 4H; = 2k + A1 + A2 and by assuming A\; to
be constant on M, we get

1
w2 —( 6H1 Al)n—4A1H1+/\§:o,
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which gives that k, Ay and Hs are constant on U, which is a contradiction. Therefore, the third
claim is proved.

The forth claim (i.e. e4(Hz2) = 0) can be proven by a manner exactly similar to third one. [

Theorem 3.2. Let x : M{ — E} be a Ly-biconservative Lorentz hypersurface with non-diagonal
shape operator of form II, which has one constant principal curvature and constant ordinary
mean curvature. Then, it is 1-minimal.

Proof. By Proposition 3.5, all of principal curvatures of M; are constant and M7 is isoparametric.
We claim that Hs is null. Since, by Corollary 2.7 in [13], an isoparametric Lorentz hypersurface of
real principal curvatures in E? has at most one nonzero principal curvature, we get Hy = 0. [

Proposition 3.6. Let x : M{ — M? be a Li-biconservative connected orientable Lorentz hyper-
surface with non-diagonal shape operator of form III, then it has constant 2nd mean curvature.

Proof. Suppose that, Ho be non-constant. Considering the open subset U = {p € M : VHZ2(p) #
0}, we try to show U = (). By the assumption, with respect to a suitable (local) orthonormal

tangent frame {ej,--- ,es} on M, the shape operator A has the matrix form Bs, such that
Aey = rey — L2es, Aey = rey — Lles, Aeg = L2ey — 2 d Aey = Aey and

1 = Ké€q 2 €3, €9 = K€y 2 €3, €3 — 3 €1 3 ey + Kes an €4 = A€yg all then, we
have Pye; = (k% + 2K\ — %)el +%eg+§(/@+)\)eg, Poey = %161+(52+2/@A+%)62+§(m+)\)63,
Pres = ’T‘/i(n + Ney + @(n + Nea + (k2 + 260\ )es and Poey = 3r2ey.

4
Using the polar decomposition VHy = Y €;e;(Ha)e;, from condition (2.10(ii)) we get
=1

1=

(’L) (KQ + 2K\ — % — 9H2>6161(H2) — %EQ@Q(HQ) — g(lﬁj + )\)6363(H2) =0,
(id) %elel(Hg) 2 4 2N+ % —OHy)esen(Hy) + g(m + Neges(Ha) = 0, 532)
(iii) g(n + A)(ere1(Hz) + e2e2(Hz)) + (K> + 26X — 9Hs)ezes(Hz) =0,

(iv)  (3K% — 9Hy)eqeq(Hs) = 0.

Now, we prove some simple claims.

Claim: e1(Hs) = ea(Hy) = e3(Hsa) = es(Hz) = 0.
If e;(Hs) # 0, then by dividing both sides of equalities (3.32(i,11,7i7)) by e1e1(Hz), and using

the identity 2H, = k2 + k) in Case III, putting u; := Zzggzg and ug := :nggzg, we get
: 1 7, 5 1 V2
(Z) —5—5/412—55)\_5“1—7(/{"_)\)112:07

L1 745 5 V2
- Z g2 Z = 3.33
(i4) 5 + (2 5" 2&)\)u1 + 3 (k4 Nug =0, (3.33)

2 7 5
(4id) (k+A)(1 +up) — (552+ 5@)@2 =0,

which, by comparing (i) and (i), gives ;271,%(7/1 +5X)(1 +wuy) = 0. If Kk = 0, then Hy = 0.
Assuming x # 0, we get u; = —1 or A = —¢k. If u; # —1 then A = 7%%, then by (3.33(ii4)) we
obtain u; = —1, which is a contradiction. Hence we have u; = —1, which by (3.33(¢, 44¢)) implies
Ug = 0.



234 F. Pashaie

NOW We discuss on two cases A = —f,% or A\ # —*KJ IfA=— /f then, Ii = le, H, = 51I€2
Hj3 = 5 3 and Hy = = =Tk* are all constantb on U. AlbO the cabe A £ —*H is in contradiction
with (3.33(11)).

Hence, the first claim ey (Hz) = 0 is affirmed. Similarly, the second claim (i.e. es(Hs) = 0)
can be proved.

The final claim (i.e. ez(Hz) = 0), can be proved using (3.33(zv)), in a straightforward
manner. O

Proposition 3.7. Let x : M} — M?® be an Lj-biconservative connected orientable Lorentz
hypersurface with non-diagonal shape operator of form IV. If M{ has constant mean curvature
and a constant real principal curvature. Then its 2nd mean curvature has to be constant.

Proof. Suppose that, Hy be non-constant. Considering the open subset Y = {p € M : VHZ(p) #
0}, we try to show U = (). By assumption, the shape operator A of M is of type IV, then, with
respect to a suitable (local) orthonormal tangent frame {e1,---,es} on M, the shape operator
A has the matrix form By, such that Ae; = key — Aeq, Aeg = Aeg + kea, Aes = n1es, Aey = 196y
and then, we have Pyey = [k(n1 + 12) + mnezler + A + n2)ez, Paea = —A(n1 + n2)er + [k(m +
n2) + mnelez, Poes = (k2 + A2 + 2kmp)es and Poey = (k2 + A2 + 2km; )ey.

Using the polar decomposition VH; = Z e;e;(Hz)e;, from condition (2.10(ii)) we get
=1

(i)  (km 4 w02 +mne — 9Ha)ere1(Ha) — A1 + m2)eaea(Ha) =
(@) A(m +ne)erer(Hz) + (km1 + km2 + mmnz — 9Hz)ezea(Ha) =
(iii)  (K° 4+ A\* 4 2kn2 — 9Hy)eses(Hy) = 0,

(iv)  (K* + N2+ 2601 — 9Hy)eqeq(Ho) = 0,

(3.34)

Now, assuming H; and 77 to be constant on M, the we prove four simple claims.

Claim: el(Hg) = eg(HQ) = eg(Hg) = 64(H2) =0.
If e1(Hs) # 0, then by dividing both sides of equalities (3.34(i,4i)) by eirei(Hz) and putting
€2e2(H>)

= ere1(Hz)

we get
(1) k(m +mn2) +mn2 — 9Ha = X(n1 + n2)u,
(@)  (k(m +m2) +mne — 9Hz)u = —A(n1 + n2),

which, by substituting () in (i), gives A(n1 + n2)(1 + u?) = 0, then A(n1 + n2) = 0. Since by
assumption A # 0, we get 71 + 12 = 0. So, by (3.35(7)), we obtain x? + A? = in?. Since one of

(3.35)

real principal curvatures n; and 7y is assumed to be constant, we get that 9Hy = —n? = —n?
is constant. Also, since Hy = %n is assumed to be constant, we get that Hs = _71%77% and
Hy = _717)‘11 are constant. These results are in contradiction with the assumption e;(Hz) # 0.

Hence, the first claim is proved.

Similarly, if ea(Hz) # 0, then by dividing both sides of equalities (3.34(¢,47)) by ezea(Haz)
erer(Hs)
eiei(Hz)’
results in contradiction with the assumption es(Hsz) # 0. Hence, the second claim is satisfied.

and taking v := we get A(n1 + 12)(1 + v?) = 0, which by a similar way gives the same

Now, in order to prove the third claim, we assume that e3(Hz) # 0. From equality (3.34(i4i))
we have k2 4+ A2 + 2kny = 9H>, and by a straightforward computation we get

—3k% +2(4Hy —m)k + 3 (4Hy —m1) = —\? <0,
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then,

—2[26% 4+ (1 — 4H1)k + 21 (m — 3H1)] = —(A\* + &% +17) < 0.

Remember that the last inequality occurs if and only if we have § < 0 where

§ = (m —4H,)* — 16m1(n — 3Hy) = —15n7 + 40m, Hy + 16H;.

The condition § < 0 is equivalent to a new inequality § < 0 where

6 = (40H,)? + (4 x 15 x 16)H? = 2560H7,

which is a contradiction. So, the third claim is proved.

To prove the final part of the claim, we assume that e4(Hz) # 0. From equality (3.34(iv))

we have k2 + A2 + 2kn; = 9H,, and by a straightforward computation we get

—11k% + (24H; — 10my )k + 12 Hy — 307 = —X\? <0,

then,

—2[6K% 4+ (51 — 12H, )k + 2n1(m — 3H1)] = — (A2 + k2 +1?) < 0.

Remember that the last inequality occurs if and only if we have § < 0 where

6 = (5my — 12H,)? — 481 (1 — 3Hy) = —23n° + 24n H, + 144H?.

The condition § < 0 is equivalent to a new inequality § < 0 where

6= (24H,)* + (4 x 23 x 144)H? = 13824H7,

which is a contradiction. So, the 4th claim is proved. The final result is that Hs is constant on

M. O
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