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COMMON FIXED POINT THEOREMS FOR UNIFORMLY
SUBCOMPATIBLE MAPPINGS SATISFYING MORE
GENERAL CONDITION

R. SUMITRA, V. RHYMEND UTHARIARAJ, P. VIJAYARAJU AND R. HEMAVATHY

Abstract. We prove common fixed point theorems for uniformly subcompatible map-
pings satisfying a more generalized Ciri¢ type condition and a condition more general
than Gregus type condition in a locally convex domain. As an application, we have also
established best approximation result. Our results extend recent results existing in the
literature.

1. Introduction

Singh [16] proved fixed point and best approximation results in locally convex spaces.
Hussain and Khan [9] employing a technique due to Tarafdar [17] obtained common fixed
point results for a pair of noncommuting maps in the context of locally convex spaces.

Fisher and Sessa [5], Mukherjee and Verma [13] generalized the results of Gregus [6].
Jungck [7] introduced a new class of noncommuting mappings namely “Compatible map-
pings". Recently, Al-Mezel and Hussain [2] extended the concept of subcompatible mappings
introduced by Khan et al. [10] to the setting of HausdorR locally convex space. Kutbi [12] and
Akbar and Khan [1] proved common fixed point results for subcompatible pair of mappings
satisfying generalized ciric type condition in the setup of locally convex space.

The purpose of this paper is to prove common fixed point theorems for uniformly sub-
compatible mappings satisfying a more general condition than generalized circ type, gregus
type conditions in the setup of locally convex domain. This new concept extends various
results existing in the literature.
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2. Definition and preliminaries

Let (X, 1) be a Hausdorff locally convex topological vector space and M be a 7-bounded
subset of X.

Definition 2.1. Let (X, 1) be a Hausdorff locally convex topological vector space. A family
{pq : a € I} of semi norms defined on X is said to be an associated family of semi norms for 7,
if the family {yU : y > 0}, where

n
U=(Uqg» Ug ={x:pg(x)<1}
i=1

forms a base of neighbourhoods of zero for 7. Let the associated family of semi norms for 7
be denoted as A(7).

Definition 2.2. A family {p, : @ € I} of semi norms defined on X is called an augmented asso-
ciated family for 7 if {p,, : @ € I} is an associated family with the property that the semi norms
max{pg, pp} € {pa : @ € I} for any a, § € I. Let the augmented associated family of semi norms
for T be denoted by A* (7).

Definition 2.3. Asubset M of X is 7-bounded iff each p, is bounded on M.

Remark 2.1. ([9]) If M is a T-bounded subset of X, then a number A, > 0, for each a € I is
selected such that M c 14Uy, where Uy = {x: po(x) < 1}. Clearly B =, A,U, is T-bounded,
absolutely convex and contains M. The Minkowski functional of B is anorm |- ||z on Xp. The
space (X, |l - Il g) is a normed linear space with B as its closed unit ball and

Il xllB =Sgp{pa(%)},

for each x € X3.

Definition 2.4. ([15]) Let M be a nonempty 7-bounded subset of X. The set of best M-
approximants to u € X, denoted as Py (u) is defined by

Py(u) = {y € M: pa(y —u) = disty, (u, M) for all p, € A* (1)},

where dist, (1, M) = inf{pq (x — u) : x € M}.

Definition 2.5. ([3]) Let f and T be two self mappings of a nonempty 7-bounded subset M
of a Hausdorff locally convex space X. The self mapping T of M is said to satisfy Ciric f-
contractive type condition, if there exists real numbers a,b,cwith0<a<1,b=0,a+b=1,
0 < ¢ = n such that

Pa(Tx—Ty) < amax{pa(fx—fy), clpa(fx—Ty)+ pa(fy— T}
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+bmax{py(fx—Tx), pa(fy—Ty)} 2.1)

2+a 2—-a _4 }

for all x, y € M and for each p, € A*(7), where n = min{£Z, =%, 555}
Definition 2.6. A self mapping T of M is said to be uniformly asymptotically regular on M if
for each & > 0, there exists N(¢) = N such that p,(T"x— T""'x) <eforall n= N, and x € M.

Definition 2.7. A self mapping T of a nonempty subset M of a locally convex space X is said
to be

(1) compact, if {x;} is a bounded sequence in M, then {T x,} has a convergent subsequence
{T x;,} in M.
(2) hemicompact, if any sequence {x,} in M has a convergent subsequence whenever p, (x,—

Tx,;)— 0asn— oo.

(3) demiclosed at 0, if for every net {xg} in M converging weakly to x and {Txg} converging
strongly to 0, Tx =0.

Definition 2.8. Two self mappings T and f of X are said to be compatible, if for all p, € A* (1),
lim,, po (T fx, — fTx,) = 0 whenever {x,} is a sequence such that lim, Tx, =lim, fx, = xp €
M.

The following is the definition of subcompatible mappings recently given by Al-Mezel
and Hussain [2] in the setup of locally convex space.

Definition 2.9. ([2]) Let M be a g-starshaped subset of a Hausdorff topological locally convex
space X. Let f and T be two self mappings of M with g € F(f). The self mappings f and T of
M are said to be subcompatible, if

lirrnnpa(fom— Tfxm)=0

for all sequences {x;,} € Sq(f, T) = U{S(f, Tx) : 0 < k < 1} and for each p, € A*(7), where Ti.x =
1-k)g+kTxand S(f, Ty) = {{xp} € M :lim,, fx, =lim, Txx, =t € M = lim, po (f T Xn —
kaxn) =0}

It is well known that subcompatible pair of mappings is a compatible pair but not con-
versely in general which is seen from the following example in the setup of normed linear

space.
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Example 2.1. ([10]) Let X = R with usual norm and M = [1,00). Let fx =2x—1and Tx = x?,
for all x € M. Then M is g-starshaped with g = 1 € F(f). It may be noted that f and T
are compatible mappings as |l fx, — Tx,ll = 0 whenever {x,} is a sequence in M such that
lim, fx, = lim, Tx, = z for some z € M. But f and T are not subcompatible mappings.
Consider a sequence {x,} in M with lim,x, = 2. Then lim fx, = lim, T§ X, =3 € M and
limy [ Tx, T fxnll # 0.

3. Main results

On the same lines of Khan et al. [10], we define “uniformly subcompatible mappings"

with slight modifications.

Definition 3.1. Let f and T be two self mappings of g-starshaped subset M of a normed linear
space X with g € F(f). Define

Sq(fL, T =UJS(f, T : 0 k <1},

where Tix = (1-k)q+ kT"x and S(f; Tx) = {x,} € M : lim, fx,, =lim, Txx, =z€ M =
limy, | f Txxn — Trfxnll = 0}. The self mappings f and T of M are said to be uniformly sub-
compatible, if limy, | f T" x,, — T" f x,,,|| = 0 for all sequences {x,,} € Sq(f, T").

We give an example for “uniformly subcompatible mappings".

Example 3.2. Let X = R with usual norm and M = [0,00). Let two self mappings f and T of M

be defined as
fx= {
if0sx<1

Tx =
4x-3 ifx=1

E]

ifo=sx<1
) ) an
x“—1 ifx=>1

N o

D=

Then M is g-starshaped with g =1 € F(f) and S, (f, T") =U{S(f, Tx) : 0 < k< 1} = {{x,,} : 1 =<
X, <oo}. It may be noted that f and T are uniformly subcompatible mappings. But f and T

are not uniformly R-subweakly commuting.

Now we give the definition of “uniformly subcompatible mappings" in the setup of locally

convex space.
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Definition 3.2. Let M be a g-starshaped subset of a Hausdorff locally convex space (X, 7). Let
fand T be two self mappings of M with g € F(f). Define Sy(f, T") =U(f, Ty) : 0 < k < 1},
where Trx = (1—-k)g+ kT"x and S(f, Ty) = {xpg} € M : lim,, fx,, =lim,, Txx, =z M >
limy, po (f Txxn — Ty f x5) = 0}. The self mappings f and T of M are said to be uniformly sub-
compatible, if

lirrr}lpa(fT”xm —T"fxpn) =0

for all sequences {x,,} € S4(f, T") and for each p, € A* (7).
The following lemma of Kutbi [12] will be needed in the sequel.

Lemma 3.1. ([12]) Let M be a nonempty t-bounded, 1 -sequentially complete and convex sub-
set of a Hausdorff locally convex space (X,1). Let f, T : M — M be compatible self mappings
of M and T(M) < f(M). If T is continuous and Ciric f-contractive type mapping satisfying
inequality (22), then f and T have a unique common solution.

Theorem 3.1. Let T and f be self mappings of a nonempty 1-bounded, T-complete and q-
starshaped subset M of a Hausdorf{f locally convex space (X, ). Suppose that f is A* (1)-non-
expansive and affine w.rt q € F(f) and cl[T(M)] < f(M). If T and f are uniformly subcompat-
ible on M satisfying,

pa(T"x—T"y) < max{pa(fx— fy), cldisty, (fx,[T"y,ql) +dist,, (fy,[T" x, gD}

1-k
+T max{dist,, (fx,[T"x, q]),dist,, (fy,[T"y,qD}, 3.1

forall x,y € M, for each p, € A*(1), n=1,2,3,...,0c0and 0 < c <n and k € (0,1), wheren =
24k 2-k 4
5+k’ 4 ’9+k
conditions hold:

min{ }, then T and f have a common fixed point provided one of the following
(i) cl[T(M)] isT-sequentially compact.

(i) M is weakly compact and f — T" is demiclosed at 0.

Proof. Define a mapping T, as T,x = (1—k,)q+k,T"x for all x € M and for each n = 1, where
{k,} is a sequence of real numbers such that0 < k, <1 and k,, — 1 as n — oo.

As M is g-starshaped, f is affine with respect to g € F(f) and cl[T(M)] < f(M), it follows
that each T, is a well defined self mapping of M and c![T,,(M)] < f(M) for each n. Moreover,
Tnfx=kyT"fx+(Q—kp)gand fT,x=k,fT"x+ (1 —kp)q.

Since f and T are uniformly subcompatible on M, there exists a sequence {x,,} € S4(f, Ty,)
such that lim,, fx;, =lim,, T, x,;, = z € M and which satisfy

linIP Pa(TufXm— fTuxm) = ky linrln Pa(T" fxp— fT"xp,) = 0.
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Thus the pair {T}, f} is compatible for each n=1,2,3,...,00. Further, as T satisfies inequality
(3.1), it follows that

PaTpx—Tpy) = knpa(Tnx_ TnJ/)
< kn[max{pa(fx—fy),c[distpa (fx,[T"y, q1) +dist,, (fy, [T"x, q])]}

1-ky,

+——" max(dist,, (fx, [T"x, q]), dist,, (3, [T"y, qD}]

n

< knmax{pa(fx—fy),c[distpa (fx,[T"y, q)) +dist,, (fy, [T"x, q])]}
+(1— k,,)max{distpa (fx,(T"x, q)), dist,, (fy, [T"y, q])}
forall x,y € M, for each p, € A*(1) and 0 < k, < 1.

(i) As cl[T(M)] is T-sequentially compact, each cI[T,(M)] is also 7-sequentially compact
and hence is 7-sequentially complete. Now the pair (T}, f) satisfies all the conditions
of Lemma 3.1. Hence there exists x, € M such that fx,, = x, = Tyx,=1—kp)q+k,T"xy.
Thus

Xn— Tnxn =(1- kn)(q - Tnxn)- (3.2)
Since M is T-bounded, {T"x,} is a bounded sequence. As k, — 1 as n — oo, it follows
that py (x,, — T"x,) — 0 as n — oo.
As T is uniformly asymptotically regular, there exists N(e) = N such that po(T"x; —
T"*1x,) <eforall n= N. Hence po(T"x, — T"*'x,) — 0 as n — oo, which implies that

Pa(Xn =T %) < paXn—T"x,) + pa(T"x, — T 1 x,) = 0 as n — oco. (3.3)

As {T"x,} is a sequence in cI[T(M — {g})], which is T-sequentially compact, there exists a
subsequence {T"" x,,,} of {T"x,} such that T" x,, — xy as m — oo for some xy € M. More-
over, since k;, — 1 as m — oo, it follows that

Xm=fxm=0-kn)q+kmT" xm — xo as m — oo.

Since f is continuous, x,; = fx;; — fx¢ as m — oco. By the uniqueness of the limit xy =

fJC().

As T is continuous, T x,, — T xy as m — oo. Again by the uniqueness of the limit

lim T™xy = xp (3.4)
m—oo
lim 7" xy = Tx. (3.5)
m—oo

Now, by equations (3.4) and (3.5) and also by the uniformly asymptotically regularity of
T, it follows that

Pa(xo— Txg) < pa(Xo— T™x0) + pa(T™ xg — T x0) + po (T™ xg — Tx9) — 0 as 1 — oo.

Therefore xy = T xo. Thus xy = fxo = T xp.
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(i) Asin (i), there exists x, € M such that T,,x,, = f x, = x5,. Since M is weakly compact, there
exists a subsequence {x,,} of {x,} converging weakly to some xy € M. As f being affine
with respect to g and continuous is weakly continuous and since the weak topology is
Hausdorff, it follows that fxy = xp. Moreover, by inequality (3.2) we have

linr1n Pa(fxXxm—T"xpm) = lirgln PaXm—T"xp) =0.

Now the demiclosedness of (f — T™) at 0 guarantees that (f — T"")xy = 0. Hence xg =
T™x9 = fxo. Proceeding as in (i), we have xy = fxo = Txo. ]

The following corollary substantially improves Theorems of [2], [5], [6] and [13] to the
setup of locally convex space and more general condition than Gregus type condition.

Corollary3.1. Let T and [ be self mappings of a nonempty t-bounded, t-complete and q-
starshaped subset M of a Hausdor{flocally convex space (X, T). Suppose that f is A* (1) -nonexpansive
and affine w.r.t q € F(f) and cl[T(M)] < f(M). If T and f are uniformly subcompatible on M
satisfying,
1-k

pPa(T"x=T"y) < pa(fx—fy) + < max{dist,, (fx,[T"x,ql),dist,, (fy,[T"y,qD}, (3.6)
forall x;y € M, for each py € A*(1), n=1,2,3,...,00, then T and | have a common &ed point
provided one of the conditions (i)—(ii) of Theorem 3.1 hold.

Proof. The proof of the Corollary 3.1 follows by taking ¢ = 0 in Theorem 3.1. g

Theorem 3.2. Let T, f and g be self mappings of a nonempty t-bounded, T -complete and q-
starshaped subset M of a Hausdorf{f locally convex space (X,1). Suppose that T is continuous,
qe€ F(f)NF(g), f and g are A* (1)-nonexpansive and affine w.r.t q. If cl[T (M)] < f(M) (N g(M),
the pairs{T, f} and {T, g} are uniformly subcompatible,

1-k
Pa(T"x=T"y) < pa(fx—gy) + Tmax{distpa (fx,[T"x, q)),dist,, (gy, [T"y, gD}

forallx,ye M, foreach p, € A* (1) andn=1,2,3,...,00, then F(T)NF(f)NF(g) N M is single-
ton provided one of the following conditions hold:

(i) cl[T(M)] ist-sequentially compact.

(i) M is weakly compact and f — T" is demiclosed at 0.

Remark 3.1. Theorem 3.1 and Theorem 3.2 extends very recent result of Al-Mezel and Hus-
sain [2] to the setting of more generalized gregus type condition and extends very recent result
of Akbar and Khan [1] to the setting of generalized asymptotically nonexpansive mappings.
They also generalize main theorems of [2], [9], [12], [14], [17].
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4. Applications to best approximations

Theorem 4.1. Let T and f be two self continuous mappings of a Hausdorff locally convex
space (X,1) withu e F(T)NF(f). Let M be a nonempty subset of X such that TOM\M) < M,
where OM is the boundary of M. Suppose that Py (u) is T-bounded, closed and q-starshaped,
f is A*(1)-nonexpansive and affine with respect to q € F(f) with f(Pp(u)) = Py(w) and T is
uniformly asymptotically regular and satisfy inequality (3.1) on Py(u). If T and f are uni-
formly subcompatible on Py (w) U{u} satisfying po(Tx—Tu) < po(fx—fu), then T and f have
a unique common fixed point in Py;(u) provided

(A cllT(Pp(w))] is T-sequentially compact.

(i) Ppa(u) is weakly compact, T-sequentially complete and f — T" is demiclosed at 0.

Proof. Let x € Pp;(u). Then po(x —u) = dp, (u, M) = inf{pe(y — u) : y € M} for each p, € A* (7).

Forany k € (0,1), pg(ku+ (1 —-k)x—u) = (1-k)pa(x—u) < dp, (u, M). It follows the line
segment {ku+ (1—k)x:0 < k < 1} and the set M are disjoint. Thus x is not in the interior of
M and so x e OM (M. Since T(OM M) < M, it follows Tx € M. Moreover f(Py;(u)) = Ppr(w)
implies fx € Py(u). Asue F(T)NF(f), we have

Pa(Tx—u) < po(Tx—Tu) < po(fx— fu) = pa(fx—u)=dpy, (u, M)

which implies Tx € Py;(u). Hence T (Pys(w)) < Pp(u) = f(Pp(u)). By applying Theorem 3.1,
there exists z € Pys(u) such that z = fz=T=z. (]

Remark 4.1. Theorem 4.1 generalizes main theorems of [2], [9], [12], [14], [17].

Corollary 4.1. Assuming all the conditions of Theorem 4.1 to be same except the mapping T
satisfy inequality (3.6) instead of inequality (3.1), then also T and f have a unique common
fixed point in Py (u).

Proof. Proof. The proof of the Corollary 4.1 follows by taking ¢ = 0 in Theorem 4.1.
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