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NEW INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR FUNCTIONS WHOSE SECOND DERIVATIVES
ABSOLUTE VALUES ARE QUASI-CONVEX

M. ALOMARI, M. DARUS AND S. S. DRAGOMIR

Abstract. In this note we obtain some inequalities of Hermite-Hadamard type for
functions whose second derivatives absolute values are quasi-convex. Applications
for special means are also provided.

1. Introduction

Let f: I C R — R be a convex mapping defined on the interval I of real numbers
and a, b € I, with a < b. The following two inequalities:

hold. This double inequality is known in the literature as the Hermite-Hadamard in-
equality for convex functions.

In recent years many authors established several inequalities connected to this fact.
For recent results, refinements, counterparts, generalizations and new Hermite-Hadamard’s-
type inequalities see [1]-[18].

We recall that the notion of quasi-convex function generalizes the notion of convex
function. More exactly, a function f : [a,b] — R is said to be quasi-convez on [a,b] if

fQz+ A=Ay <max{f(z),f(y)}, Vo,y€lab]. (1.1)

Clearly, any convex function is a quasi-convex function. Furthermore, there exist quasi-
convex functions which are not convex, (see for instance [1]-[5] and [12]).

Recently, D.A. Ton [12] obtained two inequalities of the right hand side of Hermite-
Hadamard’s type for functions whose derivatives in absolute values are quasi-convex
functions, as follow:
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Theorem 1. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with
a <b. If | '] is quasi-convez on [a,b], then the following inequality holds:

fla+fm) 1 [
5 —b_a/af(x)da:

< 2 max {1 @), 1 G

Theorem 2. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a<b. If |f’|p/(p_1) is quasi-convex on [a,b], then the following inequality holds:

fl@+f) 1
‘ —b_a/(lf(x)dx

2

(b—a) / p/(=1) | g1 gy p/ -1\ PP
gw(max{uw AP @

The main aim of this paper is to establish new refined inequalities of the right-hand
side of Hermite-Hadamard result for the class of functions whose second derivatives at
certain powers are quasi-convex functions.

2. Hermite-Hadamard Type Inequalities
In order to prove our main theorems, we need the following lemma [10], [16].

Lemma 1. Let f : I C R — R be twice differentiable mapping on 1°, a,b € I with a <b
and " is integrable on [a,b], then the following equality holds:

b _ a2
f(a);f(b)_bia/af(x)dx_(b 2) /Ot(l_t)f”(ta+(1—t)b)dt.

A simple proof of this equality can be also done integrating by parts twice in the right
hand side. The details are left to the interested reader.

The next theorem gives a new result of the upper Hermite-Hadamard inequality for
quasi-convex functions.

Theorem 3. Let f: I C R — R be twice differentiable mapping on I°, a,b € I with
a <band f" is integrable on [a,b]. If | f"| is an quasi-convez on [a,b], then the following
inequality holds:

fla+fm) 1 [
5 —b_aAf(x)dx

(b—a)®

T3 max{[/" ()], [f" ()]} -

<

Proof. From Lemma 1, we have

b
‘f(a)Jrf(b)_ ! /f(:v)d:c

2 b—a
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—a 2 1
= 0 2 ) /0 t(1—¢)|f" (ta+ (1 —¢t)b)|dt
—a 2 1
< O [t - nmax (7" @11 @) a
< =D i @)1 <b>|}/01t<1_t)dt
(b o

= max{[/" (@l [f/" (O}

which completes the proof. O

The corresponding version for powers of the absolute value of the second derivative
is incorporated in the following result:

Theorem 4. Let f: I C R — R be twice differentiable mapping on I°, a,b € I with

a < b and f" is integrable on |a,b]. If |f”|p/(p_1) is quasi-convezx on |a,b], for p > 1,
then the following inequality holds:

fla+fe) 1 [
’ 5 —b_a/af(:zr)d:c

—a)? 7\ /P e
< (b 3 ) (i) (1—‘(1—"1;)) (max{|f” |q |f// )|Q})1/q

where ¢ =p/(p — 1).

Proof. From Lemma 1 and using the well known Hoélder integral inequality, we have
successively

21
”a 1-— d
< /Ot D1 (ta + (1 - t)b)| dt

</01 )UP </ |f" (ta+ (1—1)b )|"dt>l/q

—op 1/p .
<2 \/_F 1+p)> (max {| £ (a)|*, | £ (0)]"}) /a

( ) £ e ( p) v ma: // q // a1\ 1/
L) ((5 ) s (7 117 017
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where 1/p41/g = 1. We note that, the Beta and Gamma functions (see [7], pp 908-910),
are defined respectively, as follows:

1
By = [ e @ -0 e a0
0

and -
T(x) = / et dt, x>0
0

are used to evaluate the integral

1 1
/ (t—tz)pdt:/ tPA-t)Pdt=p{p+1,p+1)
0 0

Using the properties of Beta function, that is, 3 (z,z) = 2'72%43 (%,:1:) and f§(z,y) =

I'(z)T'(y)

Taty) » WE can obtain that

Bp+1,p+1)=2'" 2<p+1>5( p+1) 2%

where I' (1) = /7, which completes the proof. O
A more general inequality is given using Lemma 1, as follows:

Theorem 5. Let f: I C R — R be twice differentiable mapping on I°, a,b € I with
a < b and f" is integrable on [a,b]. If |f"|? is an quasi-convex on [a,b], ¢ > 1, then the
following inequality holds:

fla+fm) 1 [
} 5 —b_a/af(x)d:c

Proof. From Lemma 1 and using well known power mean inequality, we have

f();Lf —a/f

(b—a)*
= 12

(max{|f” |q |f” )|Q})1/q

g(b 2) /0t(l—t)|f”(ta+(1—t)b)|dt

a)’ (/01 t—t? dt)l . (/01 (t—t2)|f”(ta—|—(1—t)b)|th>

B R
(b

- ) // q // g\ 1/a
= LD s {7 (@) 17 7))

1/q

I /\

I /\
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which completes the proof. 0

3. Applications to special means

We consider the means for arbitrary real numbers «, 5 (« # 3). We take

1. Arithmetic mean:

A(a,ﬁ)—a;ﬁ, o, € R.
2. Logarithmic mean:
L(f) = 20— [a| # 18, .8 #£0, 0B € R
O[, _1n|a|_1n|6|7 o ,Oé, ,O[, .

3. Generalized log-mean:
6714-1 _ an-i—l
(n+1)(8-a)

Now, using the results of Section 2, we give some applications for special means of
real numbers.

L) = | ﬁ,nez\{—l,O},a,ﬂeR,a#ﬁ-

Proposition 1. Leta,b € R, a <b andn € N, n > 2. Then, we have
n(n—1)

n _ n o pny| <
12 (a,D) — A", b)) <

(b — a)? max{|a|"_2 : |b|"—2} .

Proof. The assertion follows from Theorem 3 applied to the quasi-convex mapping
f(x)=2a" z€R. O
Proposition 2. Let a,b € R, a < b and 0 ¢ [a,b]. Then, for all p > 1, we have

|L_1 (a,b) — A(a™", b_l)‘

1/p 1/p
< ST (FE) ey

Proof. The assertion follows from Theorem 4 applied to the quasi-convex mapping
f(x)=1/z, x € [a,b]. O

Proposition 3. Leta,b e R, a <b andn € N, n > 2. Then, for all ¢ > 1, we have

n n n(n—1 e . 1/q
2 a.0) — 4% (@,5) < "1 (6 0 (mae {jaf im0y 21

Proof. The assertion follows from Theorem 5 applied to the quasi-convex mapping
f(z)=2a" ze€R. O
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