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Quenching estimates for a non-Newtonian
filtration equation with singular boundary

conditions

Matthew Alan Beauregard and Burhan Selcuk

Abstract. This study concerns with the quenching features of solutions of the non-
Newtonian filtration equation. Various conditions on the initial condition are shown
to guarantee quenching at either the left or right boundary. Theoretical quenching
rates and lower bounds to the quenching time are determined for certain cases.
Numerical experiments are provided to illustrate and provide additional validation
of the theoretical predictions to the quenching rates and times.
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1 Introduction

Nonlinear evolution equations are ubiquitous in mathematical models describing various scientific
phenomena. Evolution equations that form a singularity in finite time only within a temporal
or spatial derivative are said to quench. This is in contrast to blow-up phenomena where a
singularity forms in the solution itself. As an example, in solid-fuel combustion, a finite time
singularity occurs in the rate of change of temperature or pressure reaches a critical, yet finite,
threshold that results in ignition. Determining the time for which quenching may occur is both a
difficult numerical and theoretical question. In [10], Kawarada introduced the quenching problem
to the literature in the study of a one-dimensional heat equation with a nonlinear source term and
Dirichlet boundary conditions. The equations proposed have become known as the Kawarada
equations and its extensions have been a point of interest of both numerically [1, 8, 16] and
theoretically [6, 7, 5, 14, 18, 20]. The equations and its extensions serve as fruitful arena to
explore numerical and theoretical constructs that aid in deepening understanding of nonlinear
evolution equations in totality. In this paper, the effect of a singular boundary condition is
analyzed. Theoretical estimates to the quenching time and location can be determined based on
basic requirements on the initial conditions.
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Consider the nonlinear diffusion equation with singular boundary conditions:

(o)) = (Jug| > up)e, 0 <z <a, 0<t<T,
(0,8) =u™P(0,1), us (a,t) = (1 —u(a,t))79, 0 <t <T, (L.1)
):Uo(ﬂf), OSLESCL,

where ¢(s) is a properly smooth and strictly monotone increasing function with ¢(0) = 0, ¢(1) =
1 and ¢'(s) < 0. p, q are positive constants, > 2 and T < oo and the initial function ug(x) is a
non-negative smooth function providing the compatibility conditions:

ug (0) = ug *(0), ug (a) = (1 — ug(a)) ™.

In the situation, ¢(u) = u'/™ (0 < m < 1), (1.1) is well-known as the standard non-Newtonian
filtration equation that attempts to model non-stationary fluid flow through a porous medium
where the tangential stress of the fluid’s displacement velocity, u, has a power dependence under
thermodynamic expansion and compression as a conclusion of heat transfer [12, 13, 19]. The
singular boundary conditions model a nonlinear radiation law at the boundary and is prevalent
to polytropic filtration equations [11, 12, 13, 19]. Notice that if u(a,t)1 then a singularity occurs
at the right boundary condition. More precisely, we say that u(z,t) quenches if and only if we
have:
lim min{u(z,t):0 <z <a} —0or lim max{u(z,t):0<x<a} — 1.
t—=T— t—T—

In the rest of the study, the quenching time of (1.1) is demonstrated as T

As is well known, when ¢(u) = uw and r = 2, the equations turn into the heat equation. In
[15] Selcuk and Ozalp examined the following problem to determine quenching criteria:

U = Upy, 0<x <0, 0<t<T,
ug (0,t) = u=P(0,t), ug (a,t) = (1 —ula,t) 9 0<t<T, (1.2)
u(x,0) =ug(x), 0<z<aq,

In [15], it was shown that:

1. If ug(z) satisfies ugz,(x) < 0, then lir%l u(0,t) — 0 and u(0,t) blows up in finite time and
t—=T—

the quenching location is at = 0;

2. If uo(x) satisfies ugy(z) > 0 then quenching will occur at z = a.

In this paper, new theoretical estimates are derived for quenching rates for (1.2). In addition,
we provide necessary conditions that guarantee quenching at a boundary location for a more
general ¢(u) and r > 2 for (1.1).

In the following, the initial condition may satisfy either of the two conditions:

0,0 <z <a, or (1.3)
Uz (2, 0) 0,

>
< 0<z<a. (1.4)
Additionally, the initial condition is assumed to satisfy:

uz(z,0) > 0,0 <z < a. (1.5)

In this paper, the combined assumptions on the initial conditions will be shown to guarantee that
quenching occurs in finite time.
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Chan and Yuen [5] investigated a comparable problem with a slight change in the boundary
conditions:

Up = Ugy, N Qv
Uy (07t) = (1 - u(()?t))*P’ Ug (a7t) = (1 - u(avt»iqv 0<t< T7
’U/(.CL‘7O) ZUO(x)? 0 < g (.17) <1, in D>

where a, p, ¢ > 0,T < o0, D = (0,a), Q =D x (0,7). In [5], they showed that if the initial
condition is a lower solution then u(x,t) quenches and x = a is the unique quenching point. A
bound to the quenching time was not determined.

In [14], Selcuk and Ozalp examined the equations:

U =Uge + (L —u) P, 0<z<], 0<t<T,
ug (0,8) =0, uy (1,8) = —u~9(1,t), 0 <t < T,
u(z,0)=ugp(x), 0<up(z)<l, 0<z<I.

It was shown that if u (x,0) satisfies w4 (z,0)+ (1 — u(z,0)) " > 0 and u,(z,0) < 0 then x = 0 is
the quenching point and that lim;_,p- «(0,t) — 1 for finite 7. Moreover, Selcuk and Ozalp were
able to determine a theoretical estimate to the quenching rate, u:(x,t), as the quenching time is
approached. A lower bound for the quenching time was also determined.

In [12], Li and et.al. focused the quenching problem for non-Newtonian filtration equation
with a singular boundary condition:

(W) = (Jue| *ta)s, 0<z <1, 0<t<T,
(0,8) =0, ug (1,1) = —g(u(1,1)), 0 <t <T, (1.6)

where 1 (u) is a monotone increasing function with ¥(0) = 0, p > 1, g(u) > 0, ¢'(u) < 0 for
k > 0, and lim,_,o+ g(u) = co. They showed that 2 = 1 is the only quenching point in finite
time under proper conditions, Further, they obtained a quenching rate and gave an example of
an application of their results.

In this paper, the quenching problem, (1.1), exhibits two types of singularity terms: the
boundary outflux sources 4P and (1—u)~%. Motivated by problems (1.2) and (1.6), we investigate
the quenching behavior of (1.1). Building on the research in [15], several open questions are
further addressed, in particular:

What are the sufficient criteria that guarantees quenching?

What are sharp estimates to the quenching rate?

What are the estimated quenching times?

= W =

Where in the domain is quenching guaranteed to occur?

This paper is arranged as follows. In Section 2, it is shown that the solution quenches in finite
time T and lim |ut(a,t)] = oo or lim wu(a,t) — 1 and & = a is the only quenching point. This is
t—T— t—T—

shown to occur when (1.3) or (1.4), respectively, for > 2. In Section 3, estimates based on lower
bounds to the quenching rates are obtained for u; near the quenching time for ¢(u) = u and r = 2.
Section 4 details the development of the finite difference numerical approximation. The numerical
experiments provide experimental validation to our theoretical results shown in Section 3. We
highlight our main results in our conclusions in Section 5.
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2 Quenching for the non-Newtonian filtration equation

For clarity, we rewrite (1.1) into the following form:

w = Bu)(Jug|  tg)e, 0 <z <a, 0<t<T,
uz (0,¢) =u=?(0,1), uz (a,t) = (1 —u(a,t))79, 0 <t <T, (2.1)
u(z,0)=up (z), 0<z<a,

where r > 2, B(u) = 1/¢'(u) and ¢'(u) # 0 for u > 0.

Lemma 2.1.

(a) Assume that (1.5) holds. Then, uy(x,t) >0 in (0,a) x (0,Tp).
(b) Assume that (1.4) holds. Then, u,(z,t) <0 in (0,a) x (0,Tp).
(c) Assume that (1.3) holds. Then, us(x,t) >0 in (0,a) x (0,Tp).

Proof.
(a) Let z(z,t) = ug(x,t). Then, z(z,t) satisfies
2= Bw)(|2]" 7% 2)ae + B'(w)z(|2]""* 2)s, 0 <z <a, 0<t< Ty,
z(0,t) =uP(0,t), z(a,t) = (1 —u(a,t))"%, 0<t<Tp,
2 (2,0) = ug(x).
With the help of the Maximum Principle, we have z > 0 and for this reason u,(z,t) > 0
in (0,a) x (0,Tp).
(b) Let w(x,t) = us(x,t). Then, w(x,t) satisfies on 0 < z < a and 0 < ¢t < Tp:

Wt = B/(u)(‘uwlr_z uw)ww + (T - 1)B(u)(|um|r_2 ww)xa

and
wy (0,) = —pu=P71(0,H)w(0,t), 0 <t < Ty,
wy (a,t) = q(1 —u(a,t)) "9 w(a,t), 0 <t < T,
’ r—2 ’
w (z,0) = B(ug (x)) (‘uo(x)’ uo(x)) ,0<z <a.
With the help of the Maximum Principle, we have w < 0 and for this reason u:(z,t) < 0
in (0,a) x (0,Tp).

(¢) In like manner, ug(z) supposes (1.3), then using the above proof we obtain u:(z,t) > 0 in
(07 a) X (Oa TO)'

O
Theorem 2.1.

(a) The solution u of (2.1) quenches at a finite time (T'), quenching phenomenon occurs x =0
point and u.(0,t) blows up at T with the help of (1.4) and (1.5).

(b) The solution u of (2.1) quenches at a finite time (T), quenching phenomenon occurs x = a
point and u(a,t) blows up at T with the help of (1.3) and (1.5).
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Proof.
(a)

Suppose that (1.4) is provided.We have u¢(x,t) < 0 in (0,a) x (0,Tp) with the help of
Lemma (2.1(b)). Furthermore, by (1.4):

w=—(1—-u(a,0)” 7D 44 P=1 (0, 0) > 0.

We use the following auxiliary function to prove the theorem:

A(t) = /Oa¢(u(x,t))dx,0 <t<T.

Then

AT (1) = (1= u(a,0) 1D —u P07 (0,1) < —w,
by u¢(z,t) < 0in (0,a)x(0,Ty). Hence, A (t) < A(0)—wt; which signifies that A (Ty) = 0 for
some Ty, (0 < T < Tp) which signifies u quenches in finite time.

Now, from our assumption of r > 2 and ¢(u) is an increasing function, and Theorem 2.1
(a) and b, we obtain

(P(u))e = (‘ux|ri2 Ug)e — ¢ (wuy = (r — 1)“2721%1
¢’ (w)uy

——s < 0.
(r — 1)ub 2

—  Uggy =
Thus, we get u, is a decreasing function and since u,(a,t) = (1 —u(a,t))™? > 1, uy(z,t) >
1in (0,a) x (0,T). If we integrate the above inequality, we have

u(n,t) > u(0,t) +n > 0.

where i € (0,a). So u does not quench in (0, a].
Assume that u; is bounded in [0,a) x [0,T") and M is a positive constant. Hence, we obtain
uy > —M, that is

Bu)(Jue] " ug)e > —M.
@'(s) is not increasing since ¢”(s) < 0. Further, let o and 7, which supply 0 < 7 <v < 11in
[0,0] x [0,T), then, B(u) L~ > B(7). Then the inequality becomes,

T VW
(el e > F > g
@ > g
since ug(x,t) > 0 in (0,a) x (0,Tp). If we integrate the above inequality, we have
(1= u(a,))"=D9 — y==Dp( ) > ;(‘f‘;

Of course, the left-hand side tends to negative infinity, while the right-hand side is finite
where t — T~. Hence, a contradiction persists in the assumption that w; is bounded.
Therefore, u; blows up at the quenching time 7" and the quenching point x = 0.

A similar proof as in part (a) can be established to show that quenching occurs only at the
boundary & = a and u; blows up at the quenching time given that (1.3) and (1.5).

O
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3 Quenching rates of the heat equation

In this section, theoretical estimates to the quenching rates and lower bounds to the quenching
time in (1.2) are established. Presently, we consider the case ¢(u) = uw and » = 2 in (1.1). Let us
assume one of the following conditions on the initial condition’s spatial derivative:

Ug(x,0) > —(1 — u(x,0))79, 0<z<a, or (3.1)

IS

—~

- x)u_p(amO), 0<z<a. (3.2)

1702
u(2,0) 2

Theorem 3.1. If ug(x) satisfies condition (1.3), that is, the initial condition is not concave
down, then there exists a positive constant C7 such that

ua,t) < 1—Cy(T —t)/(2at2)

for t sufficiently close to the quenching time T'.

Proof. Let us define an auxiliary function:
M(xat) = Ut — 5Q(1 - u)iqiluma

in [0,a] x [r,T) where 7 € (0,T) and J is a positive constant to be specified later. It was proven
in [15] that u; > 0 and uy > 0 in (0,a) x (0,T). M(z,t) supplies

My = My = 8q(q +1)(q +2)(1 =) ™" ug + 28¢(q + 1)(1 = u) ™" 2ugu; > 0,
where (z,t) € (0,a) x (7,T). Also, if we choose § a small enough then M(z,7) > 0 for z € [0, al,

and M(0,t) > 0, M (a,t) > 0 for ¢t € [r,T). Hence, we get M (z,t) > 0 for (z,t) € [0,a] x [7,T)
with the help of the maximum principle. From here, the following inequality is obtained

Putting « = a, we get
ug(a,t) > 6q(1 — u(a,t)) 2471

Integrating over t from t to T gives,
w(a,t) <1—Cy(T —t)1/(2a+2),

where Cy = (20q(q + 1))"/ 472, O

If we provide the additional condition on the spatial derivative of the initial condition then
we can obtain a lower bound to the value at the right boundary. This is encapsulated in the
following theorem.

Theorem 3.2. If ug(x) satisfies conditions (1.3) and (3.1) then there exists a positive constant
Cs such that
u(a,t) > 1—Co(T — t)l/(2q+2)7

for t sufficiently close to the quenching time T.
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Proof. Let us define an auxiliary function:
Jat)=u, = =(1=w)7, (2,1) € [0,a] x [0, 7).
Then, J(x,t) supplies
1 —q-1 —q-2,2
Ji — Jpw = p (2¢(1 —u)" "ty +2q(g+ 1)1 —u) "7 %u) .

J(x,t) cannot acquire a negative interior minimum since wu,(z,¢) > 0. On the other hand, by our
condition (3.1) we have J(z,0) > 0 and

J(0,8) = uwP(0,¢) > 0, J(a,t) =0,

for a < 1and t € (0,7). By the maximum principle, we obtain that J(z,t) > 0 for (z,t) €
X

[0,1] x [0,T). Therefore,
Jz(a,t) = lim Ja,t) = Ja=ht) = lim —Ja=ht) <0.
h—0+ h h—0t h

Subsequently,

Je(a,t) = uge(a,t) — l(1 —u(a,t))"?—q(l— u(a,t))*zqf1

a
= w(a,t) — l(1 —u(a,t))"?—q(1— u(a,t))*qul <0
a

and

wi(a,t) < @(1 ~ u(a, )20,

Integrating over t from t to T yields
u(a, t) > 1 — Co(T —t)Y/(2a+2),

1/(2q+2)
} . 0

a

Where 02 = [M

Corollary 3.3. Given Theorems (3.1) and (3.2). Then as the quenching time is approached the
quenching rate of the solution can be estimated as

1
w(a,t) ~1— (T — )20+ 1)

FEquivalently,
In(1 — wu(a,t)) 1

~

(T —t)  2(q+1)

In addition, a lower bound for the quenching time can be calculated. From Theorem (3.2), we

have
a(l —ug(a))*+?

T 2qa+ 1) (g +1) ~

In the following, we assume the initial condition satisfies condition (1.4). This condition
guarantees quenching will occur at the left boundary, = 0. Hence, we seek quenching estimates
to the quenching rate of the solution.
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Theorem 3.4. If ug(z) satisfies condition (1.4), that is, the initial condition is not concave up,
then there ezists a positive constant Cs such that

u(0,t) > Cy(T — 1)/ 20+,

for t sufficiently close to the quenching time T.

Proof. Define
M(z,t) = s + opu P ruy, (x,t) € 10,a] x [1,T)

where 7 € (0,7T) and § is a positive constant to be specified later. It was shown in [15] that since
uy < 0 and u, > 0 in (0,a) x (0,T) then M(x,t) satisfies

M; — Myy = —6p(p+ 1)(p + 2)uP73u3 + 26p(p + 1)u"P " 2uzus < 0,

for (z,t) € (0,a) X (7,T). Furthermore, if ¢ is small enough, then M(z,7) < 0 for = € [0,d]
and M(0,t) < 0, M(a,t) < 0 for t € [1,T). Therefore, by the maximum principle, we obtain
that M(x,t) <0 for (x,t) € [0,a] x [, T). Subsequently, u;(x,t) < —6pu=P " tu,(z,t) for (z,t) €
[0,a] x [r,T). This means, at x = 0 we have:

ug (0,1) < —dpu~2P71(0,1).
Integrating over t from ¢ to T yields,
u(0,t) > Co(T — t)M/ 2P +2)]
where C3 = (2dp(p + 1))1/(2p+2). O

Theorem 3.5. If uo(x) satisfies both (1.3) and (3.2) then there exists a positive constant Cy
such that
u(0,t) < Cy(T — 1)/ 2P+,

for t sufficiently close to the quenching time T'.

Proof. Define

(a —z)

J(x,t) = uy — u™P, (z,t) €[0,a] x [0,T).

a
Then, J(z,t) satisfies

1
Jt_']a:x =

— (2pu™ M + (= 2)p(p + 1)(1 = w) TP g) .

Since u, > 0, then J(x,t) cannot attain a negative interior minimum. On the other hand, by the
assumed condition (3.2), then J(x,0) > 0 and

J(0,8) =0, J(a,t) = (1 — u(a,t)) " > 0,

for t € (0,T). Therefore, by the maximum principle, we obtain that J(x,t) > 0 for (z,t) €
[0,1] x [0,T). As a result,

. J(h,t) = J(0,1) .
+(0,t) = lim ————"2> =1
J2(0,7) hgg+ h hgg+ h
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This yields
1
Jz(0,1) = ug(0,t) + Eu_p(O,t) +pu= 2710, 1)
1
= ug(0,) + —uP(0,t) + pu2P1(0,£) > 0
a

and

ur(0,8) > ~ P g
a

Integrating from ¢ from t to T gives

u(0,1) < Ca(T — 1)/ ),

O

a

where Cy — [W] 1/(2p+2).

Corollary 3.6. Given Theorems (3.4) and (3.5). Then as the quenching time is approached the
quenching rate of the solution is estimated as

u(0,t) ~ (T — )"/ P2
Equivalently,
In(u(0,t)) 1
In(T'—t) 2(p+1)
In addition, a lower bound for the quenching time is established from Theorem (3.5), namely,
_aug(0))**2
P 2pa+D(p+1) T

for quenching time T'.

3.1 Initial Conditions Examples

It is clear, that the estimates for the quenching rates and times rely heavily on properties of the
initial condition. Here, we provide initial functions that satisfy the boundary conditions while
simultaneously satisfying either conditions (1.3) and (3.1) or ((1.4) and (3.2).

Consider the initial condition,
1
ug(x) = 1—1—41'4-41'2, 0<z<a. (3.3)

where a = 1/8. Let p =1 and ¢ = log;4,5(5). Since the initial condition is concave up throughout
its entire domain then clearly condition (1.3) is satisfied. In addition, a straightforward calculation
shows that the left boundary condition is satisfied, namely,

1
U()(O)p

up(0) =4 =

At the right boundary we have u{, (3) =5 and

1
8

In Fig. (1(a)) it is seen that the condition (3.1) is satisfied.
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@ . (0) ,
45 1 350 uo'(x)
4 uy'(x)
3l
35
3 25
>25 > 2

(ax)au_(x)P
2 o
15
15 a]
x/a (1-u0(x)) 1
’ ]
05 057
0 ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
0 002 004 006 008 01 012 0 002 004 006 008 01 012
X X

Figure 1: (a) A graph of u(z) (RED) and £(1—wug(z))? (BLUE) for ug(z) = 1 —4z—422.
It is clear that ug(x) > £(1 —ug(x))™? is satisfied throughout the domain 0 < x < 1/8.
(b) A graph of uf(z) (RED) and “=%(ug(z))? (BLUE) for ug(z) = 1 + 4z — 222, It is
clear that ug(x) > 2% (ug(x)) P is satisfied throughout the domain 0 < 2 < 1/8.

In light of the initial condition (3.3) and by Corollary (3.3) we have a lower bound to
quenching time. Namely:
(3/16)*""

T, = ~ 4.0002 x 107°.
! 16 (3¢ +1) (¢+1)

Similarly, if the initial condition is

1
uo(x):1+4x—2m2, 0<z<a. (3.4)
where a = 1/8. Let p = 1 and ¢ = logss /9 (%) Since the initial condition is concave down

throughout its entire domain then clearly condition (1.4) is satisfied. It is clear that the left
boundary condition is satisfied. At the right boundary we have uf (%) = (1 — ug (%))7(1 = % In
Fig. (1(b)), we see that condition (3.2) is satisfied. Furthermore, by Corollary (3.6) we have a

lower bound to quenching time. Namely:

1
T,=—— ~1.0851 x 107°.
= 9216 8

4 Numerical Approximation and Experiments

Let z; = jhfor j = 0,...,N+1and h = a/(N +1). Let t} = ty—1 + Th—1, where 7,1
is the temporal step. Let u;(t) be the approximation to u(z;,t). Define the vector @(t) =
(ug(t),ur(t),...,un(t),uns1(t)) ", where i#(0) is created from evaluating the initial condition at
the grid points. Central difference approximations are utilized at each grid point to create the
semidiscretized equations approximating (1.2), namely,

R2i(t) = F(a(t)), (4.1)
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where F = (Fy, ..., Fn41) with components defined as
2h
2 — =2 k=0
uy + (UO)p Uo
Fi. = Up—1 — 2Uf + Uk+1 k=1,2,...,N (42)
2h
2UN+ —2’U,N+1 k=N+1

(1 —unt1)?

Define ¥, as the approximation to #(t) at time ¢ = t,,. Then, the solution is advanced through
a second order accurate Crank-Nicolson scheme [17]:

Umt1 = Um + NM(F(gm+1) + ﬁ(gm)), (4.3)

where i, = 7,,/(2h?). The scheme is overall second order accurate, however, due to the singular
boundary conditions the equations are stiff and it is known that unless 75 is sufficiently small
then the method may manifest a reduction in the order of temporal convergence [9]. With this
in mind, we expect the method to be overall first order accurate for modest temporal steps. It
is common to approximate ¥,,4+1 in the right hand side by a first order Euler approximation,
U1 = Uy + 2,umﬁ (V). This maintains the overall accuracy of the scheme and creates a
semi-explicit scheme for efficiency in computations [2]. The spatial grid is fixed throughout
the computation, however, adaptation may occur in the temporal step. Temporal adaption for
quenching problems is critical to ensure accuracy in the quenching time. An arc-length monitoring
function for 4 is used to adapt the temporal step. Define

8’&1‘ 82ui 2
m; <8t’t> =4/1+ ( 92 ) , (x,t) €[0,a] x (0,T]

for i =0,...,N + 1. The monitoring functions, m;, monitor the arc-length of the characteristic
at node x;. Subsequently, as quenching is approached the temporal derivative grows beyond
exponentially fast, therefore the arc-length will grow [3]. Therefore, we choose the temporal step
such that the maximal arc-length between successive approximations at [tx—2,tx—1] and [tx_1, ti]
are equivalent. Pragmatically, this leads to the equation for the temporal step:

22 pmind |(2H) (2w o f(owy (owy T
A ot ), | ot ), ot ), ot )i

for k=2,..., and given the initial times steps of 75 and 7.

In the following experiments, we look to verify the second order convergence rate of the
numerical routine. Assume that ¢ < T. Let ¥, be the approximation to @(7) for a fixed temporal
step 7. Then, the maximum absolute difference between the numerical solution and « at time
is max |0, — @| &~ C7P, where C' is some positive constant and p is the order of accuracy of the
temporal scheme. Consider creating a new approximation with a temporal step 7/2, then at each

grid point,
. . r\? Ch?
Gp-il ~ c(3) =5
o W — 1)
~ 5
for i =0,...,N + 1. Rearranging, yields an expression to estimate the order of accuracy,

PR (|(|gj;2__ﬁ%)l>
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This generates an approximate convergence rate at each grid point x;. In the majority of appli-
cations  is unknown. Hence, a numerical solution with a relatively fine temporal step is used to
estimate the rate of the underlying cauchy sequence [4].

Consider the initial condition (3.3), where a = 1/8, p = 1, and ¢ = log;4,3(5). We choose
7 =10"% and h = .01. In such case, we estimate the convergence rate of 1.013. Therefore, a
reduction in the temporal order of convergence is manifested. To estimate the quenching time
and rates, we run the simulation with A = .001 and 79 = 7, = 107%. We adapt the temporal
step but require 7, > 107%. The quenching time is numerically determined to be approximately
T =~ 1.9037 x 103 which is greater than our estimated lower bound of 4 x 10=°. A loglog plot of
1—u(1/8,t) versus T —t is shown in Fig. (2(a)). A least squares approximation suggests a slope
of approximately 0.253286153170844. The theoretical estimate was predicted to be 0.255.

(@) (b)

10° ‘ : 10°
© =
- S
510 =10
= i<}
IS

1072 : : 1072 :

108 10°® 10 1072 108 10 10 1072
In(T-t) In(T-t)

Figure 2: Loglog plots of the numerical observed (a) 1 — u(a,t) and (b) w(0,t) versus

T —t. The red curves in each subplot provide a loglog of (a) (T — t)Y/2@+1) and (b)
(T — t)l/(2(p+1)) )

Next, consider the initial condition (3.4), where a = 1/8, p = 1, and ¢ = logs,/9(7/2).
Again, we run the simulation with A = .001 and 79 = 7 = 107%. We adapt the temporal
step but require 7, > 107%. The quenching time is numerically determined to be approximately
T ~ %1072 which is greater than our estimated lower bound of 1.0851 x 107°. A loglog plot of
u(0,t) versus T — t is shown in Fig. (2(b)). A least squares approximation suggests a slope of
approximately 0.244301262418202. The theoretical estimate was predicted to be 0.25.

5 Conclusions

In this paper, a quenching problem with nonlinear boundary conditions are investigated. Certain
conditions on the positivity, concavity, and the first derivative of the initial condition lead to the-
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oretical lower bound to the quenching time, in addition to asymptotic estimates to the quenching
rate. Numerical experiments provided additional validation of the pragmatic application of the
theoretical analysis. We found that the experimental quenching time, 7', was later than our
predicted lower bound. Further, the experiments suggested quenching rates that were within 1%
of the predicted asymptotic quenching rates.

References

1]

2]

M. A. Beauregard, M. A., Numerical solutions to singular reaction diffusion equation over
elliptical domains, Applied Mathematics and Computation, 254 (2015), 75-91.

M. A. Beauregard and Q. Sheng, An adaptive splitting approach for the quenching solution
of reaction-diffusion equations over nonuniform grids, Journal of Computational and Applied
Mathematics, 241 (2013), 30-44.

M. A. Beauregard and Q. Sheng, Explorations and expectations of equidistribution adapta-
tions for nonlinear quenching problems, Advances in Applied Mathematics and Mechanics,
5 (2013), 407-422.

M. A. Beauregard, J. Padgett and R. D. Parshad, A nonlinear splitting algorithm for
systems of partial differential equations with self-diffusion, Journal of Computational and
Applied Mathematics, 31 (2017), 8-25.

C. Y. Chan and S. I. Yuen, Parabolic problems with nonlinear absorptions and releases at
the boundaries, Applied Mathematics and Computation, 121, 203-209, 2001.

C. Y. Chang and L. Ke, Parabolic quenching for nonsmooth convex domains, Journal of
Mathematical Analysis and Applications, 186 (1994), 52-65.

C. Y. Chan, A quenching criterion for a multi-dimensional parabolic problem due to a
concentrated nonlinear source, Journal of Computational and Applied Mathematics, 235
(2011), 3724-3727.

H. Cheng, P. Lin, Q. Sheng and R. C. E. Tan, Solving degenerate reaction-diffusion equations
via variable step Peaceman-Rachford splitting, SIAM Journal of Scientific Computing, 25
(2003), 1273-1292.

W. Hundsdorfer, Unconditional convergence of some Crank-Nicolson LOD method for
initial-boundary value problems, Mathematics and Computation, 58 (1992), 35-53.

H. Kawarada, On solutions of initial-boundary problem for u; = wg, + ﬁ, Publications

of the Research Institute for Mathematical Sciences, 10 (1975), 729-736.

Z. Li and C. Mu, Critical exponents for a fast diffusive polytropic filtration equation with
nonlinear boundary flux, Journal of Mathematical Analysis and Applications, 346 (2008),
55-64.

X. Li, C. Mu, Q. Zhang, and S. Zhou, Quenching for a Non-Newtonian Filtration Equation
with a Singular Boundary Condition, Abstract and Applied Analysis, 2012 (2012), Article
ID 539161, doi:10.1155/2012/539161.



14

M.A. Beauregard and B. Selcuk

[13]

[14]

[15]

[16]

Y. Mi, X. Wang and C. Mu, Blow-up set for the non-Newtonian polytropic filtration
equation subjected to nonlinear Neumann boundary condition, Applicable Analysis, 92
(2013), 1332-1344.

B. Selcuk and N. Ozalp, The quenching behavior of a semilinear heat equation with a
singular boundary outflux, Quarterly of Applied Mathematics, 72 (2014), 747-752.

B. Selcuk and N. Ozalp, Quenching behavior of semilinear heat equations with singular
boundary conditions, Electronic Journal of Differential Equations, 311 (2015), 1-13.

Q. Sheng and A. Q. M. Khaliq, A revisit of the semi-adaptive method for singular degenerate
reaction-diffusion equations, East Asian Journal on Applied Mathematics, 2 (2012), 185-203.

J. C. Strikwerda, Finite difference schemes and partial differential equations, Wadsworth
Publ. Co., Belmont, CA, ISBN: 0-534-09984, 1989, 112-134.

N. Ozalp and B. Selcuk, The quenching behavior of a nonlinear parabolic equation with a
singular parabolic with a singular boundary condition, Hacettepe Journal of Mathematics
and Statistics, 44 (2015), 615-621.

Z. Wang, J. Yin, and C. Wang, Critical exponents of the non-Newtonian polytropic filtration
equation with nonlinear boundary condition, Applied Mathematics Letters, 20 (2007), 142—
147.

Y. Zhi and C. Mu, The quenching behavior of a nonlinear parabolic equation with a
nonlinear boundary outflux, Applied Mathematics and Computation, 184 (2007), 624-630.

Matthew Alan Beauregard Department of Computer Science, Stephen F. Austin State
University, Nacogdoches, TX, 75962, USA

E-mail: beauregama@sfasu.edu

Burhan Selcuk Department of Computer Engineering, Karabuk University, Karabuk, 78050,
Turkey

E-mail: bselcuk@karabuk.edu.tr


mailto:beauregama@sfasu.edu
mailto:bselcuk@karabuk.edu.tr

	Introduction
	Quenching for the non-Newtonian filtration equation
	Quenching rates of the heat equation
	Initial Conditions Examples

	Numerical Approximation and Experiments
	Conclusions

