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THE SEQUENCE SPACE F(X, f,p,s) ON SEMINORMED SPACES

VINOD K. BHARDWAJ AND INDU BALA

Abstract. The object of this paper is to introduce the vector valued sequence
space F'(Xg, f,p,s) using a modulus function f. Various algebraic and topological
properties of this space have been investigated. Our results generalize and unify
the corresponding earlier results of Ghosh and Srivastava [4], Maddox [10].

1. Introduction

Ruckle [13] used the idea of a modulus function f (definition given below) to construct

a class of FK spaces
L(f) = { EDIFAA) <oo}
k=1

He gave a negative answer to Wilansky’s question: Is there a smallest FK space in
which the set {e1, ea,...} of unit vectors is bounded?

The space L(f) is closely related to the space {1 which is an L(f) space with f(x) =
for all real > 0.

The idea of modulus was structured in 1953 by Nakano [12]. Following Ruckle [13]
and Maddox [10], we recall that a modulus f is a function from [0,00) to [0,00) such
that

(i) f(z) =01if and only if 2 = 0,
(i) flz+y) < flx)+ f(y) forallz >0,y >0,
(i) f is increasing,
)

(iv) f is continuous from the right at 0.

Because of (ii), |f(z) — f(y)| < f(Jx — y|) so that in view of (iv), f is continuous
everywhere on [0, 00). A modulus may be unbounded (for example, f(z) = 2P,0 < p < 1)
or bounded (for example, f(z) = (11—95))

It is easy to see that f; + fo is a modulus function when f; and f» are modulus
functions, and that the function f¥(v is a positive integer), the composition of a modulus
function f with itself v times, is also a modulus function.
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In this note, we introduce the vector valued sequence space F (X, f,p,s) using a
modulus function f, which generalizes the work of Ghosh and Srivastava [4], Jakimovski
and Russel [5], and Maddox [10]. Some topological results and inclusion relations for
F(Xk, f,p,s) have been discussed. We also give some information on multipliers for
F(Xk, f,p,s). The composite space F(Xy, f”,p,s) using composite modulus function
/¥ has also been studied. Before introducing this sequence space we recall [6, [8(second
edition), 15] some terminology and notations.

An algebra X is a linear space together with an internal operation of multiplication of
elements of X, such that xy € X, 2(yz) = (ay)z, x(y+2) =2y +az, (z4+y)z =2z +yz
and A(zy) = (A\x)y = xz(\y), for scalar .

In some algebras there exists a non-zero element e such that ex = xe = x for all z. If
such an e exists it is obviously unique and is called the identity of the algebra. A normed
algebra is an algebra which is normed, as a linear space, and in which [|zy| < ||z||||ly]]
for all z,y.

By w we shall denote the space of all scalar sequences and ¢ is the sequence space of
finitely nonzero scalar sequences. A sequence algebra is a subspace F' of w such that F'
is closed under the multiplication defined by xy = (xryr); © = (vx) € F, y = (yx) € F.

A sequence space F' is said to be symmetric if when x is in F', then y is in F' when
the coordinates of y are those of x, but in a different order.

A sequence space F is said to be balanced if (ajxzy) is in F whenever (z) is in F' and
lax| <1 for each k.

A sequence space F' is called solid (or normal) if y = (yx) € F whenever |yx| < |zk],
k > 1, for some x = (x) € F. If F' is both normal and sequence algebra then it is called
a normal sequence algebra. ¢, w, [y, lo and ¢y are normal sequence algebras whereas ¢
is a sequence algebra but not normal.

A sequence (by) of elements of a paranormed space (X, g) is called a Schauder basis
for X if and only if , for each x € X, there exists a unique sequence (\x) of scalars such

that
[eS)
xr = Z Akbk
k=1

i.e., such that

n
g(x - Z)\kbk) —0 (n— o0).
k=1

A norm ||.||r on a normal sequence space F' is said to be absolutely monotone if
lz]|l7 < ||lyllF for @ = (xx), vy = (yx) € F with |zg| < |yx| for all £ € N.

Let ¢; and g2 be seminorms on a linear space X. Then ¢ is stronger than ¢ if there
exists a constant L such that g2(z) < Lqq(z) for all z € X. If each is stronger than the
other, ¢; and ¢o are said to be equivalent.

The following inequalities (see, e.g., [7; first edition, p. 190]) are needed throughout
the paper.

Let p = (pi) be a bounded sequence of positive real numbers. If H = supy, px, then
for any complex aj and b,
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(1) lak + bg[P* < C(lag[P* + [bx[*),
where C' = max(1,2%~1). Also for any complex \,

(2) [APPE < max(1, |A[F).

We now introduce the vector valued sequence space F(Xy, f,p,s) using modulus
function f.

Let X be a seminormed space over the complex field C with seminorm ¢ for each
k € N, and F be a normal sequence algebra with absolutely monotone norm ||.||r and
having a Schauder basis (ey), where e, = (0,0,...,1,0,...), with 1 in the k-th place. Let
p = (pr) be any sequence of strictly positive real numbers and s be any non-negative real
number. By w(X}), we denote the linear space of all sequences = = (xy) with x € X},
for each k£ € N under the usual coordinatewise operations:

x4+y=(xx+yr) and azr= (axy)

for each o € C. If v € w(X}y) and A = (\g) is a scalar sequence then we shall write
Az = (Apxg) € w(Xg).

For a modulus function f, we define
F(Xk, f,p,s) ={z = (x1) € w(Xy) : (k7 [f(qr(z))]"*) € F}.

The norm ||.||r and the condition on |.||r are irrelevant as far as the definition of the
sets F'(Xg, f,p, s) is concerned; they are needed to define a topology on it.

Some well-known spaces are obtained by specializing F'; X, f, p and s.

(i) f F =10, Xy =Cforall k, s =0, f(x) = x then F(Xy, f,p,s) = I(p) (Simons
[14]).
(i) HF =1;, X =Cflorallk, s =0, f(z) = x and px, = p for all k then F(Xy, f,p, s) =
lp.
(i) ¥ F =1, X, =Cforallk, s =0, f(x) =z and p; = 1 for all k then F(Xy, f,p, s) =
ly.

(iv) If F =1y, X;, =C for all k, s =0 and p;, = 1 for all k then F (X, f,p,s) = L(f)
(Ruckle [13]).

(v) It F =11, X, = Cfor all k and s =0 then F(X, f,p,s) = L(f,p) (Bhardwaj [2]).

(vi) If F =1y, X;, = X (a Banach space over C) for all k, s =0, f(z) =z and py = p
for all k, then F'(Xy, f,p,s) = [,(X) (Leonard [7]).

(vii) If F' =11, X} = X (a seminormed space over C with seminorm ¢)for all k, then
F(Xka f)pa S) = Z(pa fa q, 5) (Bﬂgln [3])
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(viii) If F =lo, X = X (a Banach space over C) for all k, s =0, f(z) =z and py =1
for all k, then F(Xg, f,p,s) = loo(X) (Leonard [7], Maddox [9]).

(ix) If F = wp or weo, X = C for all k, s = 0 and py = 1 for all k then the set
F(Xy, f,p, s) reduces to wo(f) and wee (f), respectively (Maddox [10]).

(x) If F = wy or wee, X = X (a Banach space over C) for all k, s = 0 and p, = 1
for all k, then the set F(Xy, f,p, s) reduces to wo(f, X) and we (f, X), respectively
(Bhardwaj and Singh [1]).

(xi) f F = le, Xi = Cfor all k, s = 0, f(z) = « and pp = 1 for all k, then
F(Xkafapas)zloo-

(xii) If X} = FEj (Banach spaces over C), s = 0 and py = 1 for all k then F(Xy, f,p,s) =
F(FEk, f) (Ghosh and Srivastava [4]).

We denote F (X, f,p, s) by F(Xk, f,s) when p, = 1 for all k and by F (X, p, s) when
f@) =

2. Linear Topological Structure of F (X, f,p, s) Space and Inclusion Theo-
rems

In this section we examine some algebraic and topological properties of the sequence
space defined above and investigate some inclusion relations between these spaces.

Theorem 2.1. Let H = suppy, < oo, then F(Xy, f,p, ) is a linear space over the
complex field C.

Proof. Let z,y € F(Xg, f,p,s). For o, € C, there exist positive integers M, and
Ng such that |o| < M, and || < Ng. From definition of modulus function (ii) and (iii)
and inequalities (1) and (2), we have

[ (vt + )| < 0 (aagh [Ftanonn]” + 85 [rlaston]” ).

where C' = max(1,27~1). Since F is a normal sequence algebra, we have k~*[f (qx (cxy +
Byk))]P* € F which shows that ax + By € F(Xy, f,p, s). Hence F(Xy, f,p, s) is a linear
space over C.

Theorem 2.2. Let f, f1 and fo be modulus functions, s, s1 and sy be non-negative
real numbers, then

(i) F(Xkaflvpa S)HF(me%va) F(Xkafl +f2ap75)7

c
(11) IfSl S 52, then F(Xkafapasl) g F(Xk7fap732)7
(111) IfFl - F2; then Fl(Xkafapas) Cc FQ(Xkafapas)'
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Proof. (i) Let « = (z) € F(X, f1,p,8) (F (X%, f2,p, 5).
Then (K=*[f1(gr (zx))]P*) and (k~*[fa(qr(zx))]P*) € F.
Using (1) we have

Pk

[0+ )] < ot [Ata@))]” + 8 falae)] )

Since F'is normal, x € F (X, f1 + f2,p, ).
The proofs of (ii) and (iii) are trivial.

Corollary 2.3. F(Xy, f,p) C F(Xk, f,p,s) for any modulus function f.
Theorem 2.4. F(Xy, f,p,s) is normal and symmetric.

Proof. Let x = (z1) € F(Xk, f,p,s) and y = (yx) be any sequence in w(X}) such
that qx(yr) < qr(xy) for each k. Since f is increasing, we have

e [faw)]” < b [flan] ™

The normality of F' implies that y = (yx) € F(Xk, f,p, s) and hence F (X, f,p, s) is
normal. The proof of the fact that F'(X, f,p, s) is symmetric is obvious.

Theorem 2.5. If (X, qx) is seminormed algebra for each k € N then F (X, f,p, s)
is balanced.

Proof. Let x = (x) € F(Xk, f,p,s) and a = (ai) be any sequence in w(X}y) such
that g (ax) <1 for each k. Since f is increasing and each Xy, is seminormed algebra we

have
Pk

E—* [f(qk(akxk))rk <k™* {f(%(xk))}

The normality of the space F implies that ax = (arzy) € F(Xk, f,p, s) and hence
F(Xk, f,p,s) is balanced.
We conclude this section by considering the metrization of F'(X, f, s) space.

Theorem 2.6. For any modulus f, F (X, f, s) is a complete topological linear space,
paranormed by

o) = [ [1(0n (1)

if Xy is complete under the seminorm qy for each k € N.

F

Proof. Clearly g(8) = 0 for 6 = (01,0, ...) the zero element of F (X}, f,s) (where
0; is the zero element of X; for each 7). Also g(—x) = g(z). We now show that g is
subadditive

9@ +y) = [kl @ulon + w))]|

< |1 @) e + [ [t
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=g(z) +9(y)

as [ is increasing and ||.||p is absolutely monotone norm.
We now show that the scalar multiplication is continuous. For any complex A,

g(Az) < (1+[[AlDg(x)

where [t] denotes the integer part of ¢, whence A — 0, x — 6 imply Az — 6 and also
x — 0, X fixed imply Az — 6. Suppose that A, — 0 and z is fixed in F(Xy, f, s).
Then

t=(tx) = (k" f(ar(zx))) € F.

For arbitrary € > 0, let N be a positive integer such that

N 00
t— Z trek Z trek
k=1

k=N+1
since (eg) is a Schauder basis of F.

Since f is continuous everywhere in [0, c0),

<
F

€
2

F

)
F

g(u) =

N
> k0 f (ak (uak))ex
k=1

is continuous at 0. So there is 1 > ¢ > 0 such that g(u) < (5) for 0 < u < §. Let K be a
positive integer such that |\,| < ¢ for n > K, then for n > K

<€
2.
F

N
Z k=2 [f (g (Anr))]ex
=1

Thus
167 [f(ar(Anze))l|F <€ for n > K,

so that g(Az) — 0 as A — 0.

To show that F(Xg, f, s) is complete, let (%) be a Cauchy sequence in F(Xy, f,s).
Then g(x'—27) — 0 asi,j — oo. Hence for each fixed F, qk(x};—aci) — 0asi,j — coand
so (z1) is a Cauchy sequence in X}, for each fixed k. Since X}, is complete, so there exists
a sequence r = (zy) such that z; € Xy for each k € N and g (x}, — z) — 0 as i — oo,
for each fixed k € N. For given € > 0, choose an integer K such that g(z* — 27) < € for
i,j7 > K. Since F is normal and (ey) is a Schauder basis of F,

S k[ an(e —ebler]| < |1 antol — o)
k=1

F
F

<e for i, > K.
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Since f is continuous, so by taking j — oo in the above expression, we get

< e for 1> K.
F

Dk (ar(wh — a))lex
k=1

Since n is arbitrary, by taking n — oo, we obtain g(z' — x) < € for i > K. So (z%)
converges to = in the paranorm of F(X, f,s). We now show that € F (X, f, s). Since
qr(zi — z) — 0 as i — oo, for each fixed k we choose a positive number &%, 0 < 5% < 1,
such that

Flaw(xy, — zx)) < 0 [f (ar(2})]

Consider

K= [f (aw(@r))] < K7 [f (ai(@i))] + B [F (gn (2k — )]
< (14 0k [f (ke ()]

Since F is normal, so x = (x3) € F(Xy, f,s). Therefore, F(Xg, f,s) is a complete
paranormed space.

Remark 2.7. It can be easily verified that when F' = Iy, (X, q1) = (C,|.]) and s =0
the paranorms defined on F(Xy, f,s) and L(f) are the same.

3. The Space of Multipliers of F (X, f,p, s)

Suppose (X, gi) is seminormed algebra for each k € N. Define M [F (X, f,p, s)], the
space of multipliers of F'(X, f,p, s), as

MIF(X, f,p,8)] = {a = (ar) € w(Xy) : (k~°[f(qu(anz))]P*) € F, for all

= (1) € F(Xk;fapvs)}'

Theorem 3.1. For any modulus f, loo(Xy) C M[F(Xk, f,p, s)], where

loo(Xg) = {x = (x) € w(Xy) : sgqu(xk) < oo}.

Proof. a = (aj) € loo(X) implies qi(ax) < 1+[T] for all k, where T' = supy, ¢x(ax) <
oo and [T] denotes the integer part of T. Let z = (z) € F(Xy, f,p,s). Since Xy
is seminormed algebra for each k, by definition of modulus function (i) and (iii) and
inequality (2), we have

Pk

b [ranman)]” < (1+171) 6 [Fanton)]

Since F'is normal, ax € F(Xk, f,p, s), as desired.
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The inclusion seems to be proper but we have not been able to prove it. It is, therefore,
an open problem.

Proposition 3.2. If e = (e1,e2,...) € F(Xy, f,p,s), then M[F(Xy, f,p,s)] C
F(Xg, f,p,s), where ey is the identity element of X}, for each k € N.

Proposition 3.3. If f is a modulus function such that f(xy) < f(x)+ f(y) for all
>0,y >0, then F(X, f,p,s) € M[F(Xg, f,p,s)]-

Proof. Let a = (ai) € F(Xk, f,p,s) and z = (v) € F(Xk, f,p, s).
Then

(= (f (@)™ ) and (K~*[f(@x(@))]™ ) € F.

Since X}, is seminormed algebra for each k, using (1) we have,
B Flartanan))] ™ <k Flartar)an@)]

<k~ Flar(an) + flau(i)|

< Ok [f @)™ + k™" [f (@)™ ).

Pk

where C' = max(1,2%71). Since F is a normal sequence algebra, ax € F(Xg, f,p,s) i.e.,
a € M[F(Xg, f,p, )]

Example 3.4. f(z) =log(1+ z), is a modulus function which satisfies the condition
of Proposition 3.3 i.e., f(zy) < f(z) + f(y) for x > 0, y > 0 (Prop. 2 of Maddox [10]).

4. Composite space F(Xg, f¥,p, s) using composite modulus function fv

Taking modulus function f¥ instead of f in the space F(Xk, f,p,s), we can define
the composite space F (X, f¥,p, s) as follows:

Definition 4.1. For a fixed natural number v, we define

F(Xi " p,8) = {2 = (o2) € w(Xe) : (k[ (au(@a))?) € F .

Theorem 4.2. Let f be a modulus function and let v € N. Then

(1) F(Xk)fvap75) g F(Xk,p,s) thmt_,oo @ = ﬁ > 0;
(ii) F(Xk,p,s) C F(Xg, f¥,p, s) if there exists a positive constant « such that f(t) < at
for allt > 0.

Proof. (i) Let x = (z) € F(Xg, f¥,p,s). Then

(k=17 (@)™ ) € F
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Following the proof of Prop. 1 of Maddox [11], we have 8 = lim;_, @ = inf{ﬁ

0}, so that 0 < 8 < f(1). Let 5 > 0. By definition of 5 we have gt < f(¢t) for all
Since f is increasing we have 5%t < f2(t). So by induction, we have 8t < f¥(t). So
using inequality (2),

k=* [Qk (mk)}

p Pr

k
<k [87( (aw (@)
—vH\1.—s| gv P
< max(1, 57k £ (qu ()|
Since F' is normal, € F(X},p, s) and the proof is complete.

(ii) Let © = (ay) € F(Xk,p,s), then (k~%[qr(x)P*) € F. Since f(t) < at we have
f(t) < a¥t, so using inequality (2)

e ECTIES) | Ry Sl (TS i
< max (1, a”H) k—* [qk(mk)} o

Since F' is normal, z € F(Xy, f¥,p, s) and therefore, F'(Xj,p,s) C F(Xk, f,p, s).

Example 4.3. fi(t) = t + t%/? and fo(t) = log(1 + t) for all t > 0 satisfy the
conditions given in Theorem 4.2(i), (ii) respectively.

Theorem 4.4. Let m,v € N and m < v. If f is a modulus such that f(t) < at for
all t > 0, where « is a positive constant, then

F(Xkap75) g F(Xkafmap75) g F(Xkafvap75)'

Proof. Let r = v — m. Since f(t) < at, we have f¥(t) < M"f™(t) < M"t, where
M =1+ [a]. Let z = (x1) € F(X,p, s). By the above inequality, we get

e[| < M [ )]
< MVHE=s [qk(ack)} o

Since F' is normal, the required inclusion follows.
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