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INVERSE SPECTRAL PROBLEMS FOR DIFFERENTIAL
OPERATORS ON A GRAPH WITH A ROOTED CYCLE

V. YURKO

Abstract. An inverse spectral problem is studied for Sturm-Liouville differential operators on
graphs with a cycle and with standard matching conditions in internal vertices. A uniqueness

theorem is proved, and a constructive procedure for the solution is provided.

1. Introduction

1.1. We study inverse spectral problems for Sturm-Liouville differential operators on
graphs with the so-called rooted cycle. Inverse spectral problems consist in recovering
operators from their spectral characteristics. The main results on inverse spectral prob-
lems on an interval are presented in the monographs [1]—[8]. Differential operators on
graphs (networks, trees) often appear in natural sciences and engineering (see [9, 10] and
the references therein). Most of the works in this direction are devoted to the so-called
direct problems of studying properties of the spectrum and the root functions for opera-
tors on graphs. Inverse spectral problems, because of their nonlinearity, are more difficult
to investigate, and nowaday there are only a number of papers in this area. In particu-
lar, inverse spectral problems of recovering coefficients of differential operators on trees
(i.e on graphs without cycles) were studied in [11]—[17] and other papers. The inverse
spectral problem for graphs with a cycle is solved in [18] but only for a very particular
case. In this paper we study more general graphs than in [18]. We give a formulation
and obtain the solution of the inverse spectral problem for Sturm-Liouville operators on
graphs with a rooted cycle and with standard matching conditions in the internal vertex.
We prove the corresponding uniqueness theorem and provide a constructive procedure
for the solution of this class of inverse problems. For solving the inverse problem we
develop ideas from [12] and [18].

1.2. Consider a compact graph G in R™ with the set of vertices V' = {wg,...,v,} and
the set of edges & = {eg,..., e}, where eq is a cycle, vy € eg. The graph has the form
G = eg UT, where T is a tree (i.e. graph without cycles) with the root vg, the set of
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vertices {vo, ..., v,} and the set of edges {e1,...,e,}, T Neg = vg, and vy is a boundary
vertex for T, but vy is an internal vertex for the graph G.

For two points a,b € T we will write a < b if a lies on a unique simple path connecting
the root vy with b. We will write a < b if a < b and a # b. The relation < defines a
partial ordering on T If a < b we denote [a,b] := {z € T : a < z < b}. In particular, if
e = [v,w] is an edge, we call v its initial point, w its end point and say that e emanates
from v and terminates at w. For each internal vertex v we denote by R(v) := {e €
E: e = [v,w],w € V} the set of edges emanated from v. For each v € V we denote
by |v| the number of edges between vy and v. For any v € V' the number |v| is a non-
negative integer, which is called the order of v. For e € £ its order is defined as the

order of its end point. The number ¢ := max,_ i |vj| is called the height of the tree

T. Let VW .= {v € V : |u| = u}, p = 0,0 be the set of vertices of order y, and let
EW ={ec&: e=vw,veVErDwe VW =T 0o be the set of edges of order
1.

For definiteness we enumerate the vertices v; as follows: I' :== {v1,...,v,} are bound-
ary vertices of G, vp1 € V) and v;, j > p+ 1 are enumerated in order of increasing
|v;|. We enumerate the edges similarly, namely: e; = [vj,,v;], j = 1,7, jx < j. In par-
ticular, E := {e1,...,ep} is the set of boundary edges, e,+1 = [vo, pt+1]. The edge ept1,
emanated from the root vy, is called the rooted edge of T Clearly, e; € EW iff v; € 1428
As an example see figure 1 where r =9, p=5, 0 = 4.

Figure 1

€0

Let d; be the length of the edge e;, j = 0, r. Each edge e € & is viewed as a segment
[0,d;] and is parameterized by the parameter z; € [0,d;]. It is convenient for us to
choose the following orientation: for j = 1,r the end vertex v; corresponds to xz; = 0,
and the initial vertex v;, corresponds to xz; = d;; for the cycle eg both ends xg = +0 and
xo = do — 0 correspond to vg.

1.3. An integrable function ¥ on G may be represented as ¥ = {y;} j=o.7» Where the

function y;(x;) is defined on the edge e;. Let ¢ = {q;},_g be an integrable real-valued
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function on G which is called the potential. Consider the Sturm-Liouville equation on
G:

vy (x5) + qj(x)y(x5) = Myj (), x5 €[0,d;], (1)
where j = 0,7, X is the spectral parameter, the functions y;(z;), y;(z;) are absolutely

continuous on [0, d;] and satisfy the following matching conditions in the internal vertices
voand vg, k=p—+ 1,7 For k=p+1,r,

yi(d;) = yr(0) for allej € R(vg), > yj(d;) = y3(0), (2)
e; ER(vk)
and for vy,
Yp+1(dpt1) = Yo(do) = ¥0(0),  Ypi1(dp+1) +yp(do) = 5(0). (3)

Matching conditions (2)-(3) are called the standard conditions. In electrical circuits, (2)
expresses Kirchhoff’s law; in elastic string network, it expresses the balance of tension,
and so on.

Let us consider the boundary value problem Lo (G) for equation (1) with the matching
conditions (2)-(3) and with the Dirichlet boundary conditions at the boundary vertices
Viy...,Upt

yj(0)207 Jj=1Lp.

Moreover, we also consider the boundary value problems L(G), k = 1, p for equation
(1) with the matching conditions (2)-(3) and with the boundary conditions

yr(0) =0, y;(0)=0, j=TLp\k

We denote by Ay = {Akn}n>1 the eigenvalues (counting with multiplicities) of Li(G),
k =0, p. Werecall that the multiplicity of an eigenvalue is a number of linear independent
eigenfunctions related to this eigenvalue. In contrast to the case of trees (see [12]), here
the specification of the spectra Ay, k = 0, p, does not uniquely determines the potential,
and we need an additional information. Let S;(z;,\), C;(z;,\), j = 0,7 be the solutions
of equation (1) on the edge e; with the initial conditions

S;(0,X) = C5(0,X) =0, S5(0,\) =C;(0,)) = 1.

For each fixed z; € [0,d;], the functions S;V)(xj,)\), CJ<V) (xj,A), 7 =0,r, v=0,1, are
entire in A of order 1/2. Moreover,

(Cj (Ijv )‘)a Sj(xja )‘)> =1,
where (y, z) := yz’ — y'z is the Wronskian of y and z. Denote

h(N) == So(do, N), H(X) := Co(do, \) — Sh(do, ).
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Let {vy, }n>1 be zeros of the entire function (), and put w,, := sign H(vy,), 2 = {wy }n>1.
The inverse problem is formulated as follows.

Inverse problem 1. Given Ay, k = 0,p and 2, construct the potential ¢ on G.

Let us formulate the uniqueness theorem for the solution of Inverse Problem 1. For
this purpose together with ¢ we consider a potential . Everywhere below if a symbol «
denotes an object related to ¢, then & will denote the analogous object related to q.

Theorem 1. If A, = A, k = 0,p, and Q = Q, then ¢ = § on G. Thus, the
specification of Ay, k= 0,p and Q uniquely determines the potential ¢ on G.

This theorem will be proved in section 3. Moreover, we give a constructive procedure
for the solution of Inverse Problem 1. In section 2 we introduce the main notions and
prove some auxiliary propositions.

2. Characteristic functions
2.1. Fix k=p+1,r. Denote Qx :=={2z €T : v < z}, G, := G\ Q. Then
Q= J Tu.
eiGR(vk)

where T}; is the tree with the root v, and with the rooted edge e;. Clearly, Gy = eqU T},
where Tk =T \ Qk-

Notation. If D is a graph, then we will denote by Lo (D) the boundary value problem
for equation (1) on D with the standard matching conditions in internal vertices and with
the Dirichlet boundary conditions in boundary vertices. Let {Y}p := {y;}e,en. If v;
is a boundary vertex of D, then L;(D) will denote the boundary value problem for
equation (1) on D with the standard matching conditions in internal vertices, with the
Neuman boundary condition Y’ = 0 at v; and with the Dirichlet boundary conditions in
all other boundary vertices. For example, Lo(G}) is the boundary value problem on Gy
with the boundary conditions y,,(0) = 0, e,, € ENGy, and Ly (G}) is the boundary value
problem on G}, with the boundary conditions y;,(0) =0, ¥, (0) =0, e, € (ENGg) \ ex.
We also consider the BVP LY(T') for equation (1) on 7' with the boundary conditions
Y|;O =0,Y,, =0,j=1p

Fix k = 1,p. Let @) = {®y; } ;=7 be solutions of equation (1) satisfying the matching
conditions (2)-(3) and the boundary conditions

(I)kj (Oa )‘) = 5kja .7 = ma (4)

where dy; is the Kronecker symbol. Denote

Mi(2) = 24,,(0,%), k=Tp.
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The function My ()) is called the Weyl function with respect to the boundary vertex vy.
Denote Mp;(A) = ®1,(0,X), M (A) = ®4;(0,X), j = 0,7. Then

Opj (5, A) = My;(NCj (5, A) + MR(N) S, N, j =0, (5)
In particular, Mg, (A) = Mg(X), M, (A) =1, My;(X) = 0 for j = 1,p\ k. Hence
Dpr(xp, A) = Cr(xr, A) + Mip(N) Sk (zk, A),

and consequently,
(Prk(Tr, A)y Sk(zk,A)) = 1.

Substituting (5) into (2)-(3) and (4) we obtain a linear algebraic system s with respect
to M,Sj (A), Mi;(N), j = 0,7. The determinant Ag(),G) of this system does not depend
on k and has the form

AO(>‘7 G) = A0(>‘7 T)d(A) + AI(Av T)h(A)v (6)

where
d(X\) = Co(do, N) + Sp(do, A) —2,  h(X) = So(do, \), (7)

Ao\, T) and AY(A\,T) are the characteristic functions of the boundary value problems
Lo(T) and L(T) respectively, which were defined and studied in [17]. For convenience of
the readers in the Appendix at the end of the paper we provide formulae for constructing
the functions Ag(\,T) and A'(\,T) from [17]. The function Ag(), G) is entire in A of
order 1/2, and its zeros (counting with multiplicities) coincide with the eigenvalues of the
boundary value problem Lo(G). Solving the algebraic system sj we get by Cramer’s rule:
My (N) = AL (A G)/Ao(N,G), v = 0,1, j = 0,7, where the determinant A} (X, G) is
obtained from Ag(A, G) by the replacement of the column which corresponds to My ())
with the column of free terms. In particular,
Ar(N,G)

Mk()\):*mv k=1p, (8)

where Ax(\, G), k = 1,p, is obtained from Ag(), G) by the replacement of S,(:) (di, \),
v =0,1, with C’,g”) (di, A). The zeros of Ap(\, G) (counting with multiplicities) coincide

with eigenvalues of the boundary value problem Ly (G). The function Ag()\, G), k = 0, p,
is called the characteristic function for the boundary value problem Ly (G).

Fix k = p+1,r. Let Ag(\,Gi) and Ak (XA, Gj) be the characteristic functions for
Lo(Gy) and Li(Gy), respectively. Using (6), (7) and formulae for Ag(\,T), AY(\,T)
from [17] (see also the Appendix) one can get

Bo(MG) = Bor, QAN Gi) + ( TT Ao\ Tw) ) AN Gr),  (9)

€ GR(’Uk)



276 V. YURKO

where Ag(\, Q) and Ag(X, T;) are the characteristic functions for Lo(Qy) and Lo (Tk;),
respectively, which were defined and studied in [17] (see also the Appendix). Similarly,
for e; € BN T,

AN G) = A5\, Qr)Ao(N, Gi) + (AjO‘aTks) H AO()\aTki)) Ar(N,Gr), (10)
e; €ER(vy), i#£s

where Aj; (X, Q) and Aj(\, Tk;) are constructed from Ag(A, Q) and Ag(A, Tk;) by the
replacement of S§”) (d;,A), 7=0,1, with C’;w (dj, N).

Example 1. Let o =1. Thenr =1,

Ao\, G) = Si(dy, NA(N)+S,(d1, VR(N), Ao\ T) = Sy(di, ), AYNT) = S,(di, N).

Example 2. Let 0 =2. Thenr =p+1, Tj11,; = {e;}, i = 1, p, hence

P
= [I Swldm. (Z 5i( p+1(d,,+1,)\) +Cp+1(dp+17>\)),
m=1
P P /
H Sm dma >\ (Z Z - p+1(dl)+1’ )‘) + C;z/;+1(dp+17)‘))'
m=1 =1 Z

In particular, for p =
Ao()\, T) = (51 (dl, )\)Sé(dQ, )\)—l—Si (dl, )\)SQ (dg, )\))Sg(d3, )\)-i-Sl (dl, )\)SQ(dQ, )\)Cg (dg, )\),

AN, T) = (Si(dr, \)S5(da, A)+S7(di, ) S2(d2, A)) S5 (ds, A)+S1(d, A)S2(d2, \)C3(ds, ),
and (9) takes the form

Ao(A, G) = (S1(dy, N)Sh(da, A) + S (d, X)Sa(da, \)(Ss(ds, \)d(\) + Sh(ds, \)h(N))

+51(d1, A)Sa(d2, A)(Cs(ds, A)d(A) + Cé (ds, \)h(N))
= Ao(A\, Q3)A0(A, G3) + Ao (A, T31)Ao(A, T32)Az(A, G3),

where
Ao(A, Q3) = S1(di, A)S5(d2, A) + S7(d1, A)Sa(da, ),

Ap(A, Gs) = Ss(ds, \)d(N\) + Sé(dg, A)h(N),
Apg(A, T51) = S1(d1, A),  Ag(A, Ts2) = Sa(da, N),
Az(N, G3) = C3(ds, N)d(X) 4 C3(dz, \)h(N).

2.2. Let A = p?, Imp > 0. Denote A :={p: Imp >0}, A% :={p: argp € [§,7—4]}. It
is known (see [19]) that for each fixed j = 0,7 on the edge e;, there exists a fundamental
system of solutions of equation (1) {ej1(z;,p),ej2(xj,p)}, z; € [0,d,], p € A, |p| > p*
with the properties:
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1) the functions e xi,p), v =0,1, are continuous for x,; € [0,d;], p € A, |p| > p*;
s J J J
(

(2) for each z; € [0, d;], the functions ej:)(:cj, p), v = 0,1, are analytic for Im p > 0, |p| >
P
(3) uniformly in z; € [0,d;], the following asymptotical formulae hold

™) ()

e;1 (zj,p) = (ip)” explipz;)[1], €5 (x5, p) = (—ip)” exp(—ipz;)[1], p € A, |p| —>(003
11
where [1] =1+ O(p™1).

Fix k =1, p. One has
Dpj(w5,N) = Ag;(p)esi (g, p) + AR (p)eja(xy, p),  x; € [0,d;], j =0,r. (12)

Substituting (12) into (2)-(3) and (4) we obtain a linear algebraic system s with respect
to Ay (A), v =0,1, j =0,7. The determinant dy(p) of s) does not depend on k and has

the form
5O(p) = 2(_2ip)7‘+1A0()‘7 G)7 pE A.

Moreover,

-
bo(p) = Bexp (—ipD_d;) 1], pe€ A%, |o| = o0, B#0.

j=0
Solving the algebraic system s? by Cramer’s rule and using (11), we get

Alp(p) = 1], AYk(p) = Brexp(2ipdi)[1], p € A, |p| — o0,

where () are constants. Together with (11) and (12) this yields for each fixed zj €
[0, dk), V= 0, 1:

(I>,(;,;) (z, \) = (ip)” exp(ipzy)[1], p€ A°, |p| — oo. (13)

In particular, My (\) = (ip)[1], p € A%, |p| — oo. Moreover, uniformly in z; € [0, d,],

S](-V)(xj,)\) = %p((zp)” exp(ipx;)[1] — (—ip)” exp(—ipxj)[1]>, pEA, |p| = o0, (14)

O (@), A) = %((im”exp(z’px»[u + (=ip)” exp(~ipz;)[1]), p € A, |p] = o0, (15)

Let \Y = (p%,)2, k =0,p, be the eigenvalues of the boundary value problem L9 (G)
with the zero potential ¢ = 0, and let A?(\, G) be the characteristic functions of L{(G).
Clearly, AY(\, G) can be calculated by (9) and (10) but with cos pz; and Sir’% instead
of Cj(zj,A\) and Sj(z;, ), j = 0,r, respectively.

Using (6), (7), (9), (10), (14) and (15), by the well-known method (see, for example,
[20]), one can obtain the following properties of the eigenvalues of Li(G), k = 0, p:
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(1) There exists h > 0 such that the eigenvalues Ay, = p7,, lie in the domain |Im p| < h.

(2) The number N¢j of zeros of Ay (A, G) in the rectangle IIe = {p: [Imp| < h, Rep €
[€,€ + 1]} is bounded with respect to €.

(3) For pe A%, |p| — oo,

Ax(X,G) = ARA.G) (1 +0(p71)).

)

Pkn

(4) For n — oo,

2.3. Now we study the reconstruction of the characteristic functions from their zeros.

Denote o .
A\OL — )‘kn if )\kn # 0, (16)
1 if A =0
By Hadamard’s factorization theorem [21],
0 Ak
A\, G) H ”01 , (17)
where 1) 5
_1)sk , gk
A9 = (51 AMAG)) 18
k Sk' INSk k( ’ ) M:O’ ( )
and s > 0 is the multiplicity of the zero eigenvalue of LY(G).
Let us show that
Akn — )\
H k . (19)
Indeed, by Hadamard’s factorization theorem,
[ee]
Akn — A
AN G) = A T D2 (20)
n=1

kn
where Ay # 0 is a constant, and
)\in _ )\kn if )\kn 7é 0,
1 if Agn =0.

It follows from (17) and (20) that
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Using properties of the characteristic functions and the eigenvalues one gets for negative
A
A\ G - Nen — AV
li M:L lim <1+M) =1,

im
A——o0 AY(N, G) A——oo - AL, — A
and consequently,
oo )\1
0 k
A= AD I S
n=1"kn

Substituting this relation into (20) we arrive at (19).

Thus, the specification of the spectrum Ay = {Agp}tn>1 uniquely determines the
characteristic function Ag(X, G) by (19) where {A\)L} and A{ are defined by (16) and
(18).

3. Solution of inverse problem 1

3.1. In this section we provide a constructive procedure for the solution of Inverse
Problem 1 and prove its uniqueness. First we consider the following auxiliary inverse
problem for G on the edge ey, k = 1,p, which is called IP(k).

IP(k). Given My (), construct gi(xx), zx € [0, dg].

In IP(k) we construct the potential only on the edge ey, but the Weyl function My ()
brings a global information from the whole graph, i.e. IP(k) is not a local inverse problem
related only to the edge ey. Let us prove the uniqueness theorem for the solution of IP (k).

Theorem 2. If Mi(\) = Mk()\), then qi(xr) = Gr(xk) a.e. on [0,dy]. Thus, the
specification of the Weyl function M, uniquely determines the potential qi on the edge
€L .

Proof. Let us define the matrix P*(xy, \) = [P}, (xx, A)]j,s=1,2 by the formula

Pk(ﬂ?k )\) ékk(l’kaA) S' (l'k;A):| _ |:(I)kk(xk;>\) Sk(l'k,)\)

k
Dy (2r, A) S (w55 A) Py (wr, A) S (21, A)

Then ~ ~
@kk(xk, )\) = Plkl (Ik, )\)q)kk (xk, )\) + Ple(xk, )\)‘I)%k (Ik, )\)7

Sk(zka )‘) = Plkl(xka )‘)Sk(xka )‘) + PIICQ(:L'kv )‘)gllc(zka )‘)
Since (®px(xk, A), Sk(zk, A)) = 1, one has

Pl A) = (1) (@en (i, VS @, 2) = 957 (0, N Silae, V). (22)
It follows from (13), (14) and (22) that

Pfs(xka)‘):615+o(p_l)a pEAé, |p|%oo, T € (Oadk]a 5:();1' (23)
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Using (22) and the relation ®yy (2x, A) = Cr(zg, A) + Mg (N)Sk(zk, ), we calculate

Pl X) = (=1)° (Gl NSE (@A) = CF (wr, ) S, V)

(M) = M) Sk (s NS (w0, ).

Since My(X\) = My ()), it follows that for each fixed xy, the functions Pf (z,)\) are
entire in A of order 1/2. Together with (23) this yields P (zx,\) = 1, P (zx, \) = 0.
Substituting these relations into (21) we get ®pp(zr, ) = Prr(zr, A) and Sy (zx, \) =
S'k(ack, A) for all z and A, and consequently, g (zx) = @i (zx) a.e. on [0, dg].

Using the method of spectral mappings [5] for the Sturm-Liouville operator on the
edge er one can get a constructive procedure for the solution of the inverse problem
IP(k). Here we only explain ideas briefly; for details and proofs see [5]. Take ¢ = 0.
Then gk(xk, A) = &;& Fix k =1, p. Denote X = rln>i{1()\01, 5\01) and take a fixed § > 0.

In the A plane we consider the contour v (with counterclockwise circuit) of the form
v =t Uy UY, where v = {\: £ImA = § Red > N}, ¢/ = {A: A=)\ =
dexp(iar), o € (w/2,3m/2)}. For each fixed z;, € [0,dy], the function Sy (g, ) is the
unique solution of the following linear integral equation

Selon A) = Sulan V) + 5 [ Dulaw di)Su(on, ) (24)
where
Di(r. Ao pr) = / " 80t NS (b ) V() dt, V() = M) — BT ().

The potential g on the edge ej can be constructed from the solution of the integral
equation (24) via the formula

(k) = QL / (Sk(2, \) Sk (e, X)) M () dA
i J,

or by the formula gi(zx) = A+ S}/ (2r, A)/ Sk (zx, A). It is also possible to construct the

potential from the discrete spectral data. For this purpose one can calculate the contour

integral in (24) by the residue theorem and transform the integral equation (24) to the

equation in a space of sequences; for details see [5].

3.2. Consider the following auxiliary inverse problem on the edge e, which is called
IP(0).

IP(0). Given d(X), h(X), 2, construct go(zo), zo € [0, do].
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This inverse problem were studied in [22, 23] and other papers. For convenience of
the readers we describe here the solution of IP(0). We recall that

d(A) = Co(do, A) + Sp(do, A),  H(A) = Co(do, A) — So(do, A),  wn = sign H(vp),
where {1 }ns1 are zeros of h()). Clearly,
So(do, vn) = (d(vn) — H(vn))/2. (25)
Since (Cy(do, N), So(do, A)) = 1, it follows that
H?(X) = d*(X) = —4(1 + Cy(do, N)h(N)),

and consequently,
H(vy) = wo/d? (1) — 4. (26)

Denote

do
o, ::/ S2(t, vy dt.
0

Then (see [1,4])

dh(\)
CdXx
The data {vp, @, }n>1 are called the spectral data for the potential go. It is known (see
[1,4]) that the function ¢p can be uniquely constructed from the given spectral data
{Vn,antn>1. Thus, IP(0) has been solved, and the following theorem is valid.

n = h(v)Sh(do,vn),  h(N) == (27)

Theorem 3. The specification of d(\),h(\),Q uniquely determines the potential
qo(xo) on [0,dp]. The function qo can be constructed by the following algorithm.

Algorithm 1. Given d()\), h(A), Q.
1) Find {v,}n>1 as the zeros of h(A).

(1)

(2) Calculate H(vy) by (26).

(3) Find S{(do,v) by (25).

(4) Calculate {ay, }n>1 using (27).
(5)

5) Construct go from the given spectral data {vy,, ay }n>1 by solving the classical inverse
Sturm-Liouville problem.

3.3. Now we are ready to provide a constructive procedure for the solution of Inverse
problem 1 and prove its uniqueness. Let Ap, & = 0,p and Q be given. The procedure
for the solution of Inverse Problem 1 consists in the realization of the so-called D,-
procedures successively for p = 0,0 — 1,...,1,0 where o is the height of T. Let us
describe D,,- procedures.
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D,- procedure.

(1) For each k =0, p, we construct Ag(A, G) by (19) where {A\)}} and A) are defined by
(16) and (18).

(2) For each k =1, p, we calculate the Weyl function My ()\) via (8).

(3) For each edge e, € £7), we solve the inverse problem IP (k) and find g (xx), xx €
[0, dj] on the edge e.

(4) For each e;, € £(9), we calculate C’,g”) (di, ), S,(:) (di,\), v=0,1.

(5) For each fixed vy € V@D \ T we choose and fix s and j such that e; € F N Ts.
Solving the linear algebraic system (9)-(10), we find Ag(A, Gi) and Ag (X, Gi).

(6) For each fixed v, € V(@D \ T we construct the Weyl function My, ()\) for G, by the
formula

Ak ()‘7 Gk)

Mk()‘) = _A()()\,Gk).

(28)

Now we carry out D,- procedures for ;1 = 2,0 — 1 by induction. Fix p = 2,0 —1,
and suppose that Dy, ..., D, 1- procedures have been already carried out. Let us carry
out D,- procedure.

D,- procedure.

(1) For each edge e), € £, we solve the inverse problem IP (k) on G}, and find g (1), xx €
[0, dg] on the edge eg.

(2) For each e;, € £ we calculate Céy) (di, ), Séy)(dk, A), v=0,1

(3) For each fixed v, € V#~D\ T" we choose and fix s and j such that e; € E N Ths.
Solving the linear algebraic system (9)-(10), we find Ag(A, Gi) and Ag (X, Gi).

(4) For each fixed vy € V*=D\ T we calculate My(\) for Gy via (28).

D;- procedure.

(1) We solve the inverse problem IP(p+1) on Gp41 and find gpi1(2p11), Zpr1 € [0, dpii]
on the rooted edge ej,1.

(2) We calculate Cz(ai)l (dpt1, A)s Sz(az-)l(dp-irlv A), v=0,1.

(3) Solving the linear algebraic system
Ao(A, Gpt1) = Spi1(dps1, A)d(X) + Sp 41 (dpi1, A R(N),

Api1(N, Gpy1) = Cppa(dpy1, Nd(N) + Cp oy (dpra, MR(N),
we find d(X\) and h(A).
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Do- procedure.
Using d(\), h(X) and Q, we construct qo(zo), xo € [0, dp] on ey by Algorithm 1.

Thus, executing successively D,, Dy_1, ..., Do- procedures we obtain the solution of
Inverse problem 1 and prove its uniqueness.

4. Appendix

Consider the tree T and fix k = p+ 1,7. Denote Qi := {z € T : v < z}, Ty :=
T\ Q. Then Q) = UeiER(vk) Tyi, where T}; is the tree with the root v, and with the
rooted edge e;.

Let us define functions Ag(\, T') and A'(\, T') recurrently with respect to o, where o
is the height of T. For o = 1 the tree T is the segment e; = [0, d;], and we put

Ao\, T) = S1(d1, ), AY(NT) = S1(dy, ).

For each o > 2, we put

AV Ty
Ao(AT) = ] Ao\ Tper, k)( > ﬁ‘s}ﬁl(dzﬁla)‘) + Cp+1(dp+1,>\)>,
ex ER(vp+1) ei€R(vp41) ) Sptlie

(29)
AYA Ty
A ATy1i) gr (a0 0+ Cy (o, N).

Al \T) H Aog(A, T4, k)( Z Ag(N\, Tpt1,4)

ex€ER(vpt1) e;€R(vp41)

(30)

Denote

Ao(A, Qpt1) = H Ao\, Tp1,k) Z AN, AN Tpg1,i) .

er€R(vp41) vehiayen S0 Tre1i)
Then relations (29)-(30) take the form

Ag(A\T) = Ag(A, Qp+1)Sp+1(dpt1,A) + H Ao(A Tpt1,5)Cpt1(dpt1,A),  (31)

e ER(vp41)
AN T) = Ao(N, Qpi1)Spir (dpr1, N) + H Ao\, Tpt1,6)Cpp1 (dpy1, ).
e ER(vp41)

The functions Ag(A\,T),AY(\,T) and Ag(A, Qpt1) are entire in A of order 1/2. We
note that A'(\,T) is obtained from Ag(A,T) by the replacement of S,11(dp11,)) and
Cpr1(dpy1, A) with S} (dpy1,A) and C) 1 (dpy1, A) respectively.

Example 3. Let 0 =2. Thenr =p+1, Tj11,; = {e;}, i = 1,p, hence

P
1:[ dk7 (Z S;(d p+1(dp+17 A) + Cp+1(dp+1a A))
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In particular, for p = 2,

AO()‘a T) - (Sl (dla )‘)Sé(d% )‘)+Si (dlv )‘)SQ (d2a )‘))53(d37 )‘)+Sl (dla )‘)SQ(an )‘)03 (d37 )‘)

U1

€4

Vo V4
V2
€2

U3
Figure 2

Example 4. Consider the tree on fig. 2. Then
A()()‘a T) - AO(Av Q4)S4(d47 )‘) + 51 (dlv )‘)(SQ (d27 )‘)SQIS (dSa )‘)55(d5a )‘)
+85(d2, \)S3(d3, A)S5(ds, A) + Sa(da, A)S(ds, \)Cs(ds, A))Ca(da, N),
Ao(N\, Qq) = S7(d1, N)(Sa(da, N)Sh(ds, N)S5(ds, N) + S5(da, A)S3(ds, N)S5(ds, \)
+8S5(da, N)S3(ds, \)Cs(ds, X)) + S1(d1, N)(Sa(da, A)S5(d3, N)S5(ds, A)
+5%(da, N)S3(ds, N)Ss (ds, ) + Sa(d2, N)S3(ds, N)CE (ds, N)).
Let A;(AT), Aj(NTks), Aj(N,T;) and Aj(A, Qk) be constructed from Ag(A,T),
Ag(N, Tis), Ag(A, Tj) and Ag(A, Q) respectively by the replacement S;V)(dj,)\) with

O (dj, N, v =0,1.
Fix k = p + 1,r. Then regrouping terms in (31) one can get

Bo0T) = Ao QAT + (T Ao(hThi) ) AN ).

e; ER(ﬂk)

Similarly, for j = 1,p, e; € EN Tys,

A;ONT) = A0, Qu)Ao(N, Th) + (Aj()\,Tks) I1 AO(A,Tki)>Ak()\,Tk).
e;€ER(vy), i#s
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