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Triharmonic curves along Riemannian

submersions
Gizem Kopriilii Karakasg, Bayram Sahin

Abstract. The purpose of this paper is to study triharmonic curves along Rie-
mannian submersions from Riemannian manifolds onto Riemannian manifolds. We
obtain necessary and sufficient conditions for a triharmonic curve on the total man-
ifold of Riemannian submersion from a space form to a Riemannian manifold to be
triharmonic curve on the base manifold. The above research problem is also studied
in the complex setting of the manifold on which the Riemannian submersion is de-
fined. In this case, first the condition of a given curve to be a triharmonic curve in
a complex space form is given, and then the character of the triharmonic curve dur-
ing Riemann submersion is examined. In addition, we give several results involving
curvature conditions for a triharmonic curves along Riemannian submersions.

Keywords. Riemannian manifold, complex space form, Riemannian submersion, bihar-
monic curves, triharmonic curves.

1 Introduction

Riemannian submersions between Riemannian manifolds were studied by O’Neill [10] and Gray
[1]. This type of submersions has been used as an effective tool to obtain new manifolds with
certain curvatures and to compare their geometry when given two manifolds. Riemannian sub-
mersions between Riemannian manifolds equipped with an additional structure of almost complex
type, called Hermitian submersions, was first studied by Watson in [15]. See reference [2] for Her-
mitian submersions in complex geometry and their corresponding extensions in other manifolds.

Harmonic maps F' : (M, g) — (N, gn) between Riemannian manifolds are the critical points
of the energy E(F) = % [, |dF|?vy, and they are therefore the solutions of the corresponding
Euler-Lagrange equation. This equation is giving by the vanishing of the tension field 7(F) =
traceVdF. On the other hand, Jiang [3] studied first and second variation formulas of the
bienergy functional Es(F') whose critical points are called as biharmonic maps. There have been
a rich literature on biharmonic maps like as harmonic maps [11] and [9]. In 1989, S. B. Wang [14]
studied the first variational formula of the tri-energy F3. The critical points are called triharmonic
maps. Notice that, every harmonic curve is a triharmonic curve. However, as proved by Maeta in
[6], biharmonic curves are not necessary triharmonic curves and, vice versa, triharmonic curves
do not need to be biharmonic.
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In this paper, we study curves along Riemannian submersions from Riemannian manifolds
(and complex space forms) onto Riemannian manifolds. In 2, we present the basic information
needed for this paper. In 3, we investigate necessary and sufficient conditions for the curves along
Riemannian submersions from Riemannian manifold to be tri-harmonic. We obtain necessary
and sufficient conditions for the Frenet curves along Riemannian submersions from Riemannian
manifold to be tri-harmonic. In 4, we study triharmonic curves along Riemannian submersions
from complex space forms. Then, we give necessary and sufficient conditions for the Frenet curves
along Riemannian submersions from complex space forms to be triharmonic. Moreover, as a result
of these theorems, many properties of triharmonic curves along Riemannian submersions were
obtained depending on the curvatures.

2 Preliminaries

In this section, we recall some basic notions and results which will be needed throughout the
paper from [2], [5], 7], [8], [10], [12], [11], [13], [1C].

The geometry of Riemannian submersion is characterized by O’Neill’s tensors 7 and A
defined for vector fields F, F on M by

ApF = HV g VE +VVygHE (2.1)

TeF = HVyEVF + HVyeHF (2.2)

where V is the Levi-Civita connection of gy [10]. It is easy to see that a Riemannian submersion
F : M — N has totally geodesic fibres if and only if T vanishes identically. For any E € T'(T M),
Te and Ag are skew -symmetric operators on (I'(T' M), g) reversing the horizontal and the vertical
distributions. That is, Ag and Tg are anti-symmetric with respect to g. It is easy to see that
T is vertical, Tg = Tyg and A is horizontal A = Ay gr. We note that the tensor fields T is
symmetric on the vertical distribution and A is anti-symmetric on the horizontal distribution.
On the other hand, from (2.1) and (2.2) we have

VxV = AxV +VVxV (2.3)
VxY = HVxY +AxY (2.4)

for X,Y € I'((kerF.)*) and V,W € T'(kerF,) [10]. A Riemannian submersion is called a Rie-
mannian submersion with totally umbilical fibers if

ToW = g(U,W)H (2.5)

for Uy W € T'(kerF,) [16]. Let a : I — M be a curve parametrized by arc length in an n-
dimensional Riemannian manifold (M, g). If there exists orthonormal vector fields Fy, Es, - - , E,
along « such that

E, = o =T,
VrE, = k1B,
VrEy = —ki1E1+ 52E37

VTET' = —Iﬂ}r_lE,»_l. (26)



Triharmonic curves along Riemannian submersions 27

then « is called a Frenet curve of osculating order r, where kq,--- , k,-_1 are positive functions
on [ and 1 < r < n [2]. A Frenet curve of osculating order 1 is a geodesic; a Frenet curve
of osculating order 2 is called a circle if k; is a nonzero positive constant; a Frenet curve of
osculating order r > 3 is called a helix of order r if Kq,------ K,_1 are nonzero positive constants;
a helix of order 3 is shortly called a helix. Following S. Maeda and Y. Ohnita [4], we define the
complex torsions of the curve a by 7;; = g(E;, JE;), 1 <i < j <r. A helix of order r is called a
holomorphic helix of order r if all the complex torsions are constant.

Let F': (M, g) — (N, h) be a Riemannian map between two Riemannian manifolds of dimensions
m and n respectively. The second fundamental form of a map is defined by

N M
(VE)(X,Y)=VIxFY — F.(VxY) (2.7)

M N
for any vector fields X, Y on M, where V is the Levi-Civita cennection of M and V¥ is the

pull-back of the connection % of N to the induced vector bundle F~1(TN). It is well known that
VF, is symmetric [13].

Amap F': (M, g) = (N, h) between Riemannian manifolds is a tri-harmonic map if the tri-tension
field 73(F) of F

r5(F) = JAG(E)) = S RN (Vr(F), 7(F))F. (2.8)

vanishes [8]. Let a : I — M be a curve defined on an open interval I and parametrized by
arc-length. Then the tritension field is given by [5]

m3(a) = V5T + RM(V3T, T)T — RM(V2T,VT)T. (2.9)

Let (M, g) be a Riemannian manifold and « : I — M be a curve defined on an open interval T
and parametrized by arc-length. Then , using Frenet equations, the tritension field of a becomes
[7]

m3(a) = (—10k, K, — Bk1k; + 10K3K, + Br1ky K2 + Br2koky) By

+(—15k1(k1)? — 1062k, + &3 + 26362 + k) — 6k, K3 — 12K Kok

—3k1(kg)? — dk1Koky + K1ka + K1kak3)Ey + (—9k3Ky Ko + 4K, Ko

—4/—1/1/13 — 6/11/1%/@,2 + 6,%,1,&/2 - /1:1)’/{’2 + 4%;/4/2/ + /11/@/2” - 4/1/1,%2/1%

—3111/42&% — 3/<;1/£21£3/£;,)F*E3h + (6/1/1,/@/-@3 — K3 KoKs — K1KSK3

—&—8/{/1/-@/2&3 + 3%1/6,2,,‘63 — K1kgks + 4/-6;/{2/@;, + 3/-@1/£/2/1; + /ﬁmgmg

—k1koksks)FuEyp, + (4/'@,1%2/63114 + 3&1,‘@/2/13;{4 + 2/11/@2/1;)/@4

+I€1I€2I€3H;)F*E5h + Ki1kokskaks FyEgp, + RM(V?}T7 T

—~RM(VAT,V,T)T. (2.10)

3 Triharmonic Curves along Riemannian Submersions from
Riemannian Manifolds
In this section, we study triharmonic curves along Riemannian submersions from Riemannian

manifolds. Then, we will investigate necessary and sufficient conditions for the curves along
Riemannian submersions from Riemannian manifolds to be triharmonic.



28 Gizem Kopriilii Karakas, Bayram Sahin

Theorem 3.1. Let F : (M(c),gnm) — (N,gn) be a Riemannian submersion from a real space
form (M(c),gnm) to a Riemannian manifold (N, gn). Let oo : I — (M(c), gnr) be a triharmonic
horizontal curve with parallel horizontal tensor field A. Then Foa : vy : I — (N,gn) is a
triharmonic curve.

Proof. Let F : (M(c),gm) — (N, gn) be a Riemannian submersion from a Riemannian mani-
fold (M(c), gar) to a Riemannian manifold (N, gy). Let o : T — (M(c), gar) be a triharmonic
horizontal curve. Then, we have

o =T=Ey,, ~=FRT=T, (3.1)

where E7j, is horizontal part of T'= F;. Note that ’y/ = T is the unit tangent vector field along
the curve. Since F' is Riemannian submersion, then (VF,)(X,Y) = 0, where X,Y € I'(H), using
(2.6) and (2.7) we get

N
VTT = /‘ElF*EQh. (32)
and

N2 , M
VT = k) Fy By + 61 (VE) (B, Bop) + FuV gy, Eop). (3.3)

From (2.3), (2.4) and Frenet formulas, we have

M
HV gy, Eon = —k1E1h + K2 E3n — Ag,, Eoy. (3.4)
Using (3.4) in (3.3), we derive

NZ ,
V3T = ki, FyFop, — K2F.Eyp, + k1koFuEsp — k1 FuAgp,, B, (3.5)

Taking the covariant dervivative of (3.5) and using the second fundamental form of the Rieman-
nian submersion, we get

N3, .M , g M
VTT = K1 F*Ezh + K:lF*HVElhEQh — 2:‘{1/431F*E1h — ﬂlF*IHVElhElh

’ ’ M ’
+I€1/€2F*E3h + I€1I€2F*E3h + /illigF*HvElhEgh — l‘ilF*AElhEQv
M
—KlF*HVElh.AElhEQU. (36)

Since o
HvElhE?)h = —roFop + K3Eap — AElhE?)v (37)

due (3.2), (3.4) and Frenet formulas, using (3.7), we arrive at

N3 ~ 7 " ’ ’
VT = —3k1k, Fu B + (Ry — K} — k1k3)FuFap + (261 kg + K1ky) FuEsp,

, M
+r1Kk2k3Fy By — 260 Fu ARy, By — k1Ko FyAg,, B3y — k1 FWHV By, Ap,, B2y (3.8)

Taking the covariant dervivative of (3.8), using (2.3),(2.4) and Frenet formulas, we have the
following equation.

N4 ~ ’ 1" ’ 1t
ViT = (=3(k1)* — dr1ky + K] + 8I635)Fu By + (—6K3 Ky + Ky
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’

’ 2 ! 1" 3 3 !
—3K1 K5 — 3K1Kaky) FiuEap + (3K, K2 — KiKe — K1K5 + 3K Ko
" 2 ’ ’ ’
+R1Kg — K1Kak3)FuEsp + (3K K2ks + 2K1kKok3 + Kikaks) FuEyp

+K1kokska L Esp, — (3;1/1/ — Ky — k1K) FuAp,, Bay — (3/{/1,%2
’ ’ M
—|—2/€1;‘€2)F*.AE1}LE3U — H1/€2/€3F*.AE1}LE4U — ZHlF*HVElh-AElhE2v
M , M
—k152F\HV By, ARy, B3y — k1 FWHV B, ARy, B2y
M M
-k FHV gy, HV By, AEy, Eo. (3.9)
Using the formula of the second fundamental form of the map F' and (3.2), we also have

5
N ~ ’ 1" nr ’ ’ !
VT = (=10k Kk, — 5k1k, + 106K, + SRk K3 + Bk Keky ) FLErp,

’ 2 2 " 5 3 2 " " 2 ’ ’
—15k4 - - - 2
+(=15K1(K1)° — 10KTKy + K] + 267K + Ky — 6Ky K5 — 12K Kaky
! 2 1" 4 2 2 2 ’ 1"
—3K1(Kg)® — dK1Kaky + K1Ks + K1Ksk3) FuEop + (—9K1K Ko + 4K Ko
’ 3 2 ’ 1" ’ 3 ’ ’ 1" " ’ 2
—4K1 K5 — 6K1K3Kg + 6K Ky — KiKe + 4K Ky + K1Ky — 4K K2K3
’ 2 ’ 1" 3 3
—3K1Kyk5 — 3K1Kak3kg) FiEsn + (6K, Kaks — KKaks — K1K5K3
’ ! 1" 3 7 7 ’ ! 1"
+8K1Kok3 + 3K1Ky K3 — K1kaky + 4K Kokg + 3K1Kgkg + K1Kaks
2 !’ !’ ’
+H1K2H3H4)F*E4h + (4H1K2K3H4 + 3H1H2H3H4 + 2/431/{2113/{4
’ 2 ’ " ’ 2
+R1koksky ) FuEsp + k1kokskaks FyuEop + (951K — 4k, + 4K K5
’ " 3 3 ’ ’ "
+5K1koke ) FuAp,, Fay + (—6K1 K + Kik2 + K1K5 — 8K1Ky — 3K1Kq

+n1/~;2n§)F*AE1hE3U - (4:‘{/152:%3 + 3515;53 + 251K2R;)F*AEULE4U
1" M
—I$1IQQI$3H4F*AEME5U + (—651 + :‘iil)) + Kllig)F*HvElh.AElhEgv
, , M M

—(4K1 K2 + 3k1ko)FuHV g, AR, , E3y — k1keks FxHV g, Ag,, Fiv

, M M M M
_4“1F*HVE1thE1hAE1hE2v - KIHQF*HVEthVElh‘AElhEkQW

M M M

—k1FEHV 5, HV 5, HV B, AE,, E2y- (3.10)

On the other hand, using (3.8), we derive
N3
RN(VT, )T = —3k1k, RN (FuEyp, FLE1 ) Fo By + (k) — K3 — k1k2)
RN(F. B, FLE1p) FuErp + (26 K + kitig) RN (F\ B3y, FL Ery) FL B,
+r1koks RN (FuEap, FuErp) FuErp — 261 RN (FoAp,), Eay, FoErn)Fu By,
—k1k2 RN (FL Ag,, B3y, F E1p)F By,

meN(F*H%EmAEI,LEQU, F.E\,)F,Eny,. (3.11)
Using horizontal and vertical part of Es5, we can write
RM(Es, Exp)Erp = RM (Eay, Evp)Ev + RM (Eap, Evp) Erp. (3.12)
Hence, we get

F(RM(Ey, Ep)Ern) = Fu(RM (Egy, Evp)Ern) + Fo(RM (Ean, Evp) En). (3.13)
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Since F' is a Riemannian submersion, we get
RN (F\ B, FEvp) FuEvy = Fuo(RM (Bz, Bipn) En) — Fu(RM (Bzo, E1n) Ern).
Using curtavure tensor formula, we have
RN(F,Eop, F.Erp)FoEy), = cF\ Eay,.
Similarly, we get
RN(F.Esp, F.E1p)F.Ery, = cF.Esy,.
RN(F\Eup, F.E1p)F Er), = cF, Eyy,.

RN(F*AElhEQ'u,F*Elh)F*Elh = CF*AElhEQ'

RN(F,Ag,, Esy, F.E1),)F. By, = cFy Ag,, Bs.

M M
RN(F*HvElhAEmEZUa FLErp) P B, = cF\HV g, Ay, B2y
+CK19N(F*AE1;LEQU7 F.Es)FyEqp,.

Thus putting (3.15), (3.16), (3.17), (3.18), (3.19), (3.20) in (3.11), we have

N3 ~ ~. ~ " ’ ’
RN(V#T,T)T = c(ky — K3 — k1kn) FuBap, + (2 kg + K1k ) Fi B3y,
+Cl€1l€2/€3F*E4h — QCH;F*.AEMEQU — CKZ1I€2F*.AE”LE3U

M
_CﬂlF*HvElh-AEU,EZU + CH%QN(F*AEMEZH F*EZh)F*Elh-

and

N N2 _ N _ .
RN(V#T,VzT)T = ckiF. Eap,.

Thus putting (3.10), (3.21) and (3.22) in (2.9), we have

’ 1" " 3 ’ ’ 2 2 ’
73(y) = (=10K, Ky — Bk1K; + 10KTK, + BKR1K KRS + BRTIK2Ky
2 "2 2" 5
+ckign (FuAp,, By, FuEop))Fyu Erp, + (—15k1(kq)* — 10678, + K
3 2 " " 2 ’ ’ ’ 2 " 4
+2K1K5 + K1 — 6k K5 — 1261 Kaky — 3K1(Kq)” — dK1K2ky + K1k
2 2 1" 3 2 ’ 1" ’ 3
+r1k5k5 + (kg — 2K] — K1K2) ) FyxBap + (—9Kk1K K2 + 4Ky Ko — 4K K5
2 ’ 1" ! 3 ’ ’ 1" 1" ’ 2 ’ 2
—b6K1K5Kg + 6K Ky — K{Kg + 4K 1Ky + K1Kky — 4K KaK3 — 3K1K9K3
’ ’ ’ "
3
—3K1KaRgkg + (261 K2 + K1Kg))FyEsp, + (6K, koks — KKK
3 ’ ! " 3 ! ! ’ ’
—K1Kk5K3 + 8K Kok + 3K1Kg K3 — K1Kak3 + 4K Kaks + 3K1Kqkg
1" 2 ’ ’
+I€1/€2I€3 — R1R2K3Ky + CHlligﬂg)F*Ez;h + (4H1H2I€3/€4 + 3/431/"»'2%33/434
! ’ 2 ! 1"
+2I€1/€2/€3I€4 + I€1H2K3H4)F*E5h + R1K2H3H4H5F*E6h + (9/11/{1 - 4/61

—|—4KJ/1/€§ + 5/@11432,%’2 - ZCH;)F*AEI,LEQU + (—6163/1/1%2 + K3ko + K1k

(3.14)

(3.15)

(3.16)
(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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’ ! " 2 ’ !
—8kK1 Ky — BK1Ky + K1Kaks — ck1K2)FiAg,, Esy — (4K Kaks + 3K1KqK3

+2n152f$;’)F*AE1hE4U — K1kokskaFu ARy, Fsy + (—6/1;/ + K3+ KRS
M , , M
—cm)F*"H,VEIhAEIhEQU — (4K1K2 + 3K152)F*HVE1;LAE1;1E31;
M , M M
—H1K2H3F*HVE1hAE1hE4v - 4K1F*HVE1;LHVE1;LAEULEQU
M M M M M
k162 HV g, HV B, Apy, Eso — k1B "V g, HV 5, HV By, Ap,, Eao. (3.23)

Since 73() = 0, we can write F,73(«) = 0. Then, using this equation in 73(7) , we have

T3(7y) = _C/ﬁ:%gN(F*AElhEQU’ F.Eop))FiEyp + (9&%/@; - 4/51” + 4/@1&%

’ ’ 1" 3 3 !
+5K1K2ky — 2¢k1 ) FrAg,, Eoy + (—6K K2 + KiK2 + K1K5 — 8K Ky
1" 2 ! ’

—3K1Ky + K1koks — ck1ke) FuAR,, Esy — (4k Kaks + 3K1Rok3

+2I€1;‘£2I€;)F*.AEME4U — K1kokskaFW ARy, Fsy + (—6/1;/ + K3+ KRS
M , , M
_CKI)F*HVEUL-AEMEQ'U — (4/@1532 + 3/%1/@2)F*/HVEMAEME3U
M , M M
_5152/€3F*HVE1;1AE1,1E4U - 4m1F*HVE1hHVE1hAE1hE2U

M M M M M
—k162 P HV g, HV B, Apy, Eso — k1B 1V B, HV 5, HV By, Ap,, Bao. (3.24)

which completes proof. O

For a horizontal Frenet curve, we have the following result. In this case, the steps given in
the proof of the previous theorem are mainly followed although the computations are tedious.
Therefore, we omit its proof.

Theorem 3.2. Let F : (M(c),gn) — (N,gn) be a Riemannian submersion from a real space
form (M(c), gnm) to a Riemannian manifold (N,gn). Let o : I — (M(c),gm) be a horizontal
Frenet curve and Foa :v: I — (N,gn) a Frenet curve. Then, Foa :~v:1 — (N,gn) is a
triharmonic curve if and only if

A - - 7 ~ ~! 9 ~ 2~
—].Olil K1 — 5/€1I€1 + 10/&1351 + 5I€1/€1 Ko~ + 5I<61 RoRg — 0,
"

! 17 12 ! !
715%1(/11 )2 - 10/4312111 + Iils + 2/"\2131622 + K1 - 6%1 H22 - 12/11 RoKR2
~ o~ '\2 ~ oo ~ -4 ~ o~ 2~2 -~ ~ 3 ~ -2
—3K1(K2 )* — 4K1KaKks + K1Ka™ + K1Re K3~ + c(k1 — 261° — K1K2°) = 0,

1"

! ’ ’ ’
79/‘612K1 Ko + 4/‘61 Ko — 4/11 1*123 - 6%1%22112 + 6%1

o ~ 3 ! o
Ko — K1 ko + 4%1 K1
"

K1Ko — 4/51,;‘{21532 — 3/51/{2//4‘732 — 3/51/{253/{3/ + C(2f‘€1’f{2 + 1*51/{2/) =0,
6K1 Kok — K12 Kaks — K1Ko K + 8K1 Ko K + 3K16s Ky — K1k
14K Kok + 3K1Ks Ky + K1Kaks — K1Kakski2 + chlkaks = 0,

A1) FpRsky + 3K1K2 Raky + 2R1Faks K + Rukaksis =0,

K1RaR3ReKs = 0. (3.25)
In particular cases, we have the following result.

Theorem 3.3. Let F : (M(c),gnm) — (N,gn) be a Riemannian submersion from a real space
form (M(c),gnm) to a Riemannian manifold (N,gn). Let a : I — (M(c),gnm) be a horizontal
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Frenet curve and Foa : v : I — (N,gn) be a Frenet curve such that £ = constant # 0. Then,
Foa:v:1— (N,gn) is a triharmonic curve if and only if

Ko = constant,

-4 2242 -4, =222 -2, =2
K1© 4 2R1°Ka” 4+ K2” 4+ K2 K3” — c(2K1° + Ke®) =0,

’

RoK3R3 = O,
2 + 3. s 23 e L 22 s
K1°KoK3 + Ko K3 + KoK3® — KoK + KoKsk4”™ — ckoks = 0,

~ - ’ - - - - !
2K9K3 Ky + kokgky =0,
Kokzkaks = 0. (3.26)

Proof. The assertion follows from Theorem 3.2. O

Corollary 3.4. Let F : (M™(c),gm) — (N™,gn) be a Riemannian submersion from a real space
form (M(c), gnm) to a Riemannian manifold (N,gn). Let o : I — (M(c),gm) be a horizontal
Frenet curve and Foa :v: 1 — (N,gn) be a Frenet curve such that £1 = constant # 0,3 = 0.
Then, Foa:v: 1 — (N,gn) is a triharmonic curve if and only if v is a circle with 1 = V2¢
such that n > 2.

In Theorem 3.1, we considered the curve as a horizontal curve. If the curve is considered as
a general curve, the following result is obtained. As can be seen, it seems quite complicated to
control the resulting equation in this case.

Theorem 3.5. Let F': (M(c),gnm) — (N,gn) be a Riemannian submersion from a real space
form (M (c),gn) to a Riemannian manifold (N,gy) . Let a: T — (M(c),gn) be a triharmonic
curve. Then Foa:v:1— (N,gn) is a triharmonic curve if and only if

(8(s1)* + 91y — Kt = K1R3)F Ty, Bro + Ay, Bro) + (963sy — 4y + 4k 3

+5k1 K0k Fy(Tay, Bay + Apy, Bay) + (—6k) ko + K3ko + K1k3 — 6y iy — 3k1ky
—2K1 Ky + K1k2k3) Fe(TEy, E3o + Ap,, E3v) — (4k1Kaks + 3K1Kgk3
+2k1k2k3) Fs (TEy, Eav + Ap,, Fay) — k1k2k3ka Fu (T, , Eso + Ag,, Esy)

!’ 1" M ’ m"r ’
+(8(k1)? + k1 kg — K] — KIKD)E HV gy, Erp + (963K, — 4k, + 4k K3
! M 1 7 ’ 1"
+5K1K2ko ) FLHV By, Bap, + (=651 Ko + Kk + K1k — By kg — 3K 1Ky
ro M ’ ’ ’ M
—2K1Kq + nlmgng)F*’HVEwEgh — (4K KaRs + 3K1kqks + 2K1kK2ks ) FxHVY By, Eap
M , M M
—ki1kokska FxHV g, Esp + Tk Fy(HV B, TEy, E1v + HV By, AR, Eiv)
1 M M ,
+(—5Ii1 + KZI’ + Kllig)F*(HvElhTElszv + HVElhAElhEQU) - (41‘{11%2
, M M M
+3H1KZ2)F* (HVEMTEME?,'U + HvElhAElhESv) - KIHQRSF* (HvElhTEluE4U
M , M M "
+HVE1hAE1hE4v) + Tk16 FsHV gy, HV B, Eip — (6%1 — ,‘ﬂll3
) M M , , M M
—k163) FsHV g, HV By, Eop — (41 k2 + 3616) F\HV B, HV B, E3p,
M M ) M M
—k1k2ksF HV g, HV g, Ean + k1F«(HV g, HV B,, TE,, E10
M M , M M
21V gy, HV 5y, Ay, Erw) — 260 FHV g, HV B, Te,, E2v

M M
—RlﬁgF*HvElhrHVElhTElvEgv. (3.27)
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4 Triharmonic Curves along Riemannian Submersions from
Complex Space Forms

In this section, first, we obtain necessary and sufficient conditions for a curve on a complex space
form to be a triharmonic curve. Then we study triharmonic curves along Riemannian submersions
from complex space forms and investigate necessary and sufficient conditions for the curves on
complex space forms along Riemannian submersions to be triharmonic.

Let (M, g) be a Kaehler manifold. This means [16] that M admits a tensor field .J of type
(1,1) on M such that, VX,Y € I'(T'M), we have

J? =1, g(X,Y)=g(JX,JY), (VxJ)Y =0, (4.1)

where g is the Riemannian metric and V is the Levi-Civita connection on M.
Let M™(4c) be a complex space form with holomorphic sectional curvature 4¢c. Then its
curvature tensor field is given by
RM™G (X YVVZ = gV, 2)X —g(X,2)Y 4+ g(JY, 2)JX — g(JX,Z)JY
+29(X,JY)JZ} (4.2)

for X,Y,Z € x(M). We first give the following general result for a curve on a complex space
form to be triharmonic curve.

Theorem 4.1. Let a : I — (N(4c),gn) be a horizontal Frenet curve on a complex space form
(N(4¢),gn). Then « is a triharmonic curve if and only if

7 " 1’ 3 ! ’ 2 2 !’
(=10Kk Ky — Bk1Ky + 10K7K; + BK1K K5 4+ BKrTK2K9) E1p
’ 2 2 " 2 1" 1" 2 ! !’
+(—=15k1 (k1) — 10K3 K, + K] + 26T K3 + Ky — 6Ky K3 — 126, Koky
’ 2 " 4 2 2 1" 3
—3k1(Ry)® — dR1Kaky + K1Kg + K1Kk3K5 + c(ky — 2K] — K1K2))Ea
2 ! " ’ 3 2 ’ 1" ! 3 ’ ! "
+(—9KTK Ko + 4K, Ko — 4Kk Ky — BK1K5Kg + 6Ky Ky — K1 Ko + 4K K4
1" ’ 2 ’ 2 ’ ’ !
+K1Ky — 4K Kok — 3K1KgKs — 3R1K2kaks + (2K, K2 + K1ky))Es
1" 3 3 7 ! 1" 3 ! !’
+(6K1 Kokg — K]KaKg — K1K5K3 + 8K Koks + 3K1Kg K3 — K1KaKy + 4K Kaks
’ ! 2 2 ! !’
+3K1Roks + K1KaRg — K1Kaksky + ck1kakg) By + (4k Kakska + 3R1KoK3k
’ ’ " 3 2
+2K1Rakgka + K1kakaky)Es + K1kakskaks Bg — ¢(3(Ky — 2K] — K1K3)T12
’ ’ 2 2
+3(2,‘i1l€2 + K11€2)7'13 + 3K1K2K3T14 — 2/11/€27'23)JE1;Z — Cﬁllﬁngg,JEQ
+CI€%K2T12JE3 =0. (43)

Proof. Let a: I — (N(4c), gn) be a horizontal Frenet curve on complex space form (N (4¢), gn ). We
have the following equation.

N3 ’ " ’ ’
VT = =361k, FBip + (k) — K5 — k1K3) By + (261 ko + K1ky) E3
+I€1I€2/€3E4. (44)
N4
We calculate VT as follows

N4 ’ 7 , N " ’
VT = —3(ky)?Erp — 3615y Evp — 3615, Vi, E1n + (k) — 3K7k,



34 Gizem Kopriilii Karakas, Bayram Sahin

N 1" / !’
7!{1112 ZKlnglig)EQ + ( fi? - nlmg)VElhEg + (2K1 ko + 3Kk Ky

+I€1/€/2/)E3 + (2/€/1l<62 + IillﬁlIQ)VElhEg + (l{;ﬂglig + H11€I2H3 + I€1I€2KZZ;)E4
N
+/<1/<;2/<;3VEME4. (45)

Using the Frenet formula of «, we have
N
VT = (=3(k))? — 4k1k; + &5 + K262) Erp + (—6K3K, + Ky — 3k, K2
—3k1koky) By + (3K ko — Kikg — K1k3 + 3Ky Ky + KKy — K1 Kaka)Es
—|—(3/~@’1/£2/£3 + 2/@1/4/2113 + K1koks)Ey + Ki1kokska Es. (4.6)

N©
Similarly, using the Frenet formula of «, we calculate VT as follows.

N5 ’ 1" N/II 3 ! ’ 2 2 !
VT = (—10k1k, — Bk1Ry + 10k7K; + BR1K K5 + BKTK2K,) E1p
’ 2 2 " 2 nrr " 2
+(—=15k1 (k) — 1063k, + K5 + 2K5K5 + Ky — 6Ky K3
’ ’ ’ 2 1" 4 2 2
—12K1 Kaky — 3K1(Kq)” — dK1K2ky + K1k + 51/-@2&3)E2
2 ’ 1" 3 ’
+(—9KTK K2 + 4&1 Ko — 4&11432 6/»4;1,%2,«;2 + 6,%1 ,%2 K{Kq
—1—4,%1/12 + m@ — 4&15253 3/@1,'{2&3 3&1/{2&353)E3
+(6k) Koks — K3 koks — K1 K3Ks + 8k Koks + 3Ky kg — K1K2KS
1"
—|—4n1/£2/£3 + 3/@1112,%3 + K1Kokg — Kikokzks)Ey + (4/{1/12/43/@4

—|—3/§1/-€2/13/-€4 + 2&1/{2/@3/@1 + H1H2K3H4)E5 + K1Kok3KaksEg. (4.7)
Using (4.2) and (4.4), we have

N N3 ” , /

R(VyT,T)T = c(k, — K3 — k1k3) By + c(2k, ko + K1ky) B3 + crikoks By

—1—[30(%;/1/ — Ky — k1K) g (Bo, JE1,) + 30(25/11@'2 + nm;)gM(Eg, JE1p)
+30/€1/€2F63QM(E4, JElh)]JElh. (48)

Similarly , we have

N N2
R(V,T, VTT) = ¢k By + [=3ckigni (Evn, JB2) + 2¢k3 kagn (Es, JE2)|J Eqy,
—ckikogn (Bip, JE3)JJ Ea + crikagn (Bin, JE2)J Es. (4.9)

Thus putting (4.7), (4.8) and (4.9) in (2.9), we get

’ " 1" ’ ’ ’
73(q) = (10K, Ky — Br1ky + 1063k, + Br1k K5 + BKTkKaks ) Elp
+(=15k1 (k)2 — 1062k, + K5 + 26363 + K, — 6k K2 — 12k, KoKy
—3k1(ky)? — 4/4;1,%2,%/2/ + k1K 4 R1R2ES + c(K) — 263 — K1ke)) s
+(— 9/{1#91/{2 + 4/{1 Ko — 4&1/{2 6/{1&2,%2 + 6,%1 /<;2 /{i’n; + 4/<c/1/$/1/
"

+K1Kg 4n1/12n3 3&1/12/{3 3n1/£2/<;3/13 + (26 Ka + K1kg))Es

1"
+ (6K, koks — Kikoks — K1Kak3 + 8/@11432/@, + 3/@1&2 K3 — K1koky
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"

+4fi/1/12/£/3 + 3/{1,%’2/1;) + K1Kokg — /@1/12/@3/@21 + cr1kok3)Ey + (4/{1/@253/@4
—&—3/{1/@,2&3/14 + 2&1@/{3/@4 + H1K2H3K;)E5 + KikokskaksEg

+c(3(/£l1/ — 2K3 — K1K3)T12 + 3(25/1/12 + /ilff/z)ﬁg + 3K1K2K3T14

—2&%52T23)JE1]1 + CKJ%FEQTL‘;JEQ — CKEKJQTlQJES. (410)

The assertion folllows from (4.10). O

In the following theorem, the conditions for being triharmonic on the base manifold of the
curve, which is triharmonic on the total manifold of the Riemannian submersion from a complex
space form to a Riemannian manifold, are obtained.

Theorem 4.2. Let F : (M(4c),gnm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c),gn) to a Riemannian manifold (N,gn). Let a : I — (M(4c),gm) be a
triharmonic horizontal curve. Then Foa :~: 1 — (N,gn) is a triharmonic curve if and only if

crktign (FuAg,, Boy, Bon)FL By + (962K, — 4k + 4K} K3 + By Kokiy
—2ck} ) FuAp,, Eay + (—6K) Ko + K3ko + K1k — 8Ky Ky — 3K1Ky + K1koks

—ck1R2) FrAg,, Esy — (4/{/152/{3 + 3/{1&/2,%3 + 2/{152m;)F*AE1hE4U
" M
—k1kokskaFeAp,, Bsy + (=68, + k3 + k155 + ck1)FuHV 5, Ap,, B2
, , M M
— (4K K2 + 3k1k9)FuHV g, AR,, B3y — k1keks FxHV g, AR, Fay
, M M M M
—4K1F*HVEMHVEMAEME2U - HlligF*HvEthvElhAElhEgv

M M M "
—k1 EHY 5, HV By, HY By, ARy, Bow + €[3(K) — 263 — K1K3) T12mis

+3(2Kl1/€2 + H1H;)T13mix + 3K1K2K3T14miz — 2K1K2T23mix
—26390 (Ap,, B2y, JEap) — GK;QM(AEM Esy, JE1)

M

—3k1k290M (AE,y, Esv, JE1L) — 3k19Mm (HV B, AE,, E2v, JE11)|Fy JEqy,
—c[kiRaTi3miz + K190 (Ag,, E2w, JE1R)Fud Eop, + ek KoT12miz FiJ Eap
+CK/%/€27—13F*JEQU — CH?HQTlgF*JEgv + CH%TlQHF*JAEULEQU =0. (411)

where Tijmiz = v (Einy JEjy), Tijr = g (Ein, JEjn).

Proof. Let F : (M(4c), gnr) — (N, gn) be a Riemannian submersion from a complex space form
(M(4c¢), gar) to a Riemannian manifold (N, gn). Let a : I — (M(4c),gp) be a triharmonic
horizontal curve. By direct computations, we get

N4 ~ ! " ’ N "
VTT = —3(/11)2F*E1h — 3K1K, F.Eq, — 3!%1I€1VF*E1hF*E1h + (’%1

N
—3K3K) — Ky K2 — 2K1koky) FyFon + (k) — K3 — k163)V . 5y, FuEan
" ’ ’ " ’ ’ N
+(2K1 K2 + 3K1 Ky + K1Ko ) FuEsp + (261 K2 + K1k9)VE, By, FxEsn
!’ 7 ! N
+(l€1/€2l€3 + K1KgK3 + /€11€2K‘,3)F*E4h + H1K2H3VF*E1,LF*E4}L

1" ’ N ! i
—2k1 FuAp,, B2 — 261V, By, ARy, E2o — (k2 + F1ko) Fu ARy, B3,
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N , M
—Kk162VE, By, ARy, Eso — 61 FWHV By, A, B2,
N M
751VF*E1hF*HvE1hAE1hE2v~ (412)

On the other hand, from (2.3),(2.4) and (2.6), we get

M
HV gy, Bap, = —K3Esp + kaEsp — AElhE4v- (413)

Using (3.2), (3.4), (3.7) and (4.13), we derive

N
VT = (—=3(k))? — k15 + £F + K262 FL By + (6526, + K — 3k, K3
—3K1K2H;)F*E2h + (3,%,1//{2 — KKy — K1k + 3,%,1%/2 + mm; — K1kok3)FL By,
+(3/$/1/£2/<;3 + 2/{1,‘{/2/13 + m@ng)F*EM + KikokskaFy Esp — (3,‘{/1/ — n‘;’
—r1k3)FuAg,, Bay — (3/<;/1/<;2 + 2/<51/<;/2)F*AEME31, — K1koksFuAp,, Fay

’ M M , M
—251F*HVEM’AEM’E2U — IilﬁQF*HVElhAElhEgv — HlF*HvElhAElhEZU
M M
— k1 F.HV 5, HV 5, Ap,, o (4.14)

Using (3.7), we have
5
N ~ ’ " 1" 3 ’ ! 2 2 ’
ViT = (=10k1ky — 5k1ky + 10KTK; + DR1K K5 + DRIK2K,) Fiu B,
’ 2 2 1" 5 3 2 11" 1" 2 ’ ’
+(—=15k1(k1)° — 10KTKy + K] + 2K1K5 + K, — 6Ky K5 — 12K Kaky
7 2 1" 4 2 2 2 ’ 1’
73/11(/432) - 4%1/12%2 + R1Ko + Hllizﬂg)F*EQh + (79H1Iﬁlll€2 + 4%1 )
!’ 3 2 ’7 1" ’ 3 ! ! " " ’ 2
—4K Ky — 6K1K3Ky 4+ Bk Ky — KiKg + 4K Ky + K1Kg — 4K K2K5
’ 2 ’ "
—3K1Kok5 — 3K1Kaksks) FuEsp + (6K Kaks — K3Koks — K1KSK3
’ ’ " 3 ’ ’ ’ ’ 1"
+8K 1 Kok3 + 3R1Ky K3 — k1KoK + 4K Kokg + 3K1KyKg + K1KaKs
2 ’ ’ ’
+r1koksky) FuEap + (4K kokaka + 3R1Kokaka + 2K1Kaksky
! 2 ’ " ’ 2
+r1koksky)FuEsp + Kk1kokskaks FuEgn + (951k, — 4k, + 4Kk K5
’ " 3 3 ’ ’ 1"
+5K1K2k9) FuAg,, Fay + (—6kq ko + Kika + k1K — 8K kg — 3K1kq

+I€1H2H§)F*.AE”LE3U — (4/*611,‘6121%3 + 3H1H/2/€3 + 251525;,)F*/4E1;LE4U
1" M
—r1kakgkaFeAp,, Bsy + (=651 + K7 + K163) FWHV B, Ag,), B2,
/ ' M M

—(4k ko + 3K1ko) FLHV B, AR, E3o — k1k2ksF HV g, AR, B0

, M M M M
74/11F*HVE1;I,HVE1;LAE1;LE2D — IilﬂgF*HVElhHVEMAEME:;U

M M M

7I<.:1F*HVEMHVEMHVEMAEMEQU. (4.15)

Then, using (3.8) we have

N3 ,
RN(V#T,T)T = —3k1k, RN (F,Eyp, F.E1)FL Ep,

+(ky — K3 — k1k3)RN (F, Eop, FLE1p)F. E1p,
+(2f€l1/<¢2 + KIH,Q)RN(F*EZiha F.E1,)F. By + kikoraRY (FuEap, FuErp)FoErp,
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~25 RN (F. Ap,, Eay, F.E1p) F. By — k1ra RN (FuAp,, Esy, FoE1p)F.Exp
M
—k1 RN (FLHV g,, Ag,, E2v, FB1p) FuErp,. (4.16)
Using horizontal and vertical part of Ey, we can write
RM(Ey, Evp)Ery, = RM (B, Evp)Evp + RM (Eap, Evy) Erp. (4.17)
Applying F. two sides of equation (4.17), we get
F(RM(Ey, Evp)Ern) = Fu(RM (Egy, Ev)Ern) + Fu(RM (Egn, Evp) E). (4.18)
Since F' is a Riemannian submersion, we get
RN(F,Eap, FuErp)Fo By, = Fo(RM (B, Evp)Erp) — Fu(RM (Esy, Evp) Erp). (4.19)
Using equation (4.2), we have
RN(F*EQ}“ F*Elh)F*Elh = CF*EQ}L - 3CT127.LF*JE1h. (420)
Similarly, we have
RN(F*Egh, F*Elh)F*Elh = CF*Egh - 3CT137.LF*JE1h. (421)
RN(F*E4h, F*Elh)F*Elh = CF*E4h - 3CT14HF*JE1;1. (422)
RN(F*AEULEm”F*Elh)F*Elh = CF*-AEULEQU
-‘FSCgM(AElhEQU, JElh)F*JElh. (4.23)
RN(F*AElhE3v7 F*Elh)F*Elh = CF*AElhE3U
+3cgm (Apy, Esv, JE10) FuJEp. (4.24)
M M
RN(F*HVEMAEMEQU, F*Elh)F*Elh = CF*HVEMAEMEZU
M
—ck19m (Agy, Bz, Eon) FuErp + 3cgn(HV By, Ap,, Eov, J E1n) FuJ Exp,. (4.25)
Thus putting (4.20), (4.21), (4.22),(4.23), (4.24), (4.25) in (4.16), we have
N3 _ "
RN(V#T,T)T = ck2gn(FyAp,, Esy, FyEop)FyuErp + c(k) — K3 — Kk1K3)FyFoy,
+c(2n/1m2 + I<L1I€/2)F*E3h + ck1kak3Fy By — QCK;F*AElhEQfU — ck1ke P ARy, Esy
Z\/j " ’ 7
ek FuHV By, Ag,, Baw — c[3(k) — K3 — k1K3)Tian + 3(261 K2 + K1ky)T13n
+3k1kakaTian + 6k gar (Apy, Bav, JE18) + 3k162g01 (Apy, B3y, JE1)
M
+3I€1QM(’HVE”L.AEME2M JElh)]F*JElh. (4.26)

Similarly, we have

N2 _ N _
RN(VTT, VTT)T = CK/?F*EQh — C[3I€?7127.[ + 2%%&27’237{
72H%QM(AEME2U, JEQh)]F*JElh — C[H?KQTlg’}-L
—k39m (Ap,, Bay, JE1R)Fod Eap, + ¢k kaTiop FiJ Esp,
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—ck2T1on FuJ Ap,, Eay. (4.27)
Thus, putting (4.15), (4.26) and (4.27) in (2.9), we get

’ 1" " 3 ’ ’ 2 2 ’
73(y) = (—10K; K1 — BK1K; + 10kTK, + BK1K K5 + BRIK2Ky
2 "\2 2. 5 3.2
+ckign (Fu ARy, Eay, Eop))Fu By, + (—156K1 (k)" — 10618, + KT + 2K7K5
mrr 1" 2 ’ ’ ’ 2 " 4 2 2

+hy — 6Ky K5 — 12K KoKy — 3K1(Kg)” — 4K1Kake + K1K5 + K1K5KS

1" 2 3 2 F E 9 2 ’ 4 1" 4 ’ 3 6 2 ’
+e(ky — 267 — K1KS)) FuFap + (—9k7K Ko + 4Ky Ko — 4K K5 — BK1K5 Ky

1" ’ 3 ’ ’ 1" 2 ! 2 ’ 2 ’
+6K1 Ky — K1Kg + 4K Ky + K1kg — 4K Kak3 — 3K1KgK3 — 3K1K2K3K,
’ ’ 1" 3 3 ’ ’
+c(2k1 K2 + K1Ky)) Fu Esp + (6K Kaks — KiKaks — K1KyKs + 8K KoK
1" 3 ’ ! ’ ! " 2

+3K1Kg K3 — K1KaKy + 4K Kaks + 3K1Kqks + K1keks — K1Kakgky + CRk1keks)FuEyp,

’ ’ ’ ’
+ (4K  Rokgka + 3R1KRokaka + 2K1Rakgka + K1Raksky ) FuEsp + K1kokskaks FiEgp

2 ’ " ’ 2 ’ ’ " 3
+(9x1K, — 4Ky + 4K K5 + BK1Kaky — 2¢ky ) Fu ARy, Fay + (—6K1 K2 + K7 K2

3 ’ ’ " 2 ’ ’
+R1Ky — 8K Ky — BK1Ky + K1Kaks — ck1R2) FrAg,, Esy — (4K, Kaks + 3K1KqK3

+2/€1H2H;,)F*AE1,LE4U — K1kokskaFy Ap,, Esy + (—6k, + K3 + KiK2
M , , M
+ck1) FsHV iy, Ap,, Bay — (461 K2 + 3k160) F\HV B, Ap, ), B3y
M , M M
—KlﬂgﬁgF*HVElhAElhE4v — 4H1F*HVE1hHVE1hAE1hE2U

M M M M M
*Hl’{QF*,HVEwHVEmAEwE?)U - HlF*HvEmHvEmHvEmAEmEQU
—C[3(I€l1l — 2/1‘;’ — KJlKZ%)TmH + 3(2/@,1%32 + 1€1H/2)T13'H + 3K1KoK3T1I4H
—2w3 koTosm + 263901 (Apy, Bou, J Ean) + 66190 (A, Bou, JE1p)

M

+3r1K290M (AR, E3v, JE1n) + 38190 (HV E,,, ARy, E2v, JE11) | FiJ B,

+elkikoisn — K19 (A, Bav, JE1R)|FiJ B + ckikaTiaFuJ Esy,

—ckiT1o1 Fed Ay, Eso. (4.28)

Since 13(c) = 0, we can write Fy73(a) = 0. Then, using this equation in 73(7y), we have

73(7) = cxign (FuAg,, Fav, Ban)FL By + (9&%/{/1 — 4/<;/1 + 4/{1&% + BK1Kaky
—20&;)F*AE1,LE2U + (—6,%,1//{2 + K3 kg + KK — 8&1/@; — 3/@1,‘{/2/ + Kikoks

—ck1ka)Fu AR, Esy, — (45;.%2/{3 + 3/{1/<;/2/$3 + 2/{1/~@2/$;,)F*AEME47J
1" M
—H1I€2H3I€4F*AE1hE5U + (—6,‘{1 + K‘;’ + li1l<;% + CKI)F*IHVEMAEME%;
’ / M M

— (4K K2 + 3k1k9)FuHV g, AR, B3, — k1keks FxHV g, Ag,, Fav

, M M M M
—4/@1F*’HVE1,IHVEMAEME2U — KlligF*/HVEthVElh.AElhEgv

M M M .,

—k1F HV 5, HV B, HV i, AR, E2y + ¢[3(ky — 2%? - /ﬁllﬂg)Tlgmm
+3(2f€/1/<62 + 515/2)7'13miz + 3K1KoK3TIamiz — 2K KaT23miz
—2k2g0 (Ag,, Bz, JEap,) — 6k g (Ag,, Eov, JE11)

M
—3r1kogn (AE,, Esv, JE1R) — 3k19M (HV B, AR, E20, J E10) | Fud Exp,
—c[kTkaTi3miz + K190 (AR, , Bov, JE1)Fud Eop, + ck3 kaTiomie Fie Eap,
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+CH%H27’13F*JE2U - CKZ%HQTlgF*JEgv + CH%Tlg”HF* J.AE”L EQU. (429)

Thus Foa:v: I — (N,gn) is a triharmonic curve if and only if (4.11) is satisfied. O

Theorem 4.3. Let F : (M(4c),gm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c),gn) to a Riemannian manifold (N,gn). Let o : I — (M(4c),gm) be a
triharmonic horizontal curve with parallel horizontal tensor field A. Then Foa :v: 1 — (N,gn)
s a triharmonic curve if and only if

" 3 2 ! ’
c[3(ky — 2K7 — K1K3)T12miz + 3(261K2 + K1K9)T13miz + 3K1K2K3T14miz

2 2 2
—2K{KoTozmiz| Fx J Bl — CRIKaT13mis Fyd Eap, + ckikoTi2mic FuJ Esp,
teritgTi3Fud By — ckikaTioFuJE3y = 0. (4.30)

Proof. Since horizontal vector field A is parallel, we have A = 0. The assertion follows from
Theorem 4.2. O

Theorem 4.4. Let F : (M(4c),gnm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c),gn) to a Riemannian manifold (N,gn). Let a : I — (M(4c),gn) be a
triharmonic horizontal curve, horizontal tensor field A be a parallel, K1,k = constant # 0,
¢#0. Then Foa:v:1— (N,gn) is a triharmonic curve if and only if

c[3(—2kT — K3)T12miz + 3K2K3T14miz — 2K1K2T23miz| FxJ E1p
—CK1K2T13miz FsJ Ban + ck1K2T12miz e J E3p + ch1k2T13Fy J B,
—C/€114327'12F*JE3U =0. (431)

Proof. Since horizontal vector field A is parallel, we have A = 0. Then, we have ki,ko =
constant # 0 and ¢ # 0. The assertion follows from Theorem 4.3. O

Theorem 4.5. Let F : (M(4c),gm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c),gnr) to a Riemannian manifold (N,gn). Let o : I — (M(4c),gm) be a
triharmonic horizontal curve, horizontal tensor field A be a parallel, k1 = constant # 0, ko =0,
¢c#0. Then Foa:~v:I— (N,gn) is a triharmonic circle if and only if Tiomiz = 0 or F is an
anti-invariant.

Proof. Since horizontal vector field A is parallel, we have A = 0. Then, we have k1 = constant #
0, ko = 0 and ¢ # 0. The assertion follows from Theorem 4.4. O

Theorem 4.6. Let F : (M(4¢),gar) — (N,gn) be an invariant Riemannian submersion from a
complex space form (M (4c), gar) to a Riemannian manifold (N,gn) . Let o : I — (M(4¢),gar)
be a triharmonic horizontal curve, horizontal tensor field A be a parallel. Then Foa : 7 : 1 —
(N, gn) is a triharmonic curve.

Proof. Since horizontal vector field A is parallel, we have A = 0. The assertion follows from
Theorem 4.5. O

Theorem 4.7. Let F : (M(4¢),gnm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c),gn) to a Riemannian manifold (N,gn). Let a : I — (M(4c),gm) be a
horizontal Frenet curve and Foa :~v: 1 — (N,gn) be a Frenet curve. Then, Foa : v : I —
(N, gn) is a triharmonic curve if and only if

(=106, /) — BRLkL . + 1081/, + 5R1EL K2 + 5k1 %Ko ) FLEp
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1111

~ (= \2 ~2-" -5 ~3~2 | = )
+(—15K1(K1 )* — 10K1°K1 4+ K1° +2K1°Ke” + K1 — 6Ky Ka
A ~ / ~'\2 - ~ ~4 . ~2~92 "
—12K1 KaKe — 3K1(K2 )* — 4K1KaKe + K1Ka™ + K1K2 K3~ + c(K1
~ 3 - ~ 2 - 2 - ! - - 1"t ~ - ! - 3
72/@1 - 1%11432) )F*Egh + (79&1 K1 Ko + 4/11 Ko — 4/11 Ko
-~~~ /A ~ 3~/ o 7 '~ ~9
—06K1K2 Ko +0K1 Ko — K1°Ke +4K1 K1 + Ki1Kke — 4K1 Kaks
-~ 9 et ! ! 7
—3K/1I<62 R3 — 3%1/12/433:‘{3 + C(2K)1 Ko + K1Ko ))F*Egh + (Glﬁ‘/l KRoR3
~3~~ ~~3~ ~/~/~ ~~/I~ ~~~3 ~/~~I
—K1°KoK3 — K1K2 K3 + 8K1 Ko K3 + 3K1Ka K3 — K1KaK3® + 4K1 KaoKg3
A - -~~~ 2 - . A
+3K1Ke K3 + K1KaKs — K1KaK3Ra~ + cR1K2K3) FuEgp + (4K1 KaK3Ky

+[3C(f€~1” — 261" — K162%) g (Ban, JE1n) + 30(2:‘51/"52 + 5152/)9M(E3h7 JE1n)

+3ck1K28390 (Ean, JE11) — 2081 Kagn (Esn, J Eap)|Fu J Erp,
+ck1 k290 (T Bsp, B1p) Fid Eop, — k16290 (J Ean, Evp ) FuJ Esp.

(4.32)

Proof. Let F : (M(4c¢), gnr) — (N, gn) be a Riemannian submersion from a complex space form
(M(4¢), gar) to a Riemannian manifold (N, gy). Let a: I — (M (4c), gar) be a horizontal Frenet
curve and Foa : v : I — (N,gn) be a Frenet curve. We have the equation (3.10). Then, we

calculate the Riemannian curvature tensors, as follows.

N N3 _ _ N
R(VfT,T)T = —3/51/51 R(F*Elh, F*Elh)F*Elh

+(Ry — £1% — 51522)%(F*E2h,F*Elh)F*Elh
(261 Ko + 151"{2/)%(F*E3h, F.E1p)F.E1p
+I51/52l53%(F*E4h, F.Ern)FoEqp,.

Since F' is a Riemannian submersion, then we have

N N3 M
R(VTT,T)T = —3:‘<&1/€1 F*(R(ElmElh)Elh)

7.3 . o 9 M
+(Ry — K1° — K1K2” ) Fy(R(E2h, E1r)E1n)
o ot M - o~ o~ M
+(2K1 K2 + K1K2 )Fo(R(E3h, Evn) Evn) + K1K2K3Fi (R(Ean, Evn) Evn).
Using (4.2) in (4.34) we get
N N® _ . 5 ) , ,
R(VTT, T)T = C(Fél - I€~1 - ﬁll{Q )F*EZh + 0(2:‘51 I{Q + I€1l€2 )F*Egh
+cR1 Rk FL Eap + [3c(iy — £1° — K1R22)gar (Ban, JE1)

+3c(261 R + R1k2 ) gar (Ban, J B + 3¢k Karagas (Ban, JE1) Fud Eyp.

Similarly , we have

N N2 _ N . .

R(VFT,V:T)T = ciF.Ean + [=3c&{gar (Bin, J Ezn)

+2¢R1 Rogat (Esn, J Ean)Fud Evp — cRiRagn (Ern, J Esp) Fid Eay,
+ci3Rogn (Evn, JEop)FoJ Esy,.

Thus putting (3.10), (4.35) and (4.36) in (2.9), we get the assertion.

(4.33)

(4.34)

(4.35)

(4.36)
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Theorem 4.8. Let F : (M(4c),gm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c), gn) to a Riemannian manifold (N,gn) . Let a : I — (M(4c), gnm) be a
triharmonic curve. Then Foa: v :I — (N,gn) is a triharmonic curve if and only if

(8(k1)% + 9m1k; — K1 — K363) Fu(Th,, Bro + Apy, Bro) + (953 K) — 4k + 4k k3
+55152/€/2)F*(TEIUE2U + Ag,, Eoy) + (—6&/1/,%2 + KKy + KK — 6,%/1&/2 — 3&15/2/
—2K kg + K1 kak2) Fu(Ty, Eso + Ag,, Esy) — (4 Kaks + 3K1Kgks
+2k1 #23) Fo(Tey, Baw + Ay, Bay) — 1k2kska B (Tey, Bso + Apy, Eso)
’ " M ’ " ’
+(8(k1)? + 9k1ky — K] — K1KD) L HV 5y, E1p + (963K, — 4Ky + 4Ky K3
! M 1" b !’ ’ 1"
+5k1koke ) FuHV By, Eop 4 (—6ky ko + Kok + K1Ks — 6Ky kg — 31Ky
! ! M ’ ! ! M
—2K kg + /ﬁmgmg)F*’HVEMEgh — (4K Kakg + BK1Kgks + 2K1K2ks ) FW HY By, Eap,
M , M M
—K1kok3ka FsHV B, Esp + Tk, Fu (HV B, TE,, E1o + HV E,, ARy, E1v)
" M M
+(=5ky + KS + K163)Fu(HV By, Te,, B2o + HV B, Ap,, E2v)
, , M M
— (41 k2 + 3K162) Fx(HV gy, TEy, B30 + HV By, Ay, E3v)
M M , M M
—r1k2kis B (HV gy, Ty, Eaw + HV By, Apy, Eaw) + Th15 FHV 5, HV 1y, Evp
” M M , , M M
—(6ky — K3 — K1K3)FLHY 1, HV &, Bop — (4 ko + 3k1k5) Fu HV &, HV 1, E3n
M M ) M M
—k1kok3 N HV B, HV By, Ean + k1 F«(HV E,, HV E,, TE,, E10
M M , M M
+2HVE1hHVE1hAE1hE1v) — 2,‘€1F*HVEMHVEMTE1”E2U

M M
—Iillﬁ)QF*HVEthVElhTEMEgv. (437)

Theorem 4.9. Let F : (M(4c),gm) — (N,gn) be a Riemannian submersion from a complex
space form (M(4c),ga) to a Riemannian manifold (N,gn) . Let o : I — (M(4¢),gnm) be a
triharmonic curve with totally geodesic fibers and horizontal tensor field A be a parallel. Then
Foa:v:1— (N,gn) is a triharmonic curve if and only if

! 1" M ’ " ’
(8(&1)2 + 9K1Ky — /i‘ll - m%ﬁg)F*”HVEM B+ (9&%/{1 — 4K, + 4/{1/%
’ M 1" ! ’ 1
+5K1K2ko) FuHV By, Bap, + (=68, ko + Kika + K1k — Bk kg — 3K1Ky
!’ 7 M ’ ! 7 M
—2Ky kg + K1kak3)FuHV B, B3, — (4kykokz + 3K1kgks + 2k1kaks) FsHV By, Ean
M , M M .
—K1Kkakgka F\HV g, Esp + Tk1k  FxHV g, HV g, E1n, — (65, — ni’
) M M , , M M
—k1K85)F HV g, HV gy, Eop, — (46162 + 3k169) FxHV g, HV £, E3,

M M
—I€1I€2K3F*HVE1hHVE1vE4h =0. (4.38)

Proof. Since fibers are totally geodesic, we have 7 = 0. Since horizontal vector field A is parallel,
we have A = 0. The assertion follows from Theorem 4.8 . O
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