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Fixed point theorems with PPF dependence in

strong partial b-metric spaces

Savita Rathee, Monika Swami and Neelam Kumari

Abstract. In this study, PPF dependent fixed point theorems are proved for a
nonlinear operator, where the domain space Cl[a,b], E] is distinct from the range
space, E, which is a Strong Partial b-metric space (SPbMS). We obtain existence
and uniqueness of PPF dependent fixed point results for the defined mappings under
SPbMS. Our results are the extension of fixed point results in SPbMS. Examples
are provided in the support of results.
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1 Introduction

Fixed point theory has emerged as a highly useful tool in the study of nonlinear processes
during the last few decades. Fixed point concepts and findings in pure and applied
analysis, topology, and geometry have been developed in particular. The well-known
Banach contraction principle [21] is a key of this theory. The works of Bourbaki [14]
and Bakhtin [7] influenced the concept of b-metric. In 1993, Czerwik [22] provided a
weaker assumption than the triangle inequality and explicitly defined a b-metric space
in order to generalise the Banach contraction mapping theorem. Matthews [23], in 1994
proposed the concept of partial metric space as part of the research of denotational
semantics of dataflow networks and demonstrated how the Banach contraction principle
may be adapted to the partial metric context for programme verification applications.
In [24], the notion of SPbMSs was introduced. They also discussed the relationship
between strong b-metric and SPbMSs.

While referring to a fixed point for mappings with different domains and

ranges, Bernfeld et al. [25] originally used the terms "PPF dependent fixed point”
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or "fixed point with PPF dependence” in 1977. Additionally, they created the concept
of Banach type contraction and showed some important outcomes under this. For
various contraction mappings, recent research has shown the existence and uniqueness of
PPF dependent fixed points [20],[8],[15],[2],[9], and those interested in the applications
can find PPF dependent solutions to periodic boundary value problems and functional
differential equations that may depend on past, present, and future considerations
[3],[4],[26]]. Wardowski [5] first discussed the F-contraction, a new contraction, in 2012.
Under this contraction, he developed more fixed point observations and created a fixed
point theorem. Following that, Abbas et al. [10] provided an extension of the idea
of F-contraction to reach specific fixed point findings. A striking generalisation of
F-contraction on graphs was described by Batra et al. [18], [19]. Acar et al. [16],[17]
revealed the development of a generalised multi-valued F-contraction mapping to explore
fixed point theory findings in a complete metric space. Wardowski [6] investigated an
extension of the Banach fixed point theorem in a new class of contraction mappings on
metric spaces known as (¢, F')-contraction (nonlinear F-contraction) in 2018. In [24], the
notion of Strong Partial b-Metric Spaces (SPbMSs) was introduced. They also discussed
the relationship between strong b-metric and SPbMSs.

Inspired by the outcomes of Kari et al. [1], Wardowski [5] and Bernfeld et.al.
[25] we establish some results of PPF dependent fixed point for nonlinear F-contraction
type mappings in the case of SPbMSs.

2 Preliminaries

Here, we provide the relevant definitions and findings for different spaces and different
type of contractions that will be helpful for further explanation.

Definition 1. [25] “A function ¢ € Ej is said to be a PPF dependent fixed point or a
fixed point with PPF dependence of a nonself mapping S if S = ¢(c) for some c € I.”

Definition 2. [24] “A map d : E x E — R{ is a strong partial b-metric on a non empty
set K if for all a,b,c € F and « > 1 the following conditions hold:

(SPbM1) a=b < d(a,a) =d(b,b) = d(a,b);

(SPbM2) d(a,a) < d(a,b);

(SPbM3) d(a,b) = d(b,a);

(SPbM4) d(a,b) < d(a,¢) + ad(c, b) — d(c, c).
d

The triple (E,d, «) is called a Strong Partial b-Metric Space (SPbM).”
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Definition 3. [24] “ Let (E,d, «) be a SPbMS. Then

1. A sequence {a,} in (E,d,a) converges to a point a € FE if
d(a,a) = lim, d(ay,, a) = lim, d(a,, a,).

2. A sequence {a,} in (E,d, a) is Cauchy if the lim,, ,, d(a,, a,,) exists and finite.”

Definition 4. [5] “Let § be the family of all continuous functions F' : R — R such that

(F1) F is strictly increasing;

(F2) For each sequence {a,} € N of positive numbers
lim a, =0 if and only if lim F(a,) = —o0; (2.1)

n—o0 n—oo

(F3) There exists k € (0,1) such that lim,_,+ o*F(a) = 0.

A mapping S : E x E is said to be an F-contraction if there exists 7 > 0 such that for
all ¥, € € Ey

(d(5¢,5€)) >0 = 7+ F(d(5¢,5¢)) < F(d(¢(c),&(c))).” (2.2)

Turinici [13] observed that the condition (F2) can be relaxed to the form
(F2’) limy, 00 F(ayn) = —o0.

Definition 5. [6] “A mapping S : E — E is said to be a (¢, F')-contraction (or nonlinear
F-contraction) if there exist the functions F' : (0,00) — R and ¢ : (0,00) — (0, 00) satisfy
the following

(H1) F satisfies (F1) and (F2’);
(H2) liminf, .+ ¢(s) > 0 for all ¢ > 0;

(H3) ¢(d (¥, €)) + F(d(Sv, S€)) < F(d (¢, €)) for all 1, ¢ € E such that Stp # SE”

Theorem 2.1. [6] “Let (E,d) be a complete metric space and S : Ey — E be a
(¢, F)-contraction. Then S has a unique fixed point.”

3 Main Results

Through the paper,(E, d) is the complete SPbMS. S is an operator from Fy to E, where
Ey = C[[a, b], E], is the collection of all continuos fuctions from [a, ] to E. § is a family
of all functions F : RT™ — R which satisfies (F1), (F2), (F2’), (F3). R represents the set

of real numbers and N is the set of natural numbers. & is the family of all functions
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¢ : (0,00) — (0,00) with the condition liminf,_,;+ ¢(s) > 0 for all ¢ > 0.

Let F be the class of functions which satisfy

1 1
]::f:(O,oo)—>[0,§):f(zn)—>§ = 2z, =0 as n — oo.

Theorem 3.1. Let (E,d,«) be a complete SPbMS and S : Ey — E be a non-self map.
Suppose, 3 f € F such that for all ¥,& € Ey and for some ¢ € I, with ¥(c) # &(c),

d($, 5€) < f(d (4, ){d((c), S¢) + d(&(e), S)}- (3.1)
Then, S has a unique PPF dependent fixed point in Ejy.

Proof. Let 1y € Ey be any arbitrary fuction, so as Svg = y; for any y; € E. We choose

1 € Eg such as y1 = ¢1(c) and d (o, ¢1) = d(tho(c), ¢1(c). Similary, suppose ¢ € Ey,
we choose 1y € Ej such as yo = ¥2(c) = St1. On the same step, we obtain a sequence

{wn} in Eo,
Upt1(c) = Sy =ypg1 for c€l and V n>0.

Suppose, there exists n > 0 such that ¥,41(c) = S, then obviously v, is a PPF
dependent fixed point of S. So, assume ¥, 41(c) # S, ¥V n>0 and cé€ I.

Now, define D,, = d (tni1,¥n) = d(¥ni1(c),¥n(c)) ¥ n > 0. By inequality (3.1), we
get

Drg1 = d (¥ni2, ¥nt1)
= d(Yn42(c), Ynt1(c))
= d(S¢n+1,5%n)
< F(d (a1 n){d(Wnra(c), Sthnsr) + d(on(c), Stin}
1
<=

2 (1/}714-1( ) Swn-i-l) +d(¢n(0)75¢n}
= §{d(¢n+1(0), Un2(c)) + d(vhn(c), Ynri(c)}

= 2ADa+ Do}
Clearly, D, 11 < D, ¥V n > 0. Hence, {D,,} is a monotonically decreasing and bounded
below sequence. So, 3 8 > 0 so as
lim D, = 6.
n—oo

Now, assume > 0. Then, by inequality (3.1), we get

d (nr2,Unr1) < F(d Wt Yu)){d gt Yns2) + d (s Pns1) };
that is

Dn+1 < f(Dn){Dn-‘rl + Dn}
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That implies

Dn+1
e S v n>o0.
Dyt + D < f(Dn) ¥ n2

Applying n — oo, we get 3 L <lim, 00 f(Dy), but % > limy, 00 f(Dy,), because f € F.
Which is a contradiction. So, lim,_,(Dy) = = 0.

We demonstrate that {Sv,} is a Cauchy sequence in E. Let m < n. So, by inequality
(3.1), we get

A(SYms1, SPnr1) < F(d (P, Pn)){d(Wm(c), Stom) + d(tn(c), Ston)}

< () Ymr (€)) + d(n(0), gsa ().
As m,n — 00, d(Ym(c), Ym+1(c)) and d(¥n(c),¥Yn+1(c)) — 0. So,
d(SYm+1,SUnt1) > 0 as n — oo.

So, {Sy} is a cauchy sequence. Now, {St,} is a Cauchy sequence and by hypothesis
E is complete. So, 3 ¥* € Ey such that

Tim St = 47(c).
Now, by (SPbM4)
d(S¢*, ¢ (c)) < d(SY7, Sthn) 4+ ad(S¢n, ¥7(c)) — d(S¥n, Stbn)
F(d @ )7 (0), S9*) + d(vha (), Sn)} + ad(Shn, 47 () = d (1, Y1)
F(d @ ) {7 (0), S9*) + d(n(€), Stbn)} + ad(Stpn, ¥¥(c)).

IN AN IA

So,
A(SY™ () (L — f(d (¥, ¢n))) < F(d (%, 1n))d(¥n(c), Sthn) + ad(thns1(c), 1" (c)),

which implies

_ f(d (", ) a :
A5 0 (0) € T Rt s Dt gy A (0.07(@) (32)
As n — oo right hand side of (3.2) is zero. So
d(S¢*,¢*(c)) = (3-3)

Now, by (SPbM2) d(Sv*, Sv*) < d(Sv*, 1% (c)).
Since, S: E x E — [0,00) and d(Svy*,¥*(c)) = 0.
So, d(Sy*, Sy*) =
Similarly, we can show that d(¢*(c),v*(c)) = 0. Thus, we get
d(*(e),¥*(c)) = d(Syv*,¢*(c)) = d(Sy*, S¢*). So, by (SPbMS1) Sy* = ¢*(c). Hence
* € Ey is a PPF dependent fixed point of S.
Uniqueness: If possible, let £* be any other PPF dependent fixed point of S. So,
Se* = £°(0),
Using inequality (3.1), we get

d (4*,€7) = d(Sy", S¢7)

< F(d (@7, €)D" (c), S7) + d(&,7 (c), SE)}.
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By using equation (3.3), we have dl(w*7 ) =0.

Now, d (*,¢*) =d (§*,€) = 0. [-d (", ¢*) < d (v*,&) and d (§,,£%) < d (v*,£) ]
So, d (p*,v*) = d (v*,€*) = d (&,,¢*). Hence ¢* = £*. Thus, S has unique PPF
dependent fixed point ¢¥* € Ey. O

Corollary 3.2. “Let (E,d,«) be a complete strong b-metric space and S : Ey — E be
a non-self map. Suppose, 3 f € F such that for all ¢, € Ey with ¥ (c) # &(c), where
cel,

d(S9(c), 5€) < f(d (b, O){d((c), Sv) + d(E(c), , SE)}-
Then, S has a unique PPF dependent fixed point in Fy.”

Corollary 3.3. “Let (F,d, «) be a complete metric space and S : Ey — E be a non-self
map. Suppose, 3 f € F such that for all ¥, & € Ey with ¥(c) # &(c¢), where ¢ € I,

d(59(c), 5€) < f(d (¥, O){d(w(c), Sv) + d(£(c), S6)}.-
Then, S has a unique PPF dependent fixed point in Ey.”

Example 1. Consider

1 1
S(h) = §h <> + —, for every h € Ej

9 \3 81’
b(z) = t—z?ifze0,4]
1ifze(3,1]
rifz €0,31]
Ea)=q, 7
glfxe[g,l]

Clearly, ¥ (5) = 15 and € (3) = 5, be. ¥ (5) # € (5)-
Now, define d(z,y) = |z —y|, d'(¥,€) = [ —¢| and f(2,) = § — 2, Where 2, = 2, n € N.
We find

sw:5w<1>+1:37

9 3 81 162’
) 1 1 16

From condition (3.1), we calculated

)
A(5Y,56) = |Sv - 56| = 7=
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and

F(d (1, ) {d((e), S¥) + d(E(c), { A ;‘}
162

which satisfies the condition (3.1). Thus, S has £ as unique PPF dependent fixed point,
as S¢ =¢€(c) for c= 4 € 1.

Now, we consider G is the class of functions which satisfy

1 1
g:g:(O,oo)ﬁ[O,g):g(zn)—)g = 2z, >0 as n — oo.

Theorem 3.4. Let (E,d,«) be a complete SPbMS and S : Ey — E be a self map.
Assume, 3 ¢ € G such that V ¢, & € Ey, with ¥(c) # &(c), for each ¢ € I,

d(Sv, 5€) < g(d (,€)){d(W(e), S¥) + d(&(e), SE) +d (1, )} (3.4)
Then, S has a unique PPF dependent fixed point in Ej.

Proof. Let ¢y € Ey be any arbitrary fuction, so as Sy = y1 for any y; € E. We choose

1 € Ey such as y1 = ¢1(c) and d (v, ¥1) = d(vho(c), ¢1(c). Similary, suppose 91 € Ej,
we choose 1)y € Ej such as yo = ¥9(c) = St1. On the same step, we obtain a sequence

{djn} in Eo,
Ypt1(c) = Sy = yp41 for c€l and V n>0.

Suppose, there exists n > 0 such that ¢, 41(c) = S@bn, then obviously ), is a PPF
dependent fixed point of S. So, assume ¥, 11(c) # Sy, n>0 and ce€ I.
Now, define Dy, = d (¥n11,%n) = d@pyii(c),¥n(c)) ¥ n > 0. By inequality (3.4), w
get
Dpi1 = d ($ni2,¥nt1)

= d(Yn+2(¢); Ynt1(c))

= d(5¢n+1a S¢n)

< 9(d W1, V) H{d(Wnr1(0), S¥nsn) + dWon(e), Svn) +d (Y, )}

< S {dWns1(0) Ys2(0)) + din(e), ns1(0) + d (W i)}

1
Clearly, D, 41 < Dy, V n > 0. Hence, {D,,} is a monotonically decreasing and bounded

below sequence. So, 3 8 > 0 so as
lim D, = g.

n—oo
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Now, suppose 8 > 0. Then, by inequality (3.4), we have

d(SPnt1,S%n) < g(d (Yns1,90)) {d(@Wni1(c), Sthni1) + d(Wn(c), Svn) +d (Yns1,9n)};
that is

Dpyq < g(Dn){Dn—l—l + 2Dn}
That implies

Dn+1
Do+ 2D, =9
Applying n — oo, we get 3 1 < lim, o0 g(Dy), but 1 > lim,, 00 g(Dy ), because g € G.
Which is a contradiction. So lim,, oo (Dy) = 6 =0.
We demonstrate that {Sv,} is a Cauchy sequence in E. Let m < n. So, by (SpBM4)
and inequality (3.4), we have

d(Stm, Stn) < g(d (WY, Yu)){d(Wm(c), Sm) + d(Wn(c), Stn) + d(Wm(c), n(c))}
< %{dwm(c), Stm) + AW (€), Stn) + AP (), Y1 (c)) + ad(Wpi1(c), Pulc))

— d(¥n+1(c), Ynt1(c)) }
1{ d(Ym(c), Ym+1(c)) + d(Pn(c), Ynr1(c)) + d(Pm(c), Yni1(c)) + ad(ni1(c), ¥n(c))}

(Dp) VY n>0.

[ — W

3 1d(Wm(c), Ym1(c)) + ad(®m(c), Ym+1(c)) + d(Ymr1(c), Ynta(c))
— d(Pm11(), Ym11(c)) + (1 + )d(Pny1(c), Pulc)) }

< %{d(wm(C),me(C)) + ad(¥m(¢), Ym+1(c)) + d(mr1(c), Pni1(c))
+ (14 a)d(¢ni1(c), ¥n(c))},

which means

Ams1(6), Yns1(e)) < = { Dy + D}
As m,n — oo, d(V¥m(c), Ym+1(c)) and d(n, Yn+1) — 0.
So, d(Vm+1(¢), Yn+1(c)) = 0 as n — oo.

Hence, {1, (c)} is a Cauchy sequence. We can say that {Sv,} is a Cauchy sequence.
Now, by hypothesis, E is complete. So, 34 £* € E so that

lim 5™ = €' (c).
Now, by (SPbMS4) and inequation (3.4),
d(SE",&7(c)) < d(SE", Sthn) + ad(S¢n, £7(c)) — d(Stn, Stbn)
< g(d (€, ) {d(€7(¢), SE) + d(hn(c), Sthn) + d(£7(¢), Yn(e)} + ad(ny1 (), €¥(c))
— d(¥n+1(¢), ¥nt1(c))

< g(d (€%, p)){d(E7(c), SE) + d(thn(c), Stpn) + d(£7(¢), ¥n(€))} + ad(thns1(c), €*(c)).
So,

d(SE", € () (1 — g(d (€",¥n))) < g(d (€%, %n))d(¥n(c), Stbn) + g(d (£, %)) d(1hn(c), £ (c))
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+ ad(¢ni1(c),€(c)).
That is |
d(S€",§%(c)) < g(d (€*,¢n))

1- g(d/ (é*a @Z}n))

g(d (€%, )
1 - g(d/ (E*a ¢n))

(07

- g(dl(€*7 wn))

9(d (€%, 9n)) 9(d (€, ¢n)) .
D, d(Yn(c), .
— g (&) " = g(d (€ ) (ale), 7)) (35)
a *

_ g(d/(£*7¢n)) (wn-i-l(c))f (C)) (36)

As n — oo, right hand side of (3.5) is zero. So,
d(S¢*,§%(c)) = 0. (3.7)
Now, by (SPbMS2) d(S¢*, SE*) < d(SE,€%(c)).
Since, S: E x E — [0,00) and d(S¢*,£*(c)) = 0. So, d(S¢*, S£*) = 0. Similarly, we can
show that d(£*(c),£*(c)) = 0. Thus, we get d(£*(c),£*(c)) = d(SE", £7(c)) = d(SE, SE7).
So, by (SPbMS1) S&* = £*(c). Hence " € E is a PPF dependent fixed point of S.
Uniqueness: Let if possible ¢* is another fixed point of S. So, S¥* = *(c¢).
Using inequality (3.4), we get
d (&,0%) = d(€7(¢),¥"(¢)) = d(SE", 5¢7)

(d( YNL(E(0), SE) + d(¥*(c), SY*) + d (£7,97)}

{d( “(€), SE7) + d(¥*(e), SY7) +d (€7, 9"}

d(thn(c), Yny1(c)) +
d(Pn+1(c), ().

d(¢n(c), £7(c))

This implies
A(SE"€(0)) < -

and

§d’ (€,97) < 3 {A(E°(0), SE) + (" (), Su).
By using equation (3.7), we have d (£*,1*) = 0.
Now, d' (67,€") =d (v*,¢*) = 0. [ d(§,€") <d (&, ¢%) and d (v*,4%) < d (£°,4") ]
So, d'(&*,¢%) = d'(&*,¢*) = d'(¢*,¢*). Hence £* = ¢*. Thus, S has exactly one PPF
depenent fixed point £* € E. O

Corollary 3.5. “Let (E,d,«) be a complete strong b-metric space and S : Ey — E be
a non-self map. Suppose, 3 g € G such that for all ¥, £ € E with ¢(c) # &(c), for each
cel,

d(Sv, S€) < g(d (v, )){d(¥(c), S¥) + d(&(c), SE) + d (1, 6)}.
Then, S has a unique PPF dependent fixed point in Ey.”

Corollary 3.6. “Let (F,d, ) be a complete metric space and S : Ey — E be a non-self
map. Suppose, 3 g € G such that for all ¢, £ € Ey with ¢(c) # £(c) for each c € I,

(S, S€) < g(d (1, €)){d(w(c), Sy) + d(€(c), SE) +d (¥, )}
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Then, S has a unique PPF dependent fixed point in Ey.”

Example 2. Consider

5) 1 1
S(h) = §h (3> + 30 for every h € Ey

b(z) = {éxz if z €0, 3]

Tifz e (L, 1]

rifz €0,31]

E@y=q, 7
3 lf T e [g, 1]

Clearly, ¢ (3) = 15 and £ (3) = 3, i.e. ¥ (3) #£(3).

Now, define d(z,y) = |z —y|, d'(1,€) = [ — €| and g(2,) = & — 2, Where z, = L n e N.

We proceed in a similar manner as we prove in example (1), we find £ as unique PPF

dependent fixed point of S for ¢ = g el

Theorem 3.7. Let (E,d,«a) be a complete SPbMS with parameter « and S : Ey — E

be a continuous map. Suppose

1. there exists F' € § and ¢ € ® such that for any v, € Ey with Sy # S¢,
Flad(S, S€)] + ¢(d (¢,€)) < Fld (4.)], (3:8)

2. for each sequence {a,} € RT such that ¢(a,)+F(aan+1) < F(aay) for each n € N,
then

¢(an) + F(a"ant1) < F(a"ap). (3.9)
Then S has exactly one PPF dependent fixed point.

Proof. Define a sequence {1, (c)} V n € N, as follow, by using the point ¢y in Ey as an
arbitrarily chosen point
Sthn = Ypy1(c) = 5"y
Assume that there is pg € N such that d(¢p,(c), S¥py+1(c)) = 0. Then by (SPbM2)
d(Ypq (€), Ypo(€)) < d(Wpo(€), Ypo+1(€)) and d(hpy11(¢), Ypy+1(€)) < d(Wpy(€), thpo+1(c))-

S0, (o (€), Bpo () = Ao (), Upy41(€)) = dltipy41(), Uppy1(c)). Thus, by (SPhMI)
Ypo (€) = VYpy+1(c), that means ¢, (c) = Sy, the proof is completed.

So, we assume that d(vy,(c), ¥n4+1(c)) >0V n e N.

From inequality (3.8), for all n € N, we get

F(d(Swn—la S%)) < F(ad(zpn(c),wn+1(c))) + (b(dl(wn—lvwn) < F(d/(d}n—lawn)ﬂ
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that is

F(d(tn(c), ¥n+1(€))) < F(d (¥n-1,9n))- (3.10)
From inequality (3.8) and (3.9), we have

F(a"d(¥n(c), Yns1(c)) < F(a™ d(¥n-1(c),¥n(c))) — ¢(d (hn_1,¥n)).  (3.11)

Repeating the same process, we get
F(a"d(Yn(c), ¥ni1(c)) < F(@" d(thn-1(c), ¥n(c))) — ¢(d (¥n-1,n))
< F(a"?d($n-2(), ¥u-1(c))) = &(d (Yn-2,%n-1)) = &(d (Yn-1,%n))

IN

F(d(tho(c) Z o(d 55]7$J+1

Since according to our assumption liminf,_, .+ qb( ) >0, so

lim inf ¢(d (¥n-1,9n)) > 0

Using the definition of limit, 9 n; € N and ¢; > 0, so that for each n > ny

&(d (hn—1,9n)) > c1.

Thus
F(a™d(¢n(c), ¥nr1(c))) < Fd(to(c), v qud (i) = Y o(d (), 0541))
j=0 j=n1+1
< Fd(vo(c) Z c
ni+1

< Fd(¢o(c),¥1(c)) — (n —ni)er.

Applying limn — oo, we have

Tim F(0"d(t(e). s () < lim [Pd(wo(0).va(e)) — (0 —mi)er).  (312)
Thus, lim, e F(a™d(¥n(c),¥nt1(c))) = —oo. From condition (F2) of function F, we
conclude

Tim o”d(th (), Vi1 () = 0. (3.13)

Now, we prove lim, oo a"d(¢(c), ¥Yns2(c)) = 0. Supppose, 1, # 1, for each n,p € N
with n # p.
If poosible, let v, = 9, for some n = p + k, where k > 0. Using inequation (3.10), we
have

d(¥p(c), Ypr1(e)) = d(¥n(c), Ynr1(c)) < d(¥n-1(c), ¥n(c)). (3.14)
Applying this step again and again, we have
A(p(0), Up1(0)) = A(Won(©), Bt (6)) < (), pia(c)).
From this contradiction, 1y, (c) # ¥p(c),s0 Vn,pe N | 1, # 1,
Now, we prove d(i,(c),¥p(c)) > 0 V n,p € N, where n # p. If d(¢n(c),¥p(c)) =0, by
(SPbM2)
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d(Pn(c), ¥n(c)) < d(¢n(c), ¢p(c)) and d(1p(c), 1p(c)) < d(¥n(c), Pp(c))-
So, d(¥hn(c), ¥n(c)) = d(¥p(c), ¥p(c)) = d(¢n(c), Pp(c)) = 0
Using (SPbM1), ¥, (c) = 1,(c). Again a contradiction. So, d(vy,(c), ¥p(c)) >0V n,p € N
and n # p. Again, using inequality (3.8) and (3.9), we have

F(a"d(¥n(¢), Ynr2(0)) < F(a" ' d(¥n-1(), ¥ns1(0)) = $(d ($n-1,¥n41)).  (3.15)
Repeating the same process, we get,
F(and(wn(C%wn-&-?(C))) < F(anild(wn—l(c%wn—&—l(c))) - (b(d/(wn—l,wn—l—l))

< F(an_2d(¢n—2(0)7 an(c))) - ¢(d/(¢n—1, wn—&—l)) - ¢(d/ (T/Jn—Qa 1%))

IN

F(d(o(c),12(c) = > o(d (¥, ¥j42))-
§=0
According to our assumption liminf,_,;+ ¢(a) > 0, so
lim inf ¢(d (o1, ¥nr1)) >0
Using the definition of limit, 3 no € N and ¢y > 0, so that for each n > no

O(d (Yn—1,Pns1)) > ca.

Thus
F(a"d(4n (), Yn2(c))) < Fd(vo(c), v Zm (%, ¥j42) — Z A(d (15, bj12))
Jj=0 Jj=n2+1
< Fd(o(c), () = D e
no+1

< Fd(po(c), th2(c)) — (n —na)ca.

Applying limn — oo, we have

Tim_ F(0"d(n(e), énsa(e))) < lim [Fd(to(c), va(0) — (n—ng)es).  (3.16)
Thus, lim, e F'(a™d(¢n(c),¥ni2(c))) = —oo. From condition (F2) of function F', we
conclude

Tim_ 0" d(1,(0), Ysa(c)) = (3.17)

Next, by demonstrating that lim,, ;00 d(¢p(c), ¢q(c)) = 0, we demonstrate that {¢y(c)}
is a Cauchy sequence. Using (F2), there exists k € (0, 1) so that

Jin [aPd(yp(c), dpa(c NP F(@Pd(¢p(c), Ppi1(c)))-
Because

FlaPd(p(c), Ppra(e))] < Fld(@o(c), ¥1(e))] — (p — pr)er

S0,

[Pd(p(e), Yps1 (D] FlaPd(tp(c) dpra(e)] < [aPd(Wp(0) Ypra ()] [Fd(vo(e), ¢ (e) = (p = pr)eals
that implies

[oPd(tp(c), pr1 () FlaPd(vy(c), ¥pi1(c))] < [aPd(vp(c), pr1(e)]*[Fd(tho(c), 1 (c))]
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—[(p — p)ea][@Pd(p(c), Ypra(e))]F.
Thus,

[P d(¢y(c), Ypa1(e)]*FloPd(ip(c), Ypia ()] —aPd(1hp(c), Ypr1 () Fld(tbo(c), 11 (c))]
—(p = pr)er[oPd(Py(c), Ypra(e))]* < 0.

As n — 0o, we conclude
Jim (p = pr)er[07d(¥p(c), Ypr1(e))] = 0.
So, 3 h1 € N, such that for all p > h;
(Uy0) Upir(€) < o
Again using (F2), there exists k € (0,1), so that
Tim [02d(0(0), Y2 E(Pd(y(0), p2(c):

(3.18)

Because

FloPd(y(c), Ypr2(c))] < Fld(vo(c), va(e))] = (p — p2)ea,

S0,

[@Pd(p(c), Ypra(e))]*FaPd(1p(c), dpra(e)] < [@Pd(Wp(€), bpra(e))F[Fd(vo(c), ¥a(c)) — (p = p2)es]
that implies

[aPd(p(c), ()] FlaPd(vy(c), ¥pia(c))] < [aPd(yp(c), pra(e))]*[Fd(tho(c), d2(c))]

— (0 = p2)ea][@Pd (¥ (c), Ypy2(e)]"
Thus,

[P d(¥p(c), Ypra()]* FlaPd(vy(c), ¥pi2(c))]—aPd(yy(c), ¥pia(e))* Fld(tho(c), ¥2(c))]
~(p — p2)eala?d(Wp(c), Yps2(c))]* < 0.

As n — 00, we conclude
im (p — pa)eala”d(ty(0). Ypra(@)]* = 0.
So, 3 hg € N, such that for all p > ho
1
afd c), o)) < ————.
(wp( ) ¢p+2( )) [(p_pZ)CZ]k

We demonstrate that lim,_o d(¢p, ¥ptq) = 0 for each ¢ € N.
The proofs for situations r = 1 and r = 2 are given in equation (3.13) and (3.17).

(3.19)

Now taking ¢ > 3. Examining only two cases will enough.

Case I): Assume g = 2m + 1, where m > 1. By using (SPbM4),

d(¥p(c); Pprq(c)) = d(¥p(c), Ypram+1(c))
< d(¥p(c), Ypt1(c)) + ald(Wp+1(c), Ypram+1(c))) — d(Wp+1(c), ¥pia(c))
< d(¥p(c), ¥pt1(c)) + a(d(Wp+1(c), Yptram+1(c)))
< d(¥p(c), Ypt1(c)) + ad(¥pr1(c), Ypr2(c)) + ad(Ppi2(c), Ypram+1(c))
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— d(¥hp+2(c), Ppt2(c))]
(¥p(©), ¥p11()) + ad(Ppi1(c), Ypr2(c) + @2d(Wp12(¢), Ypram1(c)) < ..
(¥p(€), Ypr1(c)) + ad(Ppr1(c), Ypra(e)) + Pd(Ppra(c), Ypis(c)
+ o A A Gpr2m (), Ypromi (c)

- ;{apd(z/zp(c),qppﬂ(c)) + P (W1 (0), Ppia(c)) + -

IN A
SYRNN Y

+ ap+2md(¢p+2m(c), Ypt+am+1 (C))}

p+2m

— Z ol d(;(¢), Pj11(c))

p+q 1

— Z oI d(1h;(c), Y41 (c))-

Thus, for each p > max{p1 ph, } and ¢ € N, inequality (3.18) implies
ptq—1 00

Ayl0). Vpsale)) € o D2 @Iy (0) Vyna(e) € o S0 @I 0), ()
1 & 1
: ar jz;? (7 —p1)ea]” -0

Case II): Assume g = 2m, where m > 1. By using (SPbM4),
d,(wmwp-&-q) = d(Yp(c), Yp+am(c))

< d(¥p(c), Ypr2(c) + ald(Ppr2(c), Ypram(c))) — d(Ypia(c), Ypra(c))
< d(¥p(c), Yp42(c)) + ald(Ppr2(c), Ypram(c)))
< d(p(c), Ypya(c)) +

ald(¥pr2(c), ¥p+3(c)) + ad(¥pr3(c), Ypram(c))

— d(p+3(c), Ppt3(c))]

< d(¥p(c), Ypra(€)) + ad(Ppra(c), Ppis(c)) + Pd(Wpr3(c), Ypram(c) < ...

< d(¥p(e), Ypra(e)) + ad(Whpra(c), Ypra(e)) + a?d(p+3(c), Ypral)) + .
+ P 2d(Ypr2m—1(), Ypram(c))

= O}p{apd(d}p(c), Upra(c)) + P d(Ypra(e), Ppya(e)) + ...

P (), wp+zm<c>>}

1 1 p+2m—1

= —aPd(Wp(c). Ypsa(0) + —g Y ad(w(0), ¥y (c))

Jj=p+2
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pt+q—1

1 1
= 5 dWp(0), Ypea(c)) + 2201 d(;(c), Yira(c))-
Jj=p+
Thus, for each p > max{pi,p2,pn, } and ¢ € N, inequality (3.18) and (3.19) implies
p+q-1

A(Wp(e), prale)) < %aﬁdwp(c),wpmc» b O (), v (©)

'—p+2

1
< 5P d(¥p(c), Yp2(c) p+1 Z a?d(;(e), bjr1(c))

Jj=p+2

1 1 &
<=9t 0.
{[(p p2)ca)” az (p—p1)ea]® }

j=p
Thus limy, 00 d(¢n(c), Ypiq(c)) = 0.

Hereof, {1, } is a Cauchy sequence in E. Because of completeness of (Ey,d), 3 ¢* € Ey
such that

Jim d (¢, 9") = 0.
We now demonstrate that d(Svy*,¥*(c)) = 0.
By using contradiction as our method of argument d(Sv*,¥*(c)) > 0.
On the other side, F' is incresing and F(d(Sv,S¢) < ¢(d(v,€)) + F(d(Svy,S¢) <
F(d(v(c),&(c))) for all ¥, & € Ey and d(Sv, S€) > 0. We have d(Sy, SE) < d(v(c),&(c))
for each 1, £ € Fy. This indicates
d(Stn, SY*) < d(n(c), ¥*(c)).

As n — oo, ¥, — ¥*, then we conclude,

(), 50°) < Tim supd(Siin, $9°) < ad(y*(c), ).

So,

(), S6%) < lim sup (i, S6%) < T sup d (v, %) = 0.

Using (SPbM2), d(5¢*, S¢*), d(¢*(c), ¥*(c)) < d(S¢*,¢*(c)). Thus Sp* = ¢™(c).
To demonstrate uniqueness, assume *, £* € Ey are different PPF dependent fixed points
of Ey. So,
d (p*,€") = d(Sy*, S€7) > 0
Using inequation (3.8), we get
F(d(y™(c),£(c)) = F(d(S¢*, 5¢7))
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Here, we have a contradiction. Hence ¢*(c) = £*(¢) V ¢ € [a,b]. So, ¢* = £*. This
completes the proof. ]

Corollary 3.8. If we replace codition (i) of Theorem (3.7) by

—1

ad(&/}, Sf) < ed/(w,g)ﬂ’
for each 1, £ € Ey such that Sy # SE. Then S has only one PPF dependent fixed point.

Proof. By applying logrithm on both sides, we get

log(ad(St, S€)) < log [d(u;)H]
—tog(d (0. +

With ¢(z) = zil and F(z) = log(z), we find the same inequality (3.8). Hence the

proof. O

Example 3. Consider the function S,v,&,d,d’, f defined in example (1). Define
F(t) = In(t) +t with ¢(s) = 5 + s and a = 2. We have

5

! 1

From condition (3.8), we calculated

Flad(S¢, S¢)] + ¢(d (1,€)) = F Bglzg] + <; * 118>

10
= — 4 ['/0.032
18+ [0.032]

1
= % + [n(0.032) + 0.032

= —2.854
and
Fld (,6)] = In <18> + 15
= —2.834

Thus, the conditions of Theorem (3.7) are satisfied and £ is PPF dependent fixed point
of Sforc=4Y eI
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