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Abstract. The main purpose of this paper is to give an improvement of numerical

radius inequality for an upper triangular operator matrix.
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1 Introduction

Let H be infinite dimensional complex Hilbert space and let T be a bounded linear operator on
H. The numerical range and the numerical radius of T are defined by

W (T ) := {⟨Tx, x⟩ : x ∈ H, ∥x∥ = 1}

and

w(T ) := sup{|z| : z ∈ W (T )}

respectively. It is well known that W (A) is a convex set in the complex plane C, its closure
contains the spectrum of A, see [5]. Also, [8],

1

2
∥T∥ ≤ w(T ) ≤ ∥T∥ (1.1)

and hence the numerical radius defines an equivalent norm in the Banach algebra B(H), the set
of all bounded operators in H. The first inequality becomes an equality if T 2 = 0, and the second
inequality becomes an equality if T is normal.

Let H1 and H2 be Hilbert spaces. We consider the following upper triangular operator of
the form

MC =

[
A C
0 B

]
(1.2)

defined on the Hilbert space H = H1⊕H2 where A ∈ B(H1), B ∈ B(H2) and C ∈ B(H2, H1), the
set of all bounded linear operators from H1 into H2. A related, and seemingly more demanding,
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problem is the following. Let T be a bounded linear operator on H, and E be a T -invariant
closed subspace of H. Then T takes the form

T =

[
∗ ∗
0 ∗

]
: E ⊕ E⊥ → E ⊕ E⊥

which motivated the interest in 2× 2 upper-triangular operator matrices. It is well known that,
[6],

w (MC) ≤ max(w(A), w(B)) +
∥C∥
2

. (1.3)

The main purpose of this paper is to give an improvement of the inequality (1.3). Among other
applications, our results can be viewed as an extension of some earlier works, see [4] [6], and
references therein.

2 Main Results

We start this section by recalling the following lemma, which will be used subsequently.

Lemma 2.1. Let A ∈ B(H1), B ∈ B(H2) and C ∈ B(H2, H1), then

1. W (MO) = conv(W (A) ∪W (B)).

2. max(w(A), w(B)) ≤ w (MC) ≤ max(w(A), w(B)) +
∥C∥
2

.

Here conv(E) denotes the convex hull of a subset E of C.

Proof. (1) is obvious.

(2) The first inequality follows from the pinching inequality for the numerical radius, while
the second inequality can be found in [6].

Recall that the essential numerical range We(T ) is (by definition) the numerical range of
the coset T +K(H) in the Calkin algebra B(H)/K(H) where K(H) is the ideal of all compact
operators on H, see [1]. Equivalently,

We(T ) = ∩W (T +K),

where the intersection runs over the compact operators K. It follows that We(T ) is a compact
convex and invariant under compact perturbation. Also,

We(T ) = {λ ∈ C : ∃xn ∈ H with ∥xn∥ = 1, xn
weakly−−−−→ 0, and ⟨Txn, xn⟩ −→ λ}.

Analogously, the essential numerical radius of T , is defined by

we(T ) := sup{|λ| : λ ∈ We(T )}.

Now, we are ready to give our main theorem.

Theorem 2.1. Let H1 and H2 be two Hilbert spaces, and let A ∈ B(H1), B ∈ B(H2) and C ∈

B(H2, H1) such that we

([
0 C
0 0

])
<

∥C∥
2

and W
([

A 0
0 B

])
is an open set with w

([
A 0
0 B

])
= r.

Then

w
([

A C
0 B

])
< r +

∥C∥
2

if and only if C ̸= 0.
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Proof. It’s obvious that if C = 0 then w

([
A 0
0 B

])
= r. Let assume now that C ̸= 0 and

w (MC) = r +
∥C∥
2

.

Let xn, n ≥ 1, be unit vectors in H1 ⊕H2 such that

|⟨MCxn, xn⟩| −→ r +
∥C∥
2

. (2.1)

We have

|⟨MCxn, xn⟩| ≤
∣∣∣∣〈[

A 0
0 B

]
xn, xn

〉∣∣∣∣+ ∣∣∣∣〈[
0 C
0 0

]
xn, xn

〉∣∣∣∣ −→ r +
∥C∥
2

.

However, for all xn, n ≥ 1, we have∣∣∣∣〈[
A 0
0 B

]
xn, xn

〉∣∣∣∣ ≤ r and

∣∣∣∣〈[
0 C
0 0

]
xn, xn

〉∣∣∣∣ ≤ ∥C∥
2

.

By taking a subsequence (xnk
), if it is necessary such that∣∣∣∣〈[

A 0
0 B

]
xnk

, xnk

〉∣∣∣∣ −→ a and

∣∣∣∣〈[
0 C
0 0

]
xnk

, xnk

〉∣∣∣∣ −→ b

it is easy to see that a = r and b =
∥C∥
2

. So, we can assume that∣∣∣∣〈[A 0
0 B

]
xn, xn

〉∣∣∣∣ −→ r and

∣∣∣∣〈[
0 C
0 0

]
xn, xn

〉∣∣∣∣ −→ ∥C∥
2

.

Now, the sequence (xn)n contains a subsequence noted again by (xn)n converges weakly inH1⊕H2

to x0, with ∥x0∥ ≤ 1. We have x0 ̸= 0 because if x0 = 0, then there exists λ ∈ We

([
0 C
0 0

])
such that |λ| = ∥C∥

2
which contradict our assumption. Also, if xn converge in norm to x0 then

we find

∣∣∣∣〈[A 0
0 B

]
x0, x0

〉∣∣∣∣ = r which also impossible, thus xn, n ≥ 1 doesn’t converge in norm,

so 0 < ∥x0∥ < 1. Therefore,∣∣∣∣〈[A C
0 B

]
xn, xn

〉∣∣∣∣ = ∣∣∣∣〈[
A 0
0 B

]
xn, xn

〉
+

〈[
0 C
0 0

]
xn, xn

〉∣∣∣∣
=

∣∣∣∣〈[0 C
0 0

]
(xn − x0), (xn − x0)

〉
−

〈[
0 C
0 0

]
x0, x0

〉
+

〈[
0 C
0 0

]
xn, x0

〉
+

〈[
0 C
0 0

]
x0, xn

〉
+

〈[
A 0
0 B

]
xn, xn

〉∣∣∣∣
=

∣∣∣∣∥xn − x0∥2
〈[

0 C
0 0

]
(xn − x0)

∥xn − x0∥
,
(xn − x0)

∥xn − x0∥

〉
−

〈[
0 C
0 0

]
x0, x0

〉
+

〈
xn,

[
0 0
C∗ 0

]
x0

〉
+

〈[
0 C
0 0

]
x0, xn

〉
+

〈[
A 0
0 B

]
xn, xn

〉∣∣∣∣
≤

∣∣∣∣∥xn − x0∥2
〈[

0 C
0 0

]
(xn − x0)

∥xn − x0∥
,
(xn − x0)

∥xn − x0∥

〉
−

〈[
0 C
0 0

]
x0, x0

〉
+

〈
xn,

[
0 0
C∗ 0

]
x0

〉
+

〈[
0 C
0 0

]
x0, xn

〉∣∣∣∣+ r.
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From (2.1) and by letting n to +∞, we obtain

r +
∥C∥
2

≤
∣∣∣∣(1− ∥x0∥2)λ1 −

〈[
0 C
0 0

]
x0, x0

〉
+

〈
x0,

[
0 0
C∗ 0

]
x0

〉
+

〈[
0 C
0 0

]
x0, x0

〉∣∣∣∣+ r

≤ (1− ∥x0∥2)|λ1|+ ∥x0∥2
∥C∥
2

+ r

where λ1 ∈ We

([
0 C
0 0

])
. Hence

(1− ∥x0∥2)|λ1|+ ∥x0∥2
∥C∥
2

+ r ≥ ∥C∥
2

+ r.

Thus

(1− ∥x0∥2)|λ1| ≥ (1− ∥x0∥2)
∥C∥
2

.

So |λ1| ≥ ∥C∥
2 , which is impossible. Consequently, w

([
A C
0 B

])
< r +

∥C∥
2

.

Remark 1. The condition in Theorem 2.1 that W
([

A 0
0 B

])
be an open set is essential, we can

easily construct an operator on H1 ⊕H2 not satisfying this condition, let C ∈ B(H2, H1) and

w

([
IH1

C
0 IH2

])
= 1 + w

([
0 C
0 0

])
= 1 +

∥C∥
2

,

with C ̸= 0.

As a consequence of Theorem 2.1, we have the following result.

Corollary 2.2. Let C ∈ B(H2, H1) be a compact operator and W
([

A 0
0 B

])
is an open set with

w
([

A 0
0 B

])
= r. Then w(MC) < r +

∥C∥
2

if and only if C ̸= 0.

Proof. Since the essential numerical range of the compact operator
[
0 C
0 0

]
on H1 ⊕H2 is always

equal to {0}, then the result follows from Theorem 2.1.

An operator FC in l2 × l2 is said to be Foguel operator if

FC =

[
S∗ C
0 S

]
where C ∈ B(l2 ) and the unilateral shift S defined on l2 by Sen = en+1, for an orthonormal
basis {en} on l2 . This operator plays an important role in many applications, see [2], [9], [3] and
reference therein. The following result gives an estimate of the numerical radius of the Foguel
operator,

Corollary 2.3. [4, Theorem 2.6.] Let C be a compact operator in B(l2 ). Then w(FC) < 1+
∥C∥
2

if and only if C ̸= 0.



On the numerical radius of an upper triangular operator matrix 199

Proof. It follows immediately from Corollary 2.2, if we take A = S∗ and B = S. Since W (S) = D
(the open unit disc of C) and the essential numerical range of a compact operator is always equal
to {0}.

Remark 2. Corollary 2.2 generalizes [4, Theorem 2.6.].

Example 1. One can easily construct an operator FC which satisfies the conditions of Theorem
2.1, for that we take the diagonal operator C = diag(

√
2, 1, 1, ...) in l2.

Clearly, we have

we

([
0 C
0 0

])
<

∥C∥
2

=

√
2

2
.

Indeed,

[
0 C
0 0

]
=



√
2

1
1

. . .



=


0

1
1

. . .

+



√
2

0
0

. . .

 .

So

We

([
0 C
0 0

])
⊆ W




0

1
1

. . .



.

Since 

√
2

0
0

. . .


is compact and taking account of [8, Theorem 2], we obtain

w

([
S∗ C
0 S

])
=

1

2

∥∥∥∥∥
∣∣∣∣[S 0
0 S∗

]∣∣∣∣2(1−α)

+

∣∣∣∣[S∗ 0
0 S

]∣∣∣∣2α +

∣∣∣∣[ 0 0
C∗ 0

]∣∣∣∣2(1−α)

+

∣∣∣∣[0 C
0 0

]∣∣∣∣2α
∥∥∥∥∥

with α = 1/2. Hence,

w

([
S∗ C
0 S

])
≤ 1

2

∥∥∥∥[S∗S 0
0 SS∗

]
+

[
SS∗ 0
0 S∗S

]
+

[
CC∗ 0
0 0

]
+

[
0 0
0 C∗C

]∥∥∥∥
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=
1

2

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



1
2

2
. . .

1
2

2
. . .


+



2
1

1
. . .

2
1

1
. . .



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
=

3

2
< 1 +

∥C∥
2

.

Example 2. [4], Let C be a weighted shift operator in B(l2 ) with weights {sn} and limn→∞ sn =

k < sup{sn}, then w(FC) <
∥C∥
2 + 1.

Indeed, we note first that sup{sn} = ∥C∥, and as limn→∞ sn = k < sup{sn}, there exists
n1 ∈ N such that sn < sup{sn} for all n ≥ n1. We have

[
0 C
0 0

]
=



0
s1 0

s2
. . .

. . .
. . .



=



0
s1 0

. . . 0

sn1

. . .

0
. . .


+



0
0 0

. . . 0

sn1+1
. . .

. . .
. . .


.

So

we

([
0 C
0 0

])
= we





0
0 0

. . . 0

sn1+1
. . .

. . .
. . .




<

∥C∥
2

.

Therefore from Theorem 2.1 it follows that w(FC) < 1 +
∥C∥
2

.

Acknowledgments

We thank the anonymous reviewers for their careful reading of our manuscript and their many
insightful comments and suggestions.



On the numerical radius of an upper triangular operator matrix 201

The authors gratefully acknowledge the financial support from the Laboratory of Fundamen-
tal and Applicable Mathematics of Oran (LMFAO) and the Algerian research project: PRFU,
no. C00L03ES310120220003 (D.G.R.S.D.T).

References

[1] P. A. Fillmore, J. G. Stampfli, J. P. Williams, On the essential numerical range, the essential
spectrum, and a problem of Halmos, Acta Sci. Math. (Szeged), 33 (1972), 179-192.

[2] S. R. Foguel, A counter example to a problem of Sz.-Nagy , Proc. Amer. Math. Soc, 15
(1964), 788–790.

[3] S. R. Garcia, The norm and modulus of a Foguel operator, Indiana Univ. Math. J, 58
(2009), 2305-2315.

[4] H. L. Gau, K. Z. Wang and P. Y. Wu, Numerical ranges of Foguel operators, Linear Algebra
Appl., 610 (2021), 766-784.

[5] K. E. Gustafson and D. K. M. Rao, Numerical range. The field of values of linear operators
and matrices, Springer-Verlag, New York, 1997.

[6] O. Hirzallah, F. Kittaneh, K. Shebrawi, Numerical Radius Inequalities for Certain 2 × 2
Operator Matrices. Integr. Equ. Oper. Theory, 71 (2011), 129-147.

[7] F. Kittaneh, A numerical radius inequalities and an estimate for the numerical radius of
the Frobenius companion matrix. Studia Math, 158 (2003), 11-17.

[8] F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Mathematica,
168.1 (2005), pp. 73-80.

[9] B. Sz.-Nagy, Completely continuous operators with uniformly bounded iterates, Magyar
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