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On a class of Kirchhoff type problems with

singular exponential nonlinearity
Mebarka Sattaf and Brahim Khaldi

Abstract. We study the following singular Kirchhoff type problem

2 . eon? L
P) -m (/|Vu dr | Au=h(u) o Q,
Q
u=20

on 0N

where ) C R? is a bounded domain with smooth boundary and 0 € €2, 8 € [0,2),
a > 0 and m is a continuous function on R*. Here, h is a suitable preturbation of
2 . . .
e as u — oo. In this paper, we prove the existence of solutions of (P). Our
tools are Trudinger-Moser inequality with a singular weight and the mountain pass
theorem.

Keywords. Trudinger-Moser inequality, exponential critical growth, mountain pass theo-
rem

1 Introduction

Let Q be a smooth bounded domain in R? containing the origin. In this article, we study the
existence of solutions to the following singular Kirchhoff problems with exponential nonlinearities

2 _ eau2 .
-m /|Vu| dx | Au = h(u) GF Q, (1.1)
Q
u=20 on 05,

where 3 € [0,2), @ > 0 and m : RT — R™, is a continuous function that satisfies some conditions
which will be stated later on, and h satisfies the following conditions:

(H1) he C(R),h(t)>0forallteR, h(t)=0if t <O0;
im MY i =
(H2) lim = 0 and tllinooh (t) =0.

t—0t
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o 2
(H3) The map ¢ — h(t)ti " s increasing for ¢ > 0.

(H4) There exists v > z(igf)jam("‘”(l — 5Y) such that 0 < v = liminfth () < oo,

o 2
@ t—too

where d is the radius of the largest open ball contained in €. As examples of a function satisfying
the above assumptions, we have
Example 1. For a > 1;

Example 2. For 0 < a < 1;

11%34 ift>,/2,
MO =1 2 os<t< /2,
0 if ¢ < 0.

The hypotheses on the function m : Rt — RT are the following.

(M) There exist real numbers mg, my, mg > 0 such that for some k € R

mo < m(t) <mit® +mo, forallt >0

(M) M (s)+M(t) <M (s+1t) Vs,t > 0 where M (t) zfm(x)dx
0

(M3) @ is noninreasing for ¢ > 0.

A typical example of a function satisfying the conditions (M;) — (M3) is given by m(t) =
mo + bt with b > 0 and for all ¢t > 0. As a consequence of (M3), a straightforward computation

shows that 2 M (t) — m ()t is nondecreasing for ¢ > 0, which implies that

%M (t) — im(t)t > 0. (1.2)

Problem (1.1) is related to the stationary version of a model established by Kirchhoff [10].
More precisely, Kirchhoff proposed the following model

2
0%u

oz 0

which extends D’Alembert’s wave equation with free vibrations of elastic strings, where p denotes
the mass density, Py denotes the initial tension, h denotes the area of the cross section, E denotes
the Young modulus of the material, and L denotes the length of the string.

Many interesting results for the problem of Kirchhoff type were obtained, see for example
[5], [6], [9], [16], [8] and the references therein. The authors have used the variational method and
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the topological method to get the existence of solutions. In [8], by a direct variational approach,
the authors establish the existence of a positive ground state solution for a nonlocal Kirchhoff of
the type

—m /|Vu|2dx Au= f(z,u) inQ,
Q

u=~0 on 0.

where @ € R? and f : & x R — R is a continuous function that satisfies some appropriate
conditions. Our paper is closely related to the works of de Figueiredo et al. [8]. Indeed, we
extend the results in [8] from 5 =0 to 8 € [0,2). This limitation on S is due to Lemma 2.1.

Now, we are ready to state our main result

Theorem 1.1. Under assumptions (M1) — (Ms) and (Hy) — (Ha) , problem (1.1) admits a non-
tirivial solution uw € H}(€2).

This work is organised as follows: In Section 2, we present the variational setting in which
our problem will be treated , and some preliminary results. Section 3 is devoted to show that
the energy functional has the mountain pass geometry and in section 4 we obtain an estimate for
the minimax level associated to our functional. Finally, we prove our main result in section 5.

2 Preliminary results

It is natural to find solution of our problem by looking for critical points of the corresponding
functional of problem (1.1) which we define next.
u

Let g (u) = h (u) e’ and G (u) = /g (s) ds, the functional associated to (1.1) is given by

0
1 G (u)
1) = 3M (Jlull*) 7/ Sz,
o |z|
1
where [ul = ( [, |Vu|? dz)?. Under our assumptions this functional is well defined on Hg ().

Moreover, by standard arguments, I € C* (H& (Q) ,R) with

(I' (u) , o) =m <||u||2) / VuVedr — / &uﬂ)godx, for all o € H} (Q).
Q Q |z|

Let consider the following eigenvalue problem:

—Au =A% inQ,
||
u=20 on 0N).

From classical theory of Hilbert Spaces we get the next classical result (see [7] )

Proposition 2.1. There exists an eigenvalue sequence {\ (8)} C RT, with Ay (8) — oo as
k — oo for which problem (2.1) has nontrivial solution. Furthermore, the first eigenvalue A1 (B)
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is simple and isolated and the corresponding eigenfunctions don’t change sign in 2. The first
eigenvalue is variationally characterized as

Vul*d
M(B) = inf Jo|Vul dr. (2.2)
w€HG(ONA0} [, o de

The exponential nature of the nonlinearity g (u) is motivated by the following version of
Trudinger-Moser inequality with a singular weight due to Adimurthi-Sandeep [3].

Lemma 2.1. Let Q be a bounded domain in R? containing 0 and u € Hg (). Then for every
a>0 and B €10,2)

2
au
(&

——dr < 00
a |z

Moreover,

au2
sup /e—ﬁdx<oo (2.3)
lul<t /e ||

if and only if ;- —|—§ <1
We end this section with a singular version of the following theorem of P. L. Lions [3]

Lemma 2.2. Let (u,) be a sequence in Hi (Q) such that ||u,| = 1, for all n € N* and u,, — u

-1
in H}(Q) for some u # 0. Then, for p < 4w (1 — g) (1 — Hu||2) ,

Py
sup/ 5 dr < oco.
n>1J9 |z

3 The Mountain Pass Geometry

In the sequel, we prove that the functional I has the Mountain Pass Geometry. This fact is proved
in the next lemmas:

Lemma 3.1. Assume (M7), (H1) and (Ha2), then there exist positive constants T and p such that
I(u) > 7 >0, Yue Hy(Q) : ||lu| = p.
Proof. Tt follows from (Hs) that, for each € > 0, there exists a positive constant C' such that
IG(u)| < eu® + Cude™™

Let 2 < g < %. By (2.2) and generalized Holder’s inequality, we have

G 2 3 ou?
| “Q'dx:a/ %dwrc %daz
Q |z Q |z Q |z

2

e ) 5 1 eou

< Vu dx—i—C/ u dx
A1 (/B)/Q| | Q‘ | |$|§ \:c|g
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< ——ul® +C (/ |u3pdx+); / LI ’ / ﬂdw ’
~A(B) Q Q |x|¥ o |z’ ’

where % + % = % So, Using the Sobolev embedding theorem, there is a positive constant C' such
that

G(w)] e 3/‘1 ! /éw
dr < ul||” + Cllu —dx —dx
o |z|f A1 (B) Il el Q |x|7g o |z’
% 2ap2(L)2 %
€ ) X 1 2P (T
< ul||” + Cllu / —dx / ———dx

or(1-5)
«

Nl

The first integral on the right-hand side is finite since ¢f8 < 4. If p <
integral is bounded by lemma 2.1. Thus, using the condition (M;) one has

1wz (- ) - Gl

, the second

Consequently

Now, we may fix ¢ > 0 such that “5* — ﬁ(m > 0. Thus, for p > 0 sufficiently small there exists

T = (% — Aiﬁ)) p* — C1p* > 0 such that

I(u) > 7> 0, Yu € Hy(Q) with |lu] = p
The proof of Lemma is complete. O

Lemma 3.2. Assume that conditions (M), (Hy) and (Hy) hold. Then, there exists ey € H} ()
with ||e1]] > p such that I(e1) < 0.

Proof. First, by assumption (M7), we obtain

< M yrtl |t (3.1)

M(t) < k+1

On the other hand, fix € > 0 and by (Hy), we get
th(t) et > (y—e¢) e fort> A. with A. > 0.

Since e’ > L a2 for all t and 0 € N, then there exists a constant C. > 0 such that

1
ol

1
th(t) e > 21 —¢) ot —C.t, for t>0

and consequently
G(u) > ——(y—e)a?t? —C.t for t>0. (3.2)
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Let up € H}(Q) with ug > 0 in Q and |Jug|| = 1. Thus, from (3.1) and (3.2), we obtain

ms o M1 o(eqr)y L 29/ / up
I(t < =t —t 04 —d Cet | —=d
(buo) < o It 2K + 2 290' )a || e a |z|? v

for all ¢ > 0, which yields I(tug) — —oo as t = +00, provided that § > max {2, 2k + 2} . Setting
e1 = tug with £ > 0 large enough, the proof is complete. O

4 On the mini-max level

In view of Lemmas 3.1 and 3.2, we may apply a version of the Mountain Pass theorem without
Palais-Smale condition to obtain a sequence u,, € H}(Q) such that

I(uy) — ¢ and  I'(u,) — 0,

where

. = inf max I (v (t 4.1
¢ = Inf max I'(y (1)) (4.1)

with
I'={yeC(0,1],Hy():v(0) =0, v(1)<0}.

Let Bg(xo) C Q2 be an open ball where d was given in (Hy). We may assume that xg = 0.
In order to get more information about the minimax level, it was crucial in our argument to
consider the following concentrating functions v, (z) = ¢, (%), n € N where

\/%(logn)l/2 for 0 < [z| < 1,

= 1 logpgy 1
’l/)n(:[,') ﬁw for n < |JC‘ < 17
0 for |z| > 1.

Then, 1, has support in B4(0) and ||¢, || =1Vn € N.
To show that the desired estimate for the level c,, we will use the following inequality

Lemma 4.1. The following inequality holds:

exp (471(1 - g) TQL) 67d2—8)
x> .
n=+20JpB,(0) |x|ﬁ (2-5)

Proof. Using the definition of v, and by change of variable, we have

/ exp( (1 — )1/)2) e — d(2*ﬁ)/ exp (47r(1 _ g)j%)
Ba(0) o

|

_|_d(2—/3)/ x
L<jz|<t |z|°

(2-5) 1 2 — B) (log(1))?
= % + 27rd(2—ﬂ)/i ' Pexp <( ﬁl?)g((;)j(r)) ) dr.
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og(2)
log( )’

exp (477(1 — ﬁ)%%) 9d(2—8) L
/ 3 2 dx = md +27rd(2_5)10g(n)/ n2=A)E =) gt
Ba(0) || (2-5) 0

On the other hand, since

Next, by using the change of variable t = we obtain

t2—t>—t forte [0,1],
t?—t>t—1 forte[5,1],

we get
exp (47r(1 -5 %) 2 d(2—5) 3
/ 3 2 dx > T + 27d?=H) log(n) /2 n~C=Ptgy
Ba(0) || (2-5) 0
1
+ 27d=P) log(n)/ =R gt (4.2)
1
1
- 2rd?=P) 27d(2=H) < 2 )
= + — —5=
2-8)  2-58) n*z"
Passing to limit in (4.2), then the proof of lemma 4.1 is complete. O

We can now prove the following upper bounded for c,.

Lemma 4.2. With ¢, defined as in (4.1), we have ¢, < %M (%’“ (1 — g))

Proof. Since 9, > 0 and |[|1,|| = 1, we can deduce that I(t1),,) = —oc as t — +o0o. From (4.1),
we have

< .
e < glfg{](twn), Vn e N

For the sake of contraduction, Suppose that for all Yn € N, we have

max 1(t,) > M ( 1- g)) .

Since I possesses the mountain pass geometry, for each n, max;~q I(te,) is attained at some
tn > 0, that is I(t,¢n) = maxso I(ty,). Thus,

G n n
( nwn) - t2 / |$|Z)

Using G(t) > 0 for all Vt € R, one can deduce that
L@y s i (- By,
2 2 o 2

Since M : [0,400) — [0, +00) is a nondecreasing bijection function by (M7) so

4
2>Tq 0
« 2
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On the other hand, by using £ 1(t,¥,) [i=¢,= 0, we reach

at2 2 2

2 _
m(t2)e2 /nwnuwn) i
at21/;2
>/Bd(0)tw B(tn) — s (4.3)

2.2
etnwn

z/Bg(O)tnwn ()5

From (Hy), we get

t 292 eati logn/2m
nwn ( n¢n) ‘ |ﬂ > (7 - 6) | |ﬂ ) (4'4)
x
and
2 a2
/ eatnlogn/Qﬂ’ o 27Td2 ﬂ at? logn —(2-8) logn - 27rd2756210gn(4—7f7(17§)>’
B4 (0) |z|” 2—5 T 2-p
Hence 5
2 d2_’6 2logn | %in 1-8
m(2)2 > T (y—e)e (#-0-9) (4.5)

Note that, by (M), we can see that

— 0 if ¢, — +oo.

It follows from this and (4.5), we infer that

47 B

2 —(1-5). 4.

- Za-5 (46)

Now, we are going to estimate (4.3) more exactly. For 0 < ¢ < v and n € N we set
Une ={z € By(0) : tpth, > A} and V,, . = B4(0) \ Uy e.

So, by using (4.3) and (4.4) we obtain

b pat2 92 eatn i
m)E 2 (e [ e (ma [ S
Bao) Voo ol \
i (4.7)

n

+ /V ttr (b)) e

e |z

Since th(t)e‘lt2 > —C.t for all t > 0 and ¢,, — 0 almost everywhere in B4(0) , by using the
Lebesgue dominated convergence theorem, we have

et Un
/ tnwn ( nwn) | Z _Catn ﬁ
Vn,s

ks Vie 2]

—dx —>0as n— +o0
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oty 2-8
etin¥n 1 2md

———dz — / —dz = .
/V |z|? wl<d |z|® 2-5)

Then, from (4.6) and lemmad.1, passing to the limit in (4.7) we reach

T T exp(dr(1 — B2 T
m(4(1— 'B)) 4—(1— é) > (fy—e)liminf/ pldr(1 Q)wn)dm— (7—5)2 d
Ba(0)

e 2] « 2 n—+00 |x|ﬁ

and taking ¢ — 0 we get (Z_ﬁ)Zm(“(l - g)) >~ , which contradicts (Hy). Thus, the lemma is

2ad?— o

proved. O

Now, we consider the Nehari manifold associated to the functional I, namely
N ={ueHj(Q):(I'(u),u) =0and u#0}

and let b = injf\[ I(u). From the fact that % increasing, we deduce the following result (see [8])
ue

Lemma 4.3. If condition (Hs) holds, then for each x € Q, sg (s) —4G (s) is increasing for s > 0.
In particular

sg(s) —4G (s) > 0. for all s € [0, +00) .
The next result gives a comparison between the minimax level ¢, and b.

Lemma 4.4. Assume that (Ms) and (Hs) are satisfied. Then c, <b.

Proof. Given u € N, let us define h (¢) := I(tu) with ¢ € (0, 400) . The function h is differentiable
and

% (t)z(]’(tu),u)zm(t2Hu||2)t||u\|2—/Qg(tu)udx, vt > 0.

Since (I'(u),u) = 0, for all u € N, we get

2 2 2
h’(t):t3Hu||4 m(t HU||12) 7m(||u|| ) +t3/ g (u) B g(tu) ity
£2 |lul? ul|” o \|z[°us |zl (tu)®

Then A’ (1) = 0 and from (M3) and (Hj3) , we conclude that A/ () > 0for 0 <t < land 2’ (t) <0
for t > 1. Hence
I(u) = Igméd(tu).

Now, defining ~ : [0,1] — H} (), v (t) = ttou we have v € T' and therfore

< < =
cx < }é}%ﬁ]f (v(@) < max] (tu) = I(u),

which implies ¢, < b. O
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5 Proof of main result

In this section we will give the proof of theorem 1.1. Thus we assume that the conditions
(M) — (M3) and (Hy) — (Hy) hold. First, we prove that I satisfies Palais-Smale condition. For
this purpose, we will use the following convergence result due to M. de Souza and J. Marcos do
O [17].

Lemma 5.1. Let Q C R? be a bounded domain, a € [0,2) and f: Q2 x R — R be a continuous

function. Then for any sequence (u,) in L' (Q) such that

Up — u in L (), f(|xun) cL'(Q) and /\fxun un|d <C
x

up to a subsequence we have

[l un) f (2, u)

LU — in L' (Q).
|z| ||

Proposition 5.1. Assume that o > 0 and 0 < 3 < 2 satisfy ;- + 5 8 < 1. Then the functional E
satisfies Palais-Smale condition for all ¢, < 1M (f)

Proof. Let (uy,) C H}(Q) be a sequence such that I(u,) — ¢, and I'(u,) — 0, that is, for any
€ Hy(Q)

%M(HunHQ)— chgi'lzl)dx—c*—ko(l), (5.1)
m(||un||2)/QVunV<pd1:—/Qh(un) T;:isodx=0(llsol|)- (5.2)

It follows from (M) and (1.2), we obtian

C+ lJunll = 81(un) = (I'(un), un)

2 1 5.3
> mol[tn? +/ (1t (1) €5 — 8G () — g (53)
Q ||

So it suffices to prove that th (¢) et — 8G (t) is bounded from below. Here let us consider
O<e< %. From (Hy) , for some constants C. > 0 and for all ¢ > 0 we get

th(t)e® > (y—e)e™ —C.,

and )
G (t) <ee® +C.. (5.4)
Then, there exists a constant C; (€2) such that
o 1
/ (unh(un)e "8G (un)> — > C. (D).
Q ]

and therfore using (5.3), we obtain

C + [unll = mollun|® - C (). (5.5)
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Hence (uy,) is bounded in H}(Q). Now we take a subsequence denoted again by u,, such that,
for some u € H}(Q2), we have

U, — u weakly in HJ(Q),
U, — u strongly in L4(Q) for 1 < g < +oo,
Un(x) = u(z) for almost every = € .

In particular, u, — u in L' () and by (5.2), (H3) and the Trudinger—Moser inequality, it also
X'U,2 Ot'u2
follows that [, “"‘h(f;%dm is bounded and % € LY(9). Then, we can apply Lemma 5.1

to conclude that
h au
/ (un 6 dx%/ 5 d e L ().
o |z x\

It follows from (5.4) and (2.3), using the generalized Lebesgue dominated convergence, that
G (uy G
/ (UB )dac — / (1;) dx, (5.6)
o |z| Q |z|

1M0mﬁ)%@+4iﬁhﬁ (5.7)

which implies

2

Next, we will make some assertions

Assertion 1. m( ||u||2> ||“H2 > fQ g(wu 4.

|z

Proof : Suppose by contradiction m( ||u||2) Jul|* < Jo gl(;"%“dx, so (I'(u),u) < 0. Using (Hz)
and (2.2), we can see that (I'(tu),u) > 0 for ¢ sufficiently small. Thus, there exists o € (0,1)

such that (I'(ocu),u) = 0. That is, ou € N.
Thus, according to lemma 4.3

1 1 [ g(ou)ou—4G (ou)
<1 2\ 1 2 2 1
< M (IoulP) = gm (loul®) foul* + 5 [ #7E
1 2\ 1 2 2, 1 [ gwu—4G (u)
< g (1) = o (1) P+ f S0

By semicontinuity of norm and Fatou Lemma, we obtain

. < liminf (3 @)m@wﬂmw)+mmmiégwwgfﬂmm.

n—oo

. 1,
< i (1) 31 ) =

which is a contradiction and the assertion is proved.

Assertion 2. T(u) > 0.
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Proof : By Assertion 1, we have I(u) > I(u) — % (I’(u),u) which implies that

1 2 5 () = gon (ot?) o+ [ 20 e

Hence, using (1.2) and Lemma 4.3, we obtain
I(u) > 0.

Now we separate the proof into three cases.

Case 1. ¢, = 0. If this is the case, we use (5.6) and (5.7)

0 < I(u) < liminfl(u,) = / G (u) dx / G (u) dx = 0.
Q Q

m-+oo 27 Ja gl

So M <||unH2) M <||u||2> and then |Jup|| — |[u]| which implies that w, — u in H2(Q).

Case 2. ¢, # 0, u = 0. We show that this cannot hapen for a Palais-Smale sequence. First
we claim that
unh(un)e"‘“i
/—ﬁd:c—ﬂ)asn—)oo.
Q ||

Since u = 0, we have [, G‘S‘Jg)dm — 0 and so

1 1 4
3 M (||un||2) = e < gM (O:; (1 - g)) )

Let M~ (2p9) < n < % (1 - g) Then, |lu,| < /1 for all n > ng and for some ng € N. Now,

chooseq:‘l—’r(l—g)>1 and 1 <7 <
q

no

2
B(1-%

q

ik By the Holder inequality,
Ckui

unh(un)e % eqaui 1 %
/ — dx < (/ [unh(un)|” dac) / 5 dx / —=dx ,
Q |z| Q a |z Q |x|57“(1*5)

where % + % + 1 = 1. Since the function th(t) is bounded and u = 0, the first integral on the
right-hand side converges to zero , the second integral is bounded for n > ng by lemma 2.1 since

qou? = 4w (1 - g) U2, where U, = “7% satisfies |U,|| < 1, and the last integral is finite because
ﬂr(l—%) < 2. 50

Q=

unh(un)ea“i
Q ]

Then m <||un||2) l|tn]|* = 0 by(5.2) and consequently by (M), ||u,|| — 0. This contradicts (5.7)

which says in this case that ||lu,|* — 2¢. # 0.

Case 3. ¢, # 0, u # 0. In this case we claim that
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I(u) = 4. (5.8)

As u,, is bounded, up to a subsequence, ||u,| — r > 0. By using (5.6) and semicontinuity of norm,
we have I(u) < c,. So it remains to prove (5.8), we assume by contradiction that I(u) < c,.
Then,

lu|| < .

Un
[lwnl

and w = %, we have

T’

Next, defining w,, =
w, —w in Hy () and |w| < 1.

Thus, by lemma 2.2

e;mu?L 4 (1 — g)
sup g dr < oo, Vp < ———3". (5.9)
neNJ  |z] 1 — flw|
On the other hand,
2, — 20(u) = M (r?) — M <||u||2) . (5.10)

Using this equality, lemma 4.2 and the fact that I(u) > 0, we get

M (r?) < M (45 (1 - ’2)) +M <||u||2> .

From (Mj) and (Ms), it follows that

r2 < M~ (M (%j (1 - g)) M (||u2>> < % (1 - g) S (5.11)

Now, we observe that

. |l
= R
1 — ]|
and from (5.11), it follows that
dx ( . ﬁ)
2 a 2
—_—.
1 — [lw]
_8
Then, there exists p > 0 such that a|(u,||? < p < % for n sufficiently large. Now, taking

q > 1 close to 1 such that

1r(1-4)

5—, for n large enough
1 — [Juw]]

qollun|* < p <

and invoking (5.9), for some C' > 0, we conclude that

2 2
edaus, ePwh
dz <

< | —=dzx<C.
AT P

Hence, using (H2) and Holder inequality, for some p > 1, we reach

h n aui n — aui —

[ = | o [l
||

Q Q
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< C2 ||un - u”LP(Q) —0 as n— o0,

Since (I(uy), (u, —u)) =o0(1), we get

m <||un||2) / Vu, (Vu, — Vu) dz — 0.
Q

On the other hand,

m(HunHQ)/QVun (Vi — Vug) di = m (| |2 ||un||2—m(||un||2)/QVunVu dx

= m (1) 12 = m (%) ||ul|”

which implies that |lu|| = r and so u, — u in H} (). In view of the continuity of I, we must
have I(u) = ¢, that is an absurde. Thus, the proof of Proposition 1 is complete. O

Proof of Theorem 1.1. Tt follows the assumptions that the functiona I satisfies the Plais-Smale
condition at any level ¢, < %M (i—’g (1 — g)) , see Proposition 5.1. To finish the proof of theorem

1.1, we use Lemma 3.1 and 3.2 and apply the mountain Pass Theorem. O
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