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A unique continuation result for a system of

nonlinear differential equations
Alex M. Montes, Ricardo Cérdoba

Abstract. Using an appropriate Carleman-type estimate, we establish a result of
unique continuation for a special class of one-dimensional systems that model the
evolution of long water waves with small amplitude in the presence of surface tension.
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1 Introduction

The focus of the present work is the following one-dimensional system

(I - aaﬁ) e + 8§(I> - ba;lfl) + 0. (n0:®) =0,

(1.1)
(I —cd?) @, +n—dd?n+ 3 (8,9)* =0,

that describes the propagation of long water waves with small amplitude in the presence of surface
tension, where ® = ®(x, t) represents the rescale nondimensional velocity potential on the bottom
z = 0, the variable n = n(x,t) corresponds the rescaled free surface elevation, and the constants
a,b,c,d > 0 are such that

1
a+cf(b+d):§—o,

where 0! is known as the Bond number (associated with the surface tension). This model is
the 1D version of systems derived in [5] and [6].

As happens in water wave models, there is a Hamiltonian type structure which is clever
to find the appropriate space for special solutions (solitary waves for example) and also provide
relevant information for the study of the Cauchy problem. For the particular system (1.1), the
Hamiltonian functional H = H(t) is defined as

1 (8) =5 [ (7 + a0 + @0 + b2 40 (0,0)")

and the Hamiltonian type structure is given by

(gt) = (317>> I (- (1 _Oaag)—l (I_%ag)_l> '
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We see directly that the functional H is well defined when 7(-,t),9,®(-,t) € H'(R), for ¢ in
some interval. These conditions already characterize the natural space for the study of solutions
of the system (1.1). Certainly, J. Quintero and A. Montes in [8] showed for the model (1.1) the
existence of solitary wave solutions which propagate with speed of wave 6 > 0, i. e. solutions of
the form

n(z,t) = u(z — 6t), ®(z,t) = v(x — 6t),

in the energy space H'(R) x V?(R), where H'(R) is the usual Sobolev space of order 1 and the
space V2(R) is defined with respect to the norm given by

ol Zagey = 10/ 130y = / ()2 + (w")?) da.

They also showed the local well-posedness for the Cauchy problem associated to the system (1.1)
in the Sobolev type space H*(R) x V*T1(R), where H*(R) is the usual Sobolev space of order s
defined as the completion of the Schwartz class with respect to the norm

[wllre @y = 1 (14 1€)" D)l 2
and V*T1(R) denotes the completion of the Schwartz class with respect to the norm

verr ) = [ (L+1€)° €102,

[[]

where @ is the Fourier transform of w in the space variable x and ¢ is the variable in the frequency
space related to the variable z. For a,b,c,d > 0, using a bilinear estimate obtained by J. Bona
and N. Tzvetkov in [1], Quintero and Montes showed that for (g, ®o) € H*(R) x V*TH(R) with
s > 0, there exists a time 7' > 0 and unique solution

(7’7 (I)) € C ([*Ta T]7HS(R) X VS+1(R)) N Cl ([*Ta T]a HS?I(R) X VS(R))
of the Cauchy problem associated to the model (1.1) with the initial condition

n(z,t) =no(z), D(x,t) = Do(x).

On the case of the periodic domain T = R/(27Z) (the one-dimensional torus), it was proved
in [7] the local well-posedness of the Cauchy problem associated to system (1.1) in the space
H*(T) x V*+1(T), for s > 0, where the periodic Sobolev space H*(T) is defined by

H*(T) = {w = Zwkeik“" : Z(l + k25 we? < —|—oo}

keZ keZ

and the space V*T1(T) is defined by the norm

[]

) 1/2
verany = [0+ K2k ?]
kEZ

where wy, = W(k) denotes the k-Fourier coefficient with respect to the spatial variable x.

In the present work, for a, b, ¢, d > 0 we will prove a unique continuation result for the system
(1.1). More precisely, we show that if (5, ®) = (n(x,t), ®(x,t)) is a solution of the system (1.1)
in a suitable function space, for example

nm € L* (-T,T; H..(R)), ® € L*> (-T,T; H},(R)), & € L* (-T,T; H},.(R)),
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and (1, ®) vanishes on an open subset Q of R x [—=T,T], then (n,®) = 0 in the horizontal
component of 2. We recall that the horizontal component 2; of an open subset 2 C R x R is
defined as the union of all segments ¢t = constant in R x R which contain a point of €2, this is,

Q1 ={(z,t) e Rx [-T,T] : Jz1 €R, (x1,t) € Q}.

The unique continuation property has been intensively studied for a long time. An important
work on the subject was done by J.C. Saut and B. Scheurer in [9]. They showed a unique
continuation result for a general class of dispersive equations including the well known KdV
equation,

Ut + Uy + Uggy = 0,

and various generalizations. In the work [3], M. Davila and G. Menzala proved a similar result
for the Benjamin-Bona-Mahony equation,

Ut + Uy — Ugat + Uy = 0,
and for the Boussinesq equation,

Ut — Ugq + (U2 + u;cx)z$m = 0.
In a similar way, Y. Shang showed in [10] a unique continuation result for the symmetric regu-
larized long wave equation,

2
Ut — Ugy T 5 (U )wt — Uggtt = 0.

In the previous equations, a Carleman estimate is established to prove that if a solution
u vanishes on an open subset {2, then v = 0 in the horizontal component of 2. By using the
inverse scattering transform and some results from the Hardy function theory, B. Zhang in [11]
established that if u is a solution of the KdV equation, then it cannot have compact support at
two different moments unless it vanishes identically. In the paper [2], J. Bourgain introduced a
different approach and prove that if a solution u to the KdV equation has compact support in a
nontrivial time interval I = [t1, ¢2], then v = 0. His argument is based on an analytic continuation
of the Fourier transform via the Paley-Wiener Theorem and the dispersion relation of the linear
part of the equation. It also applies to higher order dispersive nonlinear models, and to higher
spatial dimensions. More recently, C. Kenig, G. Ponce and L. Vega in [4] proposed a new method
and proved that if a sufficiently smooth solution u to a generalized KdV equation is supported
in a half line at two different instants of time, then u = 0.

Following from close the works of Saut-Scheurer [9], we base our analysis in finding an
appropriate Carleman-type estimate for the linear operator £ associated to the system (1.1). In
order to do this we use a particular version of the well known Treves’ inequality. For the operator
L we also prove that if a solution vanishes in a ball in the zt plane, which passes through the
origin, then it also vanishes in a neighborhood of the origin.

The paper is organized as follows. In Section 2, using a particular version of the Treves
inequality, we establish a Carleman estimate for a differential operator L closely related to our
problem. In Section 3, first we give some useful technical results. Later, we show the unique
continuation result for the system (1.1).
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2 Carleman estimate

In this section, using a particular version of the Treves’ inequality, we establish a Carleman
estimate for the differential operator £ defined as

8t — a@%@t + 61(92 + fl (1‘, t)8x fg(l‘, t)8§ — b@;‘
L= . (2.1)
I— d@i O — c@%@t + 6282 + fg(!E, t)am

In what follows a,b,c,d > 0. In addition, we are going to use the notation D = (0,, d;).
Moreover, if P = P(&1,&2) is a polynomial in two variables, has constant coefficients and degree
m, then we consider the differential operator of order m associated to P,

P(D)=P(0,,0) = Y asD",
la|<m
where D® = 92102 and |a| = oy + ao. By definition PP (&, &) = 8?118522P(§17§2) where 3 is
given by 8= (81, 82) € N2.

Theorem 2.1. (Treves’ Inequality). Let P(D) = P (0y,0:) be a differential operator of order
m with constant coefficients. Then for all a = (a1,2) € N2, 6 >0, 7 > 0, ¥ € C°(R?) and
(x,t) = (x — §)2 + §2t2 we have that

22|a|7|a\52a2
s / PO (DYO2e2 ™ dadt < Clm,a) | |P(D)U2e2™ dudt (2.2)
: R2 R2
with
r+ao
) <
la| = |aa| + |ae], o =aqlag! and C(m,a) = SWPIrtal<m ( a ) o A fefsm,
0, if ol > m.
Proof. See Corollary 5.1 in [3] (see also Corollary 1 in [10]). O

We present the Carleman estimate for the differential operator L.

Theorem 2.2. Let L the differential operator defined in (2.1), where c1,co are real constants
and f1, f2, f3 € LS (R?). Let § > 0 and

loc
Bs = {(z,t) € R? : 22 + 12 <8}, (x,t) = (x —6)? + %%
Then, there exists C > 0 such that for all U = (U, ¥y) € C3°(Bs) x C5°(Bs) and T > 0 with
||f1||2oo(35) < 1 ||f2HL°°(B¢ < 1 ||f3H%oo(Bﬁ) < 1
72522 — 4 7252 T e S

we have that

3 1 xdt + T 1 xdt + (732 + 1 2|%e xdt
1/ |\I’ |2 27’de d 262 2/ |6 N |2 Qde d ( 2 4b2)/ |\I’ |2 QTQ,ZJd d
Bs B;s

B;s
+ (725202 + T3b2) /
Bs

<C / |LT|2e2™ dadt. (2.3)
Bs

0, Ua ™ dadt + 12b? / 020,y |2 dadt
Bs
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Proof. Let U = (¥1,¥5) € C§°(Bs) x C§°(Bs). Consider the polynomial

Pi(&1,&) =& —aié + a§y

and
Pl(D) = Pl(ax, 815) = at — a@i@t + 0133

the differential operator associated to P;. Then, simple calculations show that if & = (1,1) we
have that
« 1,1 o
P (&1, &) = PV (6, &) = —2a61, PV (D)¥; = —240,7,

and also

C@3,a) = sup <7"+0‘>:2.

[r+a|<3 a
Thus, using Theorem 2.1 we see that
7'262a2/ |5‘m\111|2e2wdxdt < 327’262(12/ |5‘m\111|2e2wdxdt
B5 B<S

22|(x\ \oc|62a2 o
- Ti,/ |PL) (D)W, |22 dadt
. Bs

< / | Py (D)W, [2e2™ dadt. (2.4)
Bs

Moreover,
P&, &) =6c1, PPO(D)Uy =660, O(3,(3,0) = 1.

Then, using again the Theorem 2.1 we obtain that
3,2 2.2 2073 (3,0) 2 2
T cl/ |01 |2 ™V dadt < —/ |Py>Y (D)W 2> dadt
B(s 6 Bé‘

< / | Py (D)W, |2e2™ dadt. (2.5)
Bs

Now, by defining
Py(&1,&) = —b&t, Pao(D) = —bos,

we have that
PYOE, &) = —24b, PYMY (D) Wy = —24bW5, C(4,(4,0)) =1

and

28 4
T4b2/ |‘I’2\2627wdxdt < 27 |P2(4,0) (D)‘I’2|2627wdmdt
Bs 24 Jp,

< / | Py (D)W |2e®™ dadt. (2.6)
Bs

In a similar fashion

PP (DY, = —24b0, Ty, PPV (D) Wy = 1200205, C(4,(3,0)) =4, C(4,(2,0)) =6.
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Hence, we see that
26 3
v |8$W2|262dexdt < = |P(3’O)(D)\If2\262wdajdt
24 2
Bs B,
< [ 1 (D) v s o
5
and also that
24 2
T2b2/ 020, 22 dadt < 77/ P2 (D) Wy 227 dudt
Bs 12 /g,

< / |Py (D) Wy |2e®™ dadt. (2.8)
Bs

By considering
Py(€1,82) = & — c€i6a + 23, Pu(D) = P(8,04) = 0y — c030; + 20,
we have that
PEOY(D) Ty = 6c, 0y, PV (D)W, = —200,T5, C(3,(3,0)) = 1,C(3,(1,1)) = 2.

Then, using Theorem 2.1 we obtain that
32 2 274 2073 (3,0) 2 219
¢ |s|“e“ ™ dadt < —— | P> (D) Wal“eVdadt
Bs 6 Bs
< / |Py(D)Wy|?e2™ dadt, (2.9)
Bs

and

725202/ 10, Uy |e* ™V dadt < 247252/ |P4(1’1) (D) Wy |2e?™¥ dadt
Bs Bs

< / |Py(D)Wy|?e®™¥ dxdt. (2.10)

Bs

From (2.4)-(2.10), there is C' > 0 such that
7-365/ |4 [2e* Y dxdt + 7262a2/ 10,0, 22 dadt + (1362 + 7-4b2)/ W5 [2e2™ dudt
Bs B, .

+ (7'25202 + T3b2) /

Bs

< 0/ (|PL (D)1 [* + | Py (D) Ws|? + | Py (D) Us|?) >V dadt. (2.11)
Bs

0, Wy |2e® ™ dadt 4 7202 / 020,y 2™ dadt

Bs

Now, we note that
L1 =0 — aaiat + Clag + f1 ($7 t)(’)w

implies Py (D)¥y = L1191 — f1(2,¢)0,¥;. Then, using inequality (2.4), we have that

/ |f1(x,t)8x\111|2627¢dxdt§||f1H%oo(Bé)/ 10, U1 >V dadt
Bs Bs
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12
= 125242
2012
7-262&2

/ |P1(D)W4 |*e*™ dadt
Bs

/ (|£1\I/1|2 + \fl(x,t)amlllﬂz) 2™V dxdt. (2.12)
Bs

In a similar way, for
LoUy = Py(D)Vs + fo(x,8)020s, L4Vs = Py(D)Vs + f3(2,t)0, V3

we obtain, using (2.8) and (2.10), that

/ |f2($, t)aiql2|2e2'r¢dgjdt < ||f2H%°°(B(5) / ‘612,\112|2@2'rwdxdt
Bs Bs

I foll2m 5

—— /|P2(D)\112\2627¢d:cdt
T b Bs

2||f2||%oo(35)

7 / (|L2%2)? + | f2(,1)02T5|?) 2™V dxdt (2.13)
Bs

and also that

/ (D0 T P < [ ol / 10,05 26> dudt

Bs Bs

1l
7—25262

21|37 (5
725202

/ |Py(D)Ws|?e®™ dadt
Bs

/ (|L4W2? + | f3(2,1)0, Vo |?) €™ dzdt. (2.14)
Bs

Next, if we choose 7 > 0 large enough such that

13012 (5,)

1ol 1
T 2522

15ileoy 1
4’ T2h2

<
725202

< <

1
47
then from inequalities (2.12)-(2.14) we have that
/ (1f1(2, )00 01| + | fo(2, )O3V + | f(2,1) 0, W2 |?) €27V dudt
Bs
1
S 5/ (|£1\111|2 +[L2Ts]* + |£4‘I’2|2) 2™V dxdt
Bs
1
3 / (1f1 (@, )00 91 + | fo (2, )02 Ws|? + | fo(w, )0, Vo [?) 7V dadt,
Bs
what implies

/ (\fl(%t)ax‘PHQ + | fo(, )02 0> + |f3(xvt)8x\:[j2|2) e’V dxdt
Bs

S / (‘£1\I11|2 + |£2\IJ2|2 + |£3\Ifl|2 + |£4\I/2|2) GZde:Edt
Bs
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= / |LU|2e*™ dadt,
Bs

where o
Eg =71 — d@f and ‘;C\I/| = (|[,1\I/1‘2 + ‘EQ\P2|2 + |[,3\111|2 + ‘£4\I’2|2) / .

Therefore
/B (|PL(D)U1[? + |Py(D)Us|? + | Py(D) U5 |?) ™ dadt
5

< z/B (L2012 + | (2, £)0, 04 [2) 7 dodt
s

+ 2/3 (|L2Ws? + | fo(z,1)02U5|?) ™V dzdt
S5

+ 2/3 (|LaT2|? + | f3(2,1)0, T2 |?) 2™V dzdt
8

< 4/ |LT|2e?™ dadt.
Bs
Hence, from previous inequality and (2.11) we obtain the estimate (2.3).

Remark 1. The estimate (2.3) is invariant under changes of signs on the components of L.

Corollary 2.3. Let T > 0. Assume that in addition to the hypotheses of the Theorem 2.2 we
have that

M € L2 (_Tv T; Hl200<R)) ) ® e L2 (_Tv T; Hﬁ)c<R)) ) (I)t € L2 (_Ta T; Hfoc(R))
and the support of n and support of ® are compact contained in Bs. Then, the inequality (2.3)
holds if we replace ¥ = (U, Wy) by U = (n, ®). Indeed,
7'36%/ |n|2627¢da:dt+7252a2/ |0,m|2e2™ dadt + (133 —|—T4b2)/ |®|2e*™ dxdt
Bs Bs Bs

+(T25202 +T3b2)/

|0, ®2e* ™V dadt + 72b* / |02® 2>V dadt
Bs

Bs

< c/ |LU|2e®™ dadt. (2.15)
Bs

Proof. Let {p}e=0 be a regularizing sequence (in two variables) and consider

Ue = (pe * 1, Pe *(b)a

where * denotes the usual convolution. Then we have that U. € C§°(Bj) x C§°(Bs) and the
inequality (2.3) holds for U, that is

TBC%/ |pe * n|?e* ™V dxdt + 7'252a2/ |02 (pe * m)|2e2™¥ ddt
Bs B;s
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+ (r3c2 + T4b2)/

|pe * 2> Vdadt + (726%% + 73b%) / |02 (pe * ®)|2e* ™V dadt
Bs

Bs

+ 7202 / 102 (pe * ®)|2e*™Vdadt < C | |LU|*e* Vdxdt. (2.16)
Bs Bs

Now, for n =0,1 and m =0, 1,2 we have that

107 (pe * m)e™ — in e || L2(ns) = ll(pe * Ogme™ — Opne™ || 2 (ay)
< |97 (pe ¥ n) = OynllL2(s) = 0

and
|07 (pe + @)e™ — OT @ €™ || 12(By) < ClOT (pe * @) — O ®||12(5s) — 0, as e— 07,

where C is a positive constant depending only on 7 and ¢. Similarly we have that
/ (|CU? ™ — |LU? e*™) dadt — 0, as €— 0T,
Bs)

which allows us to pass to the limit in (2.16) to conclude the proof of Corollary 2.3.

3 Unique continuation

In this section we prove the unique continuation result for the system (1.1). Before to do the
proof, we establish the following results.

Lemma 3.1. Let T > 0 and f1, f2, f3 € LS. (R x (=T,T)). Let U = (n, ®) with

e € L*(=T,T; Hpo(R)), @ € L*(=T,T; Hjpo(R)), ®: € L*(=T,T; H, (R))

be a solution of LU =0 in R x (=T, T) where L is the differential operator defined in (2.1). Let

- U Z:f t>0
0 4if t<O.

Suppose that U = 0 in the region {(z,t) : © <t} intercepted with a neighborhood of (0,0). Then
there exists a neighborhood Oy of (0,0) (in the plane xt) such that U =0 in O.

Proof. By hypotheses there is 0 < § < 1 such that U=0in Ry =R U Ry, where
Ry ={(x,t) : 2 <t}NBs, Ro={(x,t) : t<0}NBs, Bs={(x,t) : 2® +1* < 6*}.
Next, consider x € C§°(Bs) such that x = 1 in a neighborhood O of (0,0) and define
U = (U, 0,) = xU.
Then we have that

Uy, Uy, € L2(-T,T; H2 (R)), Uy € L*(~T,T;H.,.(R)), Wy € L*(~T,T; H? .(R))
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and
supp V¥ C Bs.

By using the definition of x, we note that L¥ = 0 in O. Thus, using the Corollary 2.3, we
have for ¥(x,t) = (x — §)% + 6%t? and 7 > 0 large enough that

32 [ |0 2e? ™V dadt 4+ T26%a> /

10,0122 ™ dadt 4 (133 + T4b2)/ |Wy|2e? Y dadt
B(s Bé

Bs

+ (7_26262 + 73b2)/

10,02 ™ dadt + 2b* / 02T,y |2 dadt
Bs

Bs

<C | |LYPe*™Vdadt = C |LU 2> dadt. (3.1)
Bs B;\O

Now, using again the definition of x and the fact that U=0in Rs, we see that
suppW C D, suppLY C DN(Bs\O), D={(z,t): 0<t<z<di<l}.
It follows that if (x,t) # (0,0) and (z,t) € D then
Y(x,t) = (. —8)% + 622 < (t — 6)? + 5212 = t2(1 + 6%) — 2t0 + 02 < 62
Thus, there exists 0 < € < §2 such that
P(x,t) <62 —¢€, (x,t) € DN (Bs\O).
Moreover, since (0,0) = §2, we can choose O; C O a neighborhood of (0,0) such that
Y(x,t) > 6% —¢€, (x,t) € O.

From the above construction and inequality (3.1), we have that there exists C7 > 0 such that
73627(52*6)/ (|\I’1|2 + |\I/2‘2) dxdt < 7_3/ (|\I’1|2 + |\112‘2) eQdexdt
(91 Ol
< 73/ (1012 + [0[?) €27 dudt
Bs
<Oy / |LW|2e2™ dxdt
B5\O

< Cher (50 / | LV |2 dadt.
Bs\O

Therefore

/ (1T1)2 + |2|?) dodt < % |LU*dxdt.
0, T JBs\O

Then, passing to the limit as 7 — +o0, we have that ¥ = 0 in O;. Since U=1in O and
01 C O, we see that U =0 in O;.

O

Similarly, we also have the following result.
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Lemma 3.2. Let T > 0 and f1, f2, f3 € L. (R x (=T,T)). Let U = (n, ®) with
n,n € L*(-T,T; H.(R)), &€ L*(-T,T;H,.(R)), & €L*(-T,T;H;,(R))
be a solution of LU =0 in R x (=T, T) where L is the differential operator defined in (2.1). Let

g_fo i ezo
U if t<O.

Suppose that U = 0 in the region { (x,t) : = < —t} intercepted with a neighborhood of (0,0).
Then there exists a neighborhood Oy of (0,0) (in the plane xt) such that U =0 in O,.
Corollary 3.1. Let T > 0 and Fy, F», F5 € LS. (R x (=T,T)). Let U = (n, ®) with

. € L*(=T,T; Hipo(R)), @ € L*(=T,T; Hjoo(R)), @¢ € L*(=T,T; Hif,o(R))
be a solution in R x (=T, T) of the system

(I —ad?)n; — bOr® + Fy(x,t)0,m + Fa(x,1)02® = 0,

Let v be a circumference passing through the origin (0,0). Suppose that U = 0 in the interior
of the circle (with boundary v) in a neighborhood of (0,0). Then, there exists a neighborhood of
(0,0) where U = 0.

Proof. Let us assume that the circumference (a piece of it) « is given by x = g(t). By using the
hypotheses, we have that U = 0 in the region {(z,t) : = < g(¢)} intercepted with a neighborhood
of (0,0). Then, we can to see that there exists w € R\ {0, 1} such that U = 0 in a neighborhood
of (0,0) intercepted with the region {(z,t) : < h(t)} where

if >
h(t):{Wt i t>0

-1t if t<o.
Now, we consider the following change of variables (z,t) — (X, T) with

X =z—h(t)+ |t
T=t.

Notice that in the new variables, if T > 0 then the function
U=UX,T)=nT,X),®X,T))
is a solution of the system
(I — ad%)nr — bO4® + a(w — 1)0%n + (1 —w + F1(X, T)) dxn + F2(X,T)0%® =0,
(I —cd%)Pr +n—do%n+c(w—1)0%P + (1 —w+ F3(X,T)) 0x® = 0.

Then, U = 0 in the region {(X,T) : X < T, T > 0} intercepted with a neighborhood of (0,0)
and U satisfies
LU=0 if T>0,
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where
Or — adx0r + c10% + f1(X,T)0x f2(X,T)0% — bO%
£ I—do% Or — cO% 01 + c20% + f3(X,T)dx
with
aa=aw-1), ca=cw-1), fi=l—-w+F, fo=F, f3=1—w+F;.

So, using Lemma 3.1 with the previous differential operator £, we obtain that there exists a
neighborhood O of (0,0) in the plane XT where U = 0.

In a similar fashion, U = 0 in the region {(X,T) : X < =T, T < 0} intercepted with a
neighborhood of (0,0) and U satisfies

LU=0 if T<0,
where
a=a(l-21), wo=c(l-21), fi=l-1+F, fo=F, fs=1-1+F;

Then, from Lemma 3.2 we have that there exists a neighborhood O3 of (0,0) in the plane XT
where U = 0. Thus, returning to the original variables (z,t) we have the result. O

Now we have the main result on the unique continuation property for the system (1.1).
Theorem 3.2. Let T > 0 and (n, ®) = (n(x,t), ®(x,t)) with
M € Lz(iTﬂ T? Hfoc(R))a Qe L2(7T7 Tv Hﬁ)c(R))7 Q, € L2(7T7 Tv leoc(]R))

be a solution in Rx (=T, T) of the system (1.1). If (n, ®) = 0 in an open subset Q of Rx (=T, T),
then (n, ®) = 0 in the horizontal component of Q.

Proof. By defining the functions
Fi(z,t) = 0,P(x,t), Fa(z,t) =1+n(zt), Fi(x,t)= %893(1)(:5,75),

the system (1.1) takes the form

(I —ad?)n; — bOr® + Fy(x,t)0:n + Fa(z,1)0%® = 0,

(I —cd2)®s +n—do2n+ Fi(z,t)0,P = 0.
with Fy, Fy, F5 € LS (R x (=T, T)). Then, we will show the result for the system (3.2).
Denote by €7 the horizontal component of 2 and let
A={(x,t) €Dy : (n,®) =0 in a neighborhood of (x,t)}.

Let @ € Q1 arbitrary. Choose P € A and let " be a continuous curve contained in 2; joining P
to @, parametrized by a continuous function f : [0,1] — 27 with f(0) = P and f(1) = @. Since
P € A, there exists r > 0 such that

(n,®)=0 in B.(P). (3.3)



A unique continuation result 191

Taking 0 < rg < min{r, dist(T',0Q1)}, where 9Q; denotes the boundary of 1, we have that
B,,(P) C A.
Now, if r; < 72 we see that
B, (f(s)) €y, forall s €[0,1]; (3.4)
in fact, if w € Ba,, (f(s)) and w ¢ ©; then
llw — f(s)|| < 2r1 < rg <dist(T,001) < [Jw— f(s)]],
which is a contradiction.

Next, let
M={(x,t)eA: (n,®)=0 in B, (z,t)NQ}

and
S={0<¢<1: f(s) €Ay whenever 0<s</{}, {y=supSb.

We will prove that f(¢y) € Ay. If w € By, (f({o)) and 3 = ||lw— f(€o)|| then there exists 0 < § < £
such that ||f(¢o) — f(o — 0)|| < r1 — ro. Therefore

[w = f(to =)l < llw—f(o)ll +[If (o) = f(lo = )|l <1,

and so w € B, (f(fo — 9)). Now, from the definition of £, there exists 5 € S such that ¢, — ¢ <
L5 < €, what implies f(£y — 0) € Ay. Then, using (3.4) we see that

(7, ®) =0 in B, (f(lo—0)) N = By, (f(lo —9)). (3.5)
Consequently we obtain that (n(w), ®(w)) = 0 and then
(n,®)=0 in By, (f(4)). (3.6)
Hence, we have showed f(£o) € A;.

If 4y = 1 then from previous analysis we have that @ = f(1) € Ay C A. Thus, since @) was
arbitrarily chosen we obtain that (r, ®) = 0 in £, which proves Theorem 3.2. Then to finish the
proof of Theorem 3.2 remains to prove that ¢; = 1. In fact, let us suppose that 3 < 1 and let

G={Y e : ||[Y —f(l)|=r1}.
For w = (x1,t1) € G fixed, we consider the change of variable (x,t) — (X,T) where

X=x—ux,
T=t—t;.

Notice that (0,0) € G* ={Y = (X,T) : ||Y — (f(¢o) — w)|| = r1}. Moreover, from (3.6) we see
that
(n(XvT)ch)(XvT)) =0, (XaT) € Br1(f(£0)_w)'

So that, by using Corollary 3.1, there exists 7, > 0 such that

(n(X,T),®(X,T)) =0, (X,T)e€ B,:(0,0).
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Returning to the original variables we have that for each w € G there exists r}, > 0 such that

(7,®)=0 in B, (w).

w

Then, using (3.6) and the compactness of G, we have that there is €; > 0 such that
(M, ®)=0 in By, (f(b)) (3.7)
Now, we note that there exists 0 < d; < 1 — £y such that if w € B,, (f(fo + 61)) then
lw = f(lo)ll < llw—=f(lo+ o)l + [[f(bo + 61) — f(Lo)ll <71+ er.

Thus, w € By, 4, (f(4o)) and so By, (f(€o+ 61)) C Byry+e, (f(o)). Therefore, using (3.7) we have
that (n,®) =01in By, (f(fo+1)). Consequently f({p+01) € A1, which contradicts the definition
of £y. So, ¢y = 1 and the proof of Theorem 3.2 is complete.

O

Conclusion. In this paper, using an appropriate Carleman-type estimate, we established
a result of unique continuation for a special class of one-dimensional systems that model the
evolution of long water waves with small amplitude in the presence of surface tension. We
showed that if (n, ®) = (n(x,t), ®(x,t)) is a solution of the system (1.1) in a suitable function
space and (7, ®) vanishes on an open subset §2 of R x [T, T}, then (n, ®) = 0 in the horizontal
component of €.
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