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Asymptotic behaviour of the
Einstein-Yang-Mills-Higgs system in a Bianchi
type I model

Nguelemo K. Abel, Djiofack F. Etienne, Dongo David, Remy M. Etoua

Abstract. We study the Einstein-Yang-Mills-Higgs (EYMH) system with a posi-
tive cosmological constant in the Bianchi type I space-time with locally rotational
symmetry (LRS). In particular, we consider the nonlinear interaction of the Higgs
field with the Yang-Mills field coupled to an unknown gravitational field. For the
considered model, from certain additional conditions (the temporal gauge and some
symmetries), we derive the conservation laws for the field equations and we then de-
duce the exact formulation of equations in the geometric framework. Furthermore,
using an iterative approch and some mathematical analysis tools, we study the above
system of equations. We then establish a global existence result for the homogeneous
solution and we analyse its asymptotic behaviour.

Keywords. Einstein equations, Yang-Mills field, Higgs field, Bianchi type I model, global
solution, asymptotic behaviour.

1 Introduction

In general relativity theory, cosmology plays one of the central roles, by coupling various matter
fields to the Einstein equations in order to propose explanations in response to new astrophysical
observations. In fact, the evolution of the universe since the time of the dominant radiation
until the current cosmic acceleration can be explained by the homogeneous Friedmann-Lemaitre-
Robertson-Walker (FLRW) model [12]. One of the pillars of cosmology is that, the universe is
homogeneous and isotropic on a large scale.

To date, the inflation is the main mechanism to explain the isotropization of the observable
universe. This mechanism is based on the existence of a scalar field known as “Inflaton” [8].
During a brief inflation period, the scalar field energy density drives the universe towards a
locally isotropic and homogeneous form that leaves only very small residual anisotropies. These
anisotropies are observed in the cosmic microware background, which support the idea that
space-times become isotropic by evolving in time [10].

The spatial homogeneous but anisotropic space-times are known as either Kantowski-Sachs
or Bianchi cosmologies. These space-times contain many important models that have been used
for discussions of the isotropy of the universe at late time [3]. To this list of important models, is
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also added that of FLRW in the limit of isotropization, e.g., Bianchi I isotropizes to flat FLRW
models.

Bianchi space-times in the presence of a scalar field have been widely studied in the literature,
see for instance [9, 10] and references therein. It has been shown in general in these works that,
for specific initial conditions, an initial anisotropic universe can end in an isotropic universe.
In this work, we are interested in the study of the gravitational field equations associated with
the nonlinear action of the Higgs field coupled to the Yang-Mills field, in the universe model
of Bianchi type I with LRS symmetry. The Einstein-Yang-Mills-Higgs (EYMH) system thus
obtained form a basis for the interaction model of gravitational, gauge and scalar fields (see
[2, 19]). It unifies two important trends in the theory of gravity. The first one is the Einstein-
Yang-Mills model, which is a generalization to the non-Abelian case of the Einstein-Maxwell
model of relativistic electromagnetism theory. The second trend is related to the investigation
of interaction of gravitational and Higgs fields. The Higgs field is the generalization to the non-
Abelian case of the scalar field. The present EYMH model also finds its applications in theories
of dark matter and dark energy [2, 19].

We consider the Einstein equations with a cosmological constant, in fact, astrophysical ob-
servations have clarified that, the expansion of the universe is accelerating. It is well known that,
a classical mathematical tool to model this phenomenon is to include the cosmological constant
in the Einstein equations. For more details on the cosmological constant, we can consult [17]
and references therein. Today, it is clearly established that, the gravitational field can propagate
through space at the speed of the light, analogously to electromagnetic waves. The mathematical
tool used to model this phenomenon consists to couple the scalar field or the Higgs field to the
Einstein equations. We can found more details on this question in [4, 7, 16].

In the following, we derive the conservation laws for the field equations and we then deduce
the exact formulation of equations in the geometric framework, thanks to some additional consid-
erations. Furthermore, an iterative approach combined with some mathematical analysis tools is
use to establish a global in time existence and uniqueness result for solutions of the EYMH sys-
tem. This method is more convenient because it requires less sophisticated estimates, and offers
the possibility of a numerical implementation of results. Moreover, the study of the asymptotic
behaviour, shows that our model approches asymptotically the De Sitter model. We thus ob-
tain an exact solution of general relativity equations, belonging to the solution class of FLRW.
Physically, the De Sitter solution corresponds to a homogeneous, isotropic universe, with positive
curvature and in which the only contribution to the energy density comes from the cosmological
constant. Our results extend to the non-Abelian case the ones obtained in [15].

The rest of this paper is organized in three sections:
In section 2, we state the equations and we prove some preliminary results. Section 3 is devoted to
local and global existence results for the system. In section 4, we study the asymptotic behaviour
of the global solution at late times.

2 The Einstein-Yang-Mills-Higgs system

Throughout the paper, unless otherwise specified, Greek indices a, £, ... range from 0 to 3 and
Latin ones i, j,... from 1 to 3. We adopt the standard convention of summing over repeated

3
indices, i.e., anb® = > asb®. We first introduce some more comprehensible geometrical tools
=0

o=
that are necessary for the understanding of the deep structure of the EYMH equations. We then
derive equations in the geometric framework, solve the constraint problem, and we finally deduce
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the associated equivalent system of nonlinear differential equations.

2.1 Geometric tools and notations

The basic geometric framework is a Bianchi type I space-time (R4,g) with locally rotational
symmetric, i.e., a 4—dimensional manifold equipped with a Lorentzian metric ¢ = (gop) of
signature (—, 4+, +,+) and given by:

g = —dt® + > (t)da? + v*(t) (da3 + da3) (2.1)

where u > 0 and v > 0 are two continuously differentiable functions of the time ¢.

A Yang-Mills potential is represented by a 1—form A = (4,) defined on R* with values in
the Lie algebra (G,[,]) of a Lie group G. We assume that, the Lie algebra (G,[,]) admits an
Ad-invariant scalar product, denoted by a dot, which enjoys the property:

f-1k 1 =1[fk" 1, Yfkleg. (2.2)

We assume that, G is an N—dimensional R—based Lie algebra, (g,)2_; denotes an orthogonal
basis of G. The Yang-Mills potential is locally defined by:

A=(A,) with A,:R* —gG. (2.3)

The temporal gauge condition for the Yang-Mills potential states that: Ay = 0.

The Yang-Mills field is the curvature of the Yang-Mills potential. It is represented by a
G—valued antisymmetric 2—form F' = (F),) defined on R* by:

1
F=dA+ i[A,A]. (2.4)
In the local coordinates (z®), the above relation (2.4) is written:
FY, = VaAL = v AS + [Ax, ALY in which [Ax, A" = C{}CAZ;\AZ, (2.5)

where 57 denotes the covariant derivative with respect to the space-time metric, and CZ, are the
structure constants of the Lie Algebra G.

In addition to the Yang-Mills field, many theories consider a Higgs field or a scalar multiplet
which is represented by a G—valued function ¢ defined on R%. In the basis (&,), ¢ is defined by:

¢ =¢ca with ¢*:R* —R. (2.6)

2.2 The Einstein-Yang-Mills-Higgs equations

On its general form, the EYMH system with a positive cosmological constant A, can be written
(see [7, 19]):

1
Ra/;( — <2R — A> Jap = 8 (Tag —+ Ta,B) s (2.7)
v, P =JP, (2.8)
VoV ¢=H. (2.9)
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Here, @ is the gauge covariant derivative or the Yang-Mills operator acting on ¢ and F®? as
follows:

Vad = Vad + [Aa, @], VoF? = aFP + [Aa, FOP).

(2.7) is the Einstein system and determines the unknown metric tensor g = (gag), Rap and R are
respectively, the Ricci curvature and the scalar curvature of the metric (here and throughout the
work, indices are raised or lowered with respect to the space-time metric, i.e., R*? = g*#¢P )‘RM 2)-
Tap + Twp is the stress-energy or the energy-momentum tensor. T,,3 and 7,3 whose expressions
are given below (see [7]), are respectively the tensors associated to the coupled action of the
Yang-Mills field and the Higgs field on the gravitational field.

1
Taf = —igaﬁFM cFM 4 Fo - F, (2.10)

R R 1 R R
Tag = Vo V0 = 5008 (V20726 + V(69)) | (2.11)

V being a C*° real valued function defined on R to G (often called the self interaction potential),
and ¢2 = ¢ - ¢.

(2.8) is the YM system, written in the covariant form for the Yang-Mills field F' = (E, ®)
which is a closed antisymmetric 2-form, depending only on the time t. E = (F*) and ® = (F};)
are respectively its electric and magnetic parts. J = (J?) is the Yang-Mills current defined by:

JE(4,6,0) = 6,7 ¢, (2.12)

where ¢ = %. (2.9) is the Higgs equation and determines the Higgs field ¢. H is the Higgs

potential, it is a C°° G— valued function given by (see [7]):
H =vV(¢Ho!, I=1,...,N. (2.13)

Throughout the remainder of the paper the dot over function denotes the usual derivative with
respect to time.

2.3 Derivation of equations

It is well-known that, the EYMH system is not an evolution system as it stands. In order
to obtain such a system, we needs to impose on the unknown functions some supplementary
conditions called gauge condition or to choose a spetial system of coordinates. In the present
paper, we will use the temporal gauge condition and the locally rotational symmetry to the metric
tensor see (2.1).

2.3.1 Initial data for the complete system

Let the following quantities called the initial data be given: u® > 0, v° > 0; p* = (A?) a constant
Yang-Mills potential; E® = (FO’Oi) a constant electric field; ®° = (F%) a constant magnetic field;
#° a constant vector of RY. We look for u, v, A= (0,4;) = (0,p), F = (FOi, Fij) = (F,®) and
¢ solution of the EYMH system such that: u(0) = u°, v(0) =%, A(0) = (0,p°), F(0) = (E,®)
and ¢(0) = ¢°.
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2.3.2 The Yang-Mills equations in F' and A

The YM system (2.8) is an incompatible system for its unknowns £ = (F%) and ® = (F;;). We
then complete these equations by adding to them the Bianchi identities:

VoFi + viFo; + @jFOi =0, and <7;Fj+ Vij +viFij =0,
which can also be written:

Fij = —[Aj, Foil + [4s, Fog), (2.14)
[Ai, Fjr] + [Aj, Fri] + [Ax, Fi5] = 0. (2.15)

Therefore, we then retain the system formed by equations (2.8) with 5 = ¢ and (2.14):

0§ I 170i Lol 7i
{ FO 4 T} FO + [A;, FI'] = J', (2.16)

Fij = —[Aj, Foil + [As, Fogl,

and for which we show that, the unretained system formed from (2.8) with 5 = 0 and (2.15) is au-
tomatically satisfied by the solution of (2.16). In (2.16), I'{,, denote the Christoffel symbols associ-
ated to the metric tensor (2.1), which are computed using I'},, = 29°P [0xgpu + Ongrs — 0Bgs,l ,
and give for the non-zero cases:
i = 37 I =15 = E’ %) = wit, Tgy =T33 = vo.
u v

Two authors of the present work have shown in [6] that, if the initial data for the EYMH system
(2.7)-(2.9) satisfy 4 .

[As, E']t=0 = _JtO:O = _[¢07¢0], (2.17)

then, the Yang-Mills system (2.8), in temporal gauge is equivalent to:

thm = T} F% + [Aj, FI] + J°,
7t = —Aj, Fos] + [Ai, Fos), (2.18)

dA;
o = Foi-

Concerning the Yang-Mills tensor 7 = (7,3) defined by (2.10), a direct computation leads to:

T0i = —F% - Fy,
Tij =~ gy P 4 g Ey By 45 ; (2.19)
Taa = § [ (F)? + g™ (Fin)*| = (9aa)” (FO)* + g (Fu)?,

where (FO)? = FUi . FO and (Fy;)? = F; - F.

2.3.3 The Higgs system in ¢

Using the Einstein summation convention, the Higgs system (2.9) is written:
VoV’ + Vo = H.

Taking into account the gauge covariant derivative, it follows that:

b+ [Ai, [A,¢]] = H. (2.20)
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The self interaction potential of a real Higgs field ¢ can be written as ( see [14]):
V(¢?) = m*¢” + k1 + ko, (2.21)

where m is the mass parameter, ki is the Higgs self-coupling parameter (k; > 0) and ks is an
arbitrary normalization constant (k2 > 0).
The insertion of (2.21) in (2.13) yields:

H = 2m2¢¢p* + 4k 9¢*, (2.22)

finally, from (2.20) and (2.22), it comes that:

¢ — (2m2¢* + 4k19*) ¢ + [A, [A", ¢]] = 0. (2.23)

At this step, we set ¢ = ¢ and (2.23) is reduced to:

g =
{ 8 _ (am2g2 4+ akot) v — (4, [47,4]]. (2:24)

A direct calculation using (2.11) shows that components of the Higgs tensor T' = (T, 5) are given
by:

Toi = V[A;, @),

Tij = [Ai, @] - [Aj, 0] with i # j,

Too = 3 ()" + L{[Ar, ] - [4%, ¢] + V(12)},

Tii = [Ai, ] - [Ai, ] + %{ ()2 + [Ax, 0] - [AF, 0] + V (¢7)}.

(2.25)

2.3.4 The Einstein equations in u and v

By determine components of the Einstein tensor S = (S,s) defined by, Sag = Rag— (2R — A) gag,
and taking into account relations (2.19) and (2.25), we show that, the Einstein equations in u
and v can be written:

. N
—u? 2% + (Z) —A| =87 (Ty1 + 1), (2.26)
—v? [++ A} =8 (Toz + T22) (2.27)
u v uv
subject to the following constraints:
w0\
2—+ <> — A =87 (Too + 700) (2.28)
uv v
Toi + 10i = 0, (2.29)
Tij +7i; =04f i # j, (2.30)
Tog + To2 = T33 + T33. (2.31)

Constraints problem for the Einstein equations

Proposition 2.1. The constraints (2.28)-(2.31) are satisfied in the whole existence domain of
solutions of the evolution system (2.26)-(2.27), if and only if, they are satisfied for t = 0.
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Proof. We set:
Y = Saﬁ — 87 (Taﬁ +Ta5) ; B= TOi + Toi, C= Tij +7_ija D= T22 + Tog — T33 — T33.
Due to the Bianchi identities, it is easy to see that 7,Y* = 0 which leads to:

dy?° i@ 0\ oo
== <u + 21}) YO(t), (2.32)

integrating (2.32) over [0,t], t > 0, we have:

2
U0 1,0

Y0(0).

Next, the conservation laws v/, (77 + 79%) = 0, leads to:

YO(t) = -

8o (T +799) 4 Tl (T98 + 79) 4+ T2, (T + 722 = 0. (2.33)
For 8 =i, (2.33) becomes:
2
O (T +7) + Tl (T +7%) =0 = (7% +7%) (1) = 20 (1% + ) (0).
In the sequel, we reduce the Einstein system (2.7) in the form
1
Rop = Onp, where Onp =81 (Tog + Tap) + Jop (2R — A) ) (2.34)

It is established in [5] (page 413), that (2.34) satisfy:
OoRij — ViRoj — VjRoi = 000i; — ViOo; — V;O0;- (2.35)
For i # j, since ¢;; = 0, R;; = 0 and Ry; = 0, (2.35) gives:
o (Tij+1;)=0 = C(t)=C(0).

Finally, we write (2.35) for ¢ = j = 2 and for i = j = 3, knowing that Ray = R33 and Rg; = 0,
we obtain:

0o (TQQ + Tog — T33 — T33) =0 = D(t) = D(O)
Which completes the proof of Proposition 2.1. O

Remark 1. In all what follows, we suppose that the initial data for the EYMH system satisfy
constraints problem (2.17) and (2.28)-(2.31).

Reformulation of the Einstein equations (2.26)-(2.27)
We note:
p =87 (Too + 700), Pi = 8 (”) i=1,2, (2.36)
Gii
p is called the energy density, P; and P, are components of the pressure in the energy-momentum
tensor. With these new notations, after performing a good combination of equations (2.26), (2.27)
and (2.28), the evolution system then becomes:

i 2(/0\° w| p 1 A
—=Z(=) = | -4 -2P)+ = 2.
u 3 l(v) uv} 6+2( ! 2) + 3’ (2:37)
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i 1lae [(o\°| p 1 A
= l—=(=) | -f-zP+=. 2,
v 3luv (v)] 6 2 1—1—3 (2.38)

In order to reduce the system (2.37)-(2.38) to a system of first order differential equations, we
introduce the new variables below:

1/ ) u?v? V2 10
h==(—-+4+2- = Y= ———1. 2.39
3<u+ v)’r 22wz YT 22102 YT (2:39)
We also define:
P1 +2P2 P2 7P1 P 2 Q
Ri=—= Ry= O=—=,0=2 —(1+ Ry). 2.40
1 p ) 2 0 ’ 3]742’ 0 z° 4+ 2 ( + 1) ( )

Using these new notations, it follows that:

T 2r
0<y<l,0<r<l,u’=—— vP=——  Q=1-22—-—, 2.41
Y ' T ya= Y T =y —r) MEREYY (2.41)
0<P+2P<p, 0<R <1, 02>0,0<0<2, -1< Ry <1, (2.42)

Proceeding as in [1], we show that, the Einstein system (2.37)-(2.38) leads to the following system
of first order non linear differential equations:

F=—10+o+3

¢
o= 2r(1 —r)(1+z— 3yz)h (243)
ez — (2+ Q)Zh+QR2 3h

Variables h,y,r and z are chosen on the subset B of R* defined by

/A
B = {(h,y,r,2) € R}, 3 <ht)<h'=hn(0),0<y<1,0<r<1,-1<z<1}.  (2.44)

3 Global existence and uniqueness of the solution

We now consider the equivalent EYMH system given by:

G =—h1+0)+

gt = 6y(1—y)zh

@ =2r(1—-r)(1 + z— 3yz)h

% — (24 g)zh + QRoh — A2,

A% 3V 4 [A;, FU] (3.1)
LIS [A Foi] + [A;, Fojl, i # 7,

with the initial data:

(h7yaraz7Ea q)ap7¢7¢) (0) = (ho’yO’TO’ZOVE‘O’@O’pO’wO’(bO) N (32)
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We consider the Banach space
K = R* x R3 x R3 x R3N x RY x RV, (3.3)
endowed with the norm

|‘(hay?r>Z’E7¢7pad}a¢)HK = (34)
Al + [yl + Ir[ + [2] + [ Ellgsn + |®@]lgan + [[Pllgsn + 1¥]lpn + [z -

3.1 Construction of the iterated sequence

We construct the sequence (X,,)nen of iterations X, = (hn,YnsTns 20, Fns P, Prs Un, &), as
follows:

o We set h’O = h07 Yo = 907 To = ,rO, 20 = 207 EO = E07 (bo = (boa Do :pO’ wo = w()? ¢0 = ¢O'
o If hyy Yn, T, 2ns Eny ®n, i, ¥n, ¢n are known, we define 1), g and 7, o3 by substituting
h7 y7 r’ Z7 E7 ¢) p7 w? ¢ in eXpI'eSSiOnS (2']‘0)) (2'11) by hn7 yn’ Tn? Zn’ En7 ®n7 p’ﬂ,) wn? ¢n'

o We define Xpp1 = (Rng1:Unt1, "t 15 Znt1s Ent1, o1 Pt 1, Ynt1, Gny1) as solution of
the system of first order nonlinear differential equations obtained by substituting h, y, r, z, E,
D, p, 1, ¢ in the r.h.s. of system (3.1) by I, Yn, Tns Zn, Eny Py Pr, ¥n and é,,.

It is important to note that, for every n € N | the initial data for the corresponding system
is the same initial data (ho, 30,70, 20, B9, @0 p0, 40, (bo). We thus obtain recursively a sequence
defined in a maximal interval [0, T, [, T;, > 0.

3.2 Boundedness of the iterated sequence

Proposition 3.1. There exists T' > 0 independent of n, such that, the iterated sequence (X,) =
Ny Yns Tros 20y By @y Py Uy b)) s defined and uniformly bounded over [0, T*].

Proof. Let N € N, N > 1. Suppose that we have, for n < N — 1, the inequalities:

|hn —ho|l < K1, |yn —yo| < Kz, |rn—10| < K3, |2p — 20| < Ky
| En — Eollgsn < K5, [[®n — Pollgsn < Ko, [P0 — pollgsn < K7, (3.5)
|t — tollgy < Ks, || — dollgy < Ko,

where K; > 0,4 =1,...,9 are given constants.

We are going to prove that one can choose constants K; such that (3.5) still holds for n = N
on [0, T with T > 0 and sufficiently small.

Inegrating over [0,t], ¢ > 0, equations satisfied by hn, yn, N, 2n, En, PN, DN, UN, ON
and using (2.44), it comes that:

|hn — ho| < Lat, |yn —yo| < Laot, |ry —ro| < Lst, |2y — 20| < Lat
|En — Eol|lgsy < Lst, [[®Pn — Pollgsy < Let, |[pn — pollgsy < Lrt, (3.6)
[N — Yollpy < Lst,  [|¢n — ¢ollpy < Lot,

where L;, i = 1,...,9 are constants depending only on K;. Since

Vi=1,...,9, Lit—0 when t—0,
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we can choose T > 0, sufficiently small such that for all t < T,
LT' <K;, i=1,..,09. (3.7)

Then, by (3.7) Xy also satisfies (3.5) on [0,T}[. Hence the iterated sequence (X,) is uniformly
bounded over [0, T[. O

3.3 Local existence and uniqueness of the solution

Theorem 3.1. The initial value problem (3.1)-(3.2) for the EYMH system has a unique local
solution.

Proof. We prove that, the iterated sequence (X,,) converges uniformly on each bounded interval
[0,77] € [0,T], » > 0. For this propose, we show that (X,,) is a Cauchy sequence in the Banach
space K defined in (3.3).

Let € > 0, we are looking for N, € N* such that, for all n > N, and m € N* we have
HXn+m - XnH]K <e.
Taking into account the fact that the sequence (X,,) is uniformly bounded, we deduce from the
evolution system that, there exists a constant X > 0 depending only on K; such that V¢ € [0, T"],
we have

t
Xt = Xl K [ 150 = Xomalldr < KX = X (3.5)
0

By an immediate induction on n, the relation (3.8) gives, the existence of a strictly positive
constant IC,, depending only on K; such that:

||Xn+1 - XnHK < Icntn ”Xl - XOHK- (3'9)
Now, we choose a strictly positive real T? < T and sufficiently small such that:
vt € [0,T?], t" — 0, when n — +oo. (3.10)

In the sequel, ¢ is chosen such that (3.10) is satisfied. Returning to (3.9), Vn € N and m € N*,
we have:

||Xn+m - XnH]K < ||Xn+m - Xnerfl”K + ||Xn+m71 - Xn+m72HK +ot ||Xn+1 - XnH]K7
< (tn+m71Kn+m—1 + tn+m72’Cn+m—2 + ...+ tnlcn) ||X1 - XO”]Ka

m—1
11—t
< < > /Cn+i> ( T >tn||Xl_X0||]K>
=0

m—1
< <Z /cW) | X1 — Xollg - (3.11)
=0

Using (3.10) once more, (ZZZ_Ol ICn_H-) t" || X1 — Xollg — 0, when n — 400, so there exists
No € N* such that Vn > N, (Z?Lﬁl /cm) 171X — Xoly <e.

Taking N. = Ny, we conclude from (3.11) that (X,,) is a Cauchy sequence in the Banach
space K. Which then shows that each of sequences hy, Yn, Tn, 2n, En, Pn, Dn, ¥n and ¢,
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converges uniformly on each bounded interval [0,7], 0 < n < T? and that their respective limits
denoted: h, y, 7, z, E, ®, p, ¢ and ¢ are continuous function of t € [0, T?].

From the iterated equations, it appears immediately that there exists a constant C > 0 such
that:

dX,
H o <C|| Xnp1 — Xnllg - (3.12)

The convergence of sequence (X,,) then implies by (3. 12) the convergence of the sequence (dift )

and hence, that each of sequences hn, Uns Tny Zns E,, ®,, Pns z/;n and d)n converges uniformly on
each bounded interval [0,7], 0 < n < T?. Consequently the limit functions h, y, r, z, E, ®, p, 1
and ¢ are of C'-class and X = (h,y,7,2, E,®,p,1,¢) is a local solution of the EYMH system.

Uniqueness of the solution: Let X; and X2 be two solutions of the Cauchy problem (3.1)-
(3.2), with the same initial data. Using the evolution system, it comes that:

t
X, - Xalh < € 12 = Xalc dr (3.13)
0

which gives by Gronwall Lemma [|X; — Xs||x = 0, hence X; = X». O

Corollary 3.2. Let 0 < T < 400, for any solution (u,v) of the Einstein equations coupled to
the Yang-Mills-Higgs system:

i) Maps t € [0,T] — v(t) and t € [0,T] —> uv?(t) are increasing.
2i) Maps t € [0,T] — % and t € [0,T] — 2 are bounded.

Proof. i) By (2.39), we have: £ = h(1+ z). Since v >0, h >0 and z €] — 1, 1], we deduce that

© > 0. Furthermore,

d(uv?)
dt

= w? (u + 27}) = 3uv?h > 0.
U v

2i) By (2.39) once more, we have % = h(1—2z) and £ = h(1+ z), which shows, thanks to (2.44),
that functions £ and £ are bounded on [0, 7]. O

3.4 Global existence of the solution

Let us sketch out the method we adopt. Denote [0,7%), T* > 0, the maximal existence interval
of the solution of the Cauchy problem (3.1)-(3.2). Assume by contradiction that 7% < +oo
(otherwise T* = +o0 and there is nothing to do). Then we will prove using a continuity type
argument that the solution is uniformely bounded on [0, 7*) by a constant depending only on the
initial data. It will then follow by the continuation critrium that, this solution can be extended
to a larger time interval [0,7") thus contradicting the maximality of 7. This will imply that
T* = 400 and the solution is global. Before doing this, let us give some useful estimates on the
obtained local solution.

Lemma 3.1. Let 0 < T < 400, be given. For allt € [0,T], the solution (h,y,r,z) of the Einstein
equations coupled to the Yang-Mills-Higgs system satisfies:

— < h(t) < hO,

L oy < ! L P
L L
My = o =~ S T e ging S My

— . —1<z(t) <1,
T 14 M? ®)
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where

1 1 1 1 1 0
My= | — _ — 10A°T
0 (h0+y0+1—y0+r0+1—r0)6

Proof. See [1]. O

Theorem 3.3. The initial value problem (3.1)-(3.2) for the EYMH system has a unique global
solution defined all over the interval [0, +00].

Proof. We use the standard theory on the first order differential system. We prove that, each
solution of the evolution system (3.1)-(3.2) is uniformly bounded over every bounded interval
[0,T*[, where T* < 400.

According to Lemma 3.1, h, y,  and z are bounded.

Following the (3 4+ 1) formulation of the Einstein equations (see [15]), the Hamiltonian
constraint (2.28) can be written:

2
§h2 —2A =167 (Tyo + 700) — R- (3.14)

We recall that in (3.14), R = g R;; < 0 (see [11]). We then deduce from (3.14) whose the left
hand side is bounded and using —R > 0, 199 > 0, Tpo = 0, that 799 and Tpg are bounded. From
(2.10)-(2.11), one has:

1 . .
0< EgijFOZ CFY% <150, 0< ()% < Too. (3.15)

Invoking (2.1), the first estimate in (3.15) becomes 0 < %giiFOi - F% < 149, and since g;; FO - F0
is bounded, we conclude that || E||gs~ is also bounded. The second estimate in (3.15) shows that
|¥||g~ is bounded. To complete the proof of Theorem 3.3, we show that ®, p and ¢ are bounded
by taking into account the boundedness of h, y, r, z, E, 1 and integrating the folowing equations
over [0,t], t <T* < 4o0:

- aky do _
R

dt

[A;, Foi] + [As, Fosl, Y.

4 Asymptotic behaviour of the solution

We consider the global solution over [0,4o00[ and we study the asymptotic behaviour of the
different elements at late times.

We note by: ¥ = (;;) the second fundamental form defined by ¥;; = —3 dcgi;j and tr () =
Y11 + X990 + X33 his trace; L = (L;;) the traceless tensor associated to ¥ = (X;;) and defined by
LY =¥, + gi;h, which gives by direct computation

Y89 = Lij LV + 3h%. (4.1)
Proposition 4.1. The Hubble variable h satisfies:

dh 1 g
=3 |t (tr(2))? 4 4ng¥ Ty — 12nTo0 — 87700 — 3A |, (4.2)
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dh 1 y N
E = —§ [ZZ‘]‘E” — A+ 47Tg”Tij + 47 (TOO + Too) + 87‘1’7‘00] s (43)
dh 1 y N
T3 (=3h* + A — Li; LV — 4mg"T;; — 4nTyo — 8m700) (4.4)
—6h* +2A = —L;; L' — 167 (Too + To0) + R, (4.5)
dh 1 A
o _3( 3h% +A), \/ggh(t)gho. (4.6)
Proof. a) We have h = —7g Z”, which leads to:

dh 1 [, dg" dg**  1d¥n 99 02122

— =—— |z 2% 99 —— ) pp——

di = 3 | Dugr Pyt A2

|
[0 E O () 2]

r .. .. .. L\ 2 . L\ 2
1 i ) U v 1 /4 v P+ P 3
=—212(=+2-+2-—+ (=) |+ (=+2-) +—=="2-"p| +3A,
3 U v uUv v 9\u v 2 4
1 T11 Toy  T11 T2 1
= —g -R+ (tr(E)) + — 27 + F + 1)2:| - g [—1271' (TOO + 7'00) — 3A] s

which gives (4.2), taking into account g”;; = Top.
b) Using the (3 + 1) formulation, the Hamiltonian constraint (2.28) can still be written

R+ (tr())* = L4559 + 27 4 167 (Too + 700) -

To establish the relation (4.3), just insert in the above relation in the relation (4.2).

c) Using the traceless tensor L = (L;;) associated to ¥ = (X;;), we introduce the relation (4.1)
n (4.3) for establish (4.4).

d) Equaling (4.2) and (4.4), we get the relation (4.5).

e) Since L;; LY > 0, 190 > 0, g’ T;; > 0 and Ty > 0, we deduce from (4.4) and (4.5) that:

1
<32 4), —B24A<0 (4.7)

(4.7) imply that 9 <0, so h? > £. Since h > 0, we then conclude that \/g < h(t) < hO. O

Theorem 4.1. At late times, we have:

h=p+0 (e "), (4.8)
= (Ci; + 0O (e —‘”)) et (4.9)
g7 = (CY + 0 (e7P")) e, (4.10)
L LV =0 (e7?Pt) (4.11)
700 = O (e72%%) (4.12)
Too = O (e7271) (4.13)
|R| = O (e?"), (4.14)
FY%. Fo; = O (e7271), (4.15)
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Fyj - FY7 =0 (e 20,
A A'=0(e7 P,
(¥)* =0 (%),
(¢)> =0 (e,
Lij = O (e'ﬁt) 5

L7 =0 (e73),

where, C;; and C' are positive constants independent of t and B = \/§

Proof. From inequality (4.6), we write:

an (o Y (L JE)
dt 3 3
and —h < — %, (4.22) gives:

d (h - \/% ) 2 A
VI L 2B (/2| <o,

3 3
multiplying (4.23) by e2V3t and integrating over [0,¢], ¢ > 0, we obtain:

2Vt (h - \/§> < h(0) — %

A
37

Using (4.6) once more, we have h > which implies:

0<h-— \/§ < <h(0) - \/§> V3¢,

Finally h = \/§ +0 (672\/%) , this proves (4.8) with 8 = \/g

Proof of relations (4.9) and (4.10).
In Cartesian coordinates, the metric of De-Sitter can be written as:

t
Gqg = —dt* + \2ch? <A> [dx? + da3 + da3) .

(4.9) shows that the metric g defined by (2.1) can be written in the form:
G= —d? + ezﬁt (Cn +0 (672875)) dx% + 62Bt (022 +0 (672&)) [dz% + dx%} ’

where C71 and Cyo are two positive constantes. By direct computations we have:

1 e 2% e—43
1T T

M

o () =3 ()=

4.16
4.17
4.18
4.19
4.20
4.21

~~ Y~ I~~~
—_ — — D T

(4.22)

(4.23)

(4.24)

(4.25)
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which yields for large times ¢: ch? (%) = 2% (% +0 (e_§)) . So, for large times t, the metric
of De-Sitter (4.24) takes the form:

Ga = —dt? + €% (i)@ +0 (e;)> da? + e*% <i)\2 +0 (e§)> [dx3 + da3] . (4.26)

Hence, our model (4.25) approach asymptotically the De-Sitter model if we take C1; = Cag = i)@
and 8 = %

Finally, we have g;; = (Cy; + O (e7#')) €*#! and the relation (4.10) is a direct consequence
of the relation (4.9), since g = (gi;) " .

Proof of relations (4.11)-(4.14). Noting that: Tyg > 0, 790 > 0, L;;L¥ > 0, and R < 0, we
obtain from equality (4.5) the following inequalities:

Li; L7 < 6h* — 27, 790 < 6R% —2A, Too < 6h* —2A, R < 6h* —2A.
Now, using the relation (4.8) one has:
Li;LY =0 (672&) , Too =0 (672575) , Too =0 (672&) , |R =0 (672’&) .
Proof of relaions (4.15)-(4.17). From the formula (2.11), it comes that:
0< %gijFOi “FY% <750 and 0< %Fij - Fy; < 70,

thus (4.15) and (4.16) are consequences of (4.12).

Applying the temporal gauge condition Ag = 0 to (2.5), we have: F; = C{chng, which yields

to (4.17) using (4.16) and (4.10).

4.18) comes immediately from (4.13), and to obtain (4.19), integrate equation 4o — 1 and use
y g dt

(4.18). For the proof of relations (4.20) and (4.21), see [13]. O
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