TAMKANG JOURNAL OF MATHEMATICS
Volume 55, Number 3, 203-221, 2024
DOI:10.5556/j.tkjm.55.2024.5134

Variational approach to impulsive Neumann
problems with variable exponents and two

parameters

Arezoo Solimaninia, Ghasem A. Afrouzi and Hadi Haghshenas

Abstract. Based on the variational methods and critical-point theory, we are con-
cerned with the existence results for a second-order impulsive boundary value prob-
lem involving an ordinary differential equation with p(z)-Laplacian operator, and
Neumann conditions.
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1 Introduction

In this paper, we consider the following boundary value problem

—([/ (@) P2 (@) + @) u(@) PO Pu(z) = Mf(z,u) + pg(e,u)  x# x50 € (a,b),
A () [P®) =24 (24)) = T(u(z;)) i=1,2,3..1,
u'(a) =u'(b) =0,

(1.1)
where p € C([a,b],R) with 1 < p~ := mingepep) p(z) < p 1= maxyepqp p(x), A > 0 and p >0
are real numbers, a,b € R with a < b, a € L*([a,b]) with a_ = essinf,cjapa(z) > 0 and
f,9:]a,b] x R — R are two L!-Carathéodory functions, a = 1o < 17 < ¥9 < ... < T} < ;41 = b.
I; :RxR,j=1,2,..,1 are continuous and

A () P20 () = o/ ()P0 () = [ () PO 72 (),

where u’(x;t) = limw%wji u'(z).

The p(z)-Laplacian operator possesses more complicated nonlinearities than the p-Laplacian
operator, mainly due to the fact that it is not homogeneous. In recent years, the investigation of
differential equations and variational problems with variable exponent has become a new and in-
teresting topic. It arises from the nonlinear elasticity theory, the theory of electro-rheological flu-
ids, etc (see [38]). Problems with variable exponent also have extensive applications in various re-
search fields, such as the image-processing model (see, e.g., [19, 27]), stationary thermorheological
viscous flows (see [4]), and the mathematical description of the processes of filtration of ideal baro-
tropic gases through porous media (see [5]). The study of various mathematical problems with
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variable exponent has received considerable attention in recent years. For the background and
results, we refer the reader to some recent contributions such as [24, 14, 15, 16, 22, 36, 26, 20, 29]
and the references therein. For instance, D'Agui in [20] by using variational methods, established
the existence of an unbounded sequence of weak solutions for following problem

—(Ju' ()20 (1)) + () |u(@) [P Pu(z) = M (2, ul@) in (0,1),
[/ (0)P© 2/ (0) = —pg(u(0)), (1.2)
[/ (PO 2 (1) = ph(u(1)),

where all the data are as in the problem (1.1). In [29] based on the variational methods and
critical-point theory the existence of at least one solution for the problem

—(Ju'(2) P72 (2))! + afa) |u(@) [P Pu(z) = Mf(z,ul@)) in (0,1),
[/ (0)P© =2/ (0) = —Ag(u(0)), (1.3)
[/ (PO =2 (1) = Ah(u(1)),

was established.

On the other hand, many dynamical systems describing models in applied sciences have an

impulsive dynamical behaviour due to abrupt changes at certain instants during the evolution
process. The rigorous mathematical description of these phenomena leads to impulsive differen-
tial equations; they characterize various processes of the real world described by models that are
subject to sudden changes in their states. Essentially, impulsive differential equations correspond
to a smooth evolution that may change instantaneously or even abruptly, as happens in vari-
ous applications that describe mechanical or natural phenomena. These changes correspond to
impulses in the smooth system, such as for example in the model of a mechanical clock. Impul-
sive differential equations also study models in physics, population dynamics, ecology, industrial
robotics, biotechnology, economics, optimal control, chaos theory. Associated with this develop-
ment, a theory of impulsive differential equations has been given extensive attention.
Recently, many researchers pay their attention to impulsive differential equations by variational
method and critical point theory, and we refer the readers to the classical monographs [33, 2, 39].
Meanwhile, some people begin to study p(x)-Laplacian differential equations with impulsive ef-
fects. However, the existence of multiple solutions for p(z)-Laplacian problems with impulsive
effects whose right-hand side nonlinear term is depending on two control parameters A and u has
attracted less attention.

In the present paper, motivated by the above facts, we generalize the results obtained in [20]
and [29]. The following result is a consequence of Theorem (2.3).

Theorem 1.1. Assume that there exist two constants 0 and 7 with
])"’rr11’71<;27]p+ > 67,
such that

(As) f: F(x,m)dx > 0;

(4g) fab F(z,m)dz > fab SUP|4|<p (F(:E,t) + %G(:v,t)) dz;

(4r) e g5 < 0
(4s)  limsup €& < 400

[t|p(@)
n—-+oo
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Let A > A3, where

1 ptmP konP' — 6P~
ptmp f: F(z,7)dx — f: SUP|¢ <o (F(z,t) + £G(x,t)) do

)

and g : [a,b] x R — R is an L*-Carathéodory function whose potential G(z,t) fo x,&)dE for
all (z,t) € [a,b] x (0,+00), is non-negative. Then for every u € [0, us], where

0P — ptmP konP" 4+ AptmP f: F(x,7)dx — A\ptmP f: supp|<oF (z,t)dx
K3 = ’
ptmpP~ f; supjy| <G, t)dw

the problem (1.1) admits at least one nontrivial weak solution uz € WP ([a,b]).

The paper consists of four sections. Section 2 contains some background facts concerning
the generalized Lebesgue-Sobolev spaces. The main results and their proofs are given in Section
3. Finally, Section 4 is devoted to some concrete applications.

2 Preliminaries

Our main tools are the following theorems.

Theorem 2.1. [37, Theorem 2.5] Let X be a real Banach space, ®,¥ : X — R be two Gdteauz
differentiable functionals such that ® is sequentially weakly lower semicontinuous, strongly con-
tinuous and coercive, and V is sequentially weakly upper semicontinuous, For every r > infx ®
let

($UPuca-1 (oo ¥(0)) = (w)

= inf
o(r) ue@_ll(r%_oojr)) r— ®(u) ;
7= lminfelr), i

Then the following properties hold:
(a) For every r > infx ® and every A € (0,1/p(r)), the restriction of the functional
Iy=®—\U,

to ®71((—o0, 7)) admits a global minimum, which is a critical point (local minimum,) of Iy
in X.

(b) If v < 400, then for each A € (0,1/7), the following alternative holds: either

(1) Ix possesses a global minimum, or

(2) there is a sequence {u,} of critical points (local minima) of I such that
limy, 400 P(uy) = +o00.

(¢) If 6 < 400, then for each X € (0,1/9), the following alternative holds: either

(1) there is a global minimum of ® which is a local minimum of Iy, or
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(2) there is a sequence {u,} of pairwise distinct critical points (local minima) of I, that
converges weakly to a global minimum of ®.

For a given non-empty set X and two functionals ®, ¥ : X — R, we define the following
functions
Supqui"l(Tl,T‘g) \IJ(’U,) - \IJ(’U)

r1,70) i= inf ,
ﬁ( ! 2) vEP—1(ry,r2) Ty — (I)(U)

o (T r ) o sup \II(U) — SUPyed—1(—oc0,r) \IJ(U)

2\I"1,72) — )
veEP—1(r1,r2) ‘b(v) —-n

for all 71,70 € R, 71 < 79 and

\II(,U) — SUPyed—1(—o0,r) \I/(’LL)
p(r) = sup

vEDP~1(r,00) (P(’U) -r )
for all r € R.

Theorem 2.2. [9, Theorem 5.1] Let X be a real Banach space; ® : X — R be a sequentially
weakly lower semicontinuous, coercive and continuously Gdteaux differentiable function whose
Gateauz derivative admits a continuous tnverse on X*, W : X — R be a continuously Gateaux
differentiable function whose Gdteauzr derivative is compact. Assume that there are r1,79 € R,
r1 < ro, such that

B(r1,72) < p2(r1,72).

: . 1 1

Then, setting I := ® — A\, for each X € (m, m)
In(ug ) < I(u) Yu € @7 (ry,72) and I (ug,») = 0.

there is ug x € ®71(r1,r2) such that

Theorem 2.3. [9, Theorem 5.3] Let X be a real Banach space;  : X — R be a continuously
Gateauz differentiable function whose Giteaux derivative admits a continuous inverse on X*,
U : X — R be a continuously Gateaux differentiable function whose Géiteaux derivative is compact.
Fiz infx ® <r <supy ® and assume that

p(r) >0,

and for each A > ﬁ, the functional Iy := ® — AV is coercive. Then for each \ € (ﬁ,—i—oo)

there is ug,x € @71 (r, +00) such that I\(up ) < Ix(u) Yu € ®~1(r,+00) and I§(up,r) = 0.
The variational exponent Lebesgue spaces are defined as follows
b
LP@)([a, b)) = {u : [a,b] = R measurable and/ Ju(z)|P®dx < 400}

On LP@)([a, b]), we consider the norm

b )
dx <1}.

. u(z) P
||U|‘Lp(z)([a7b]) = mf{ﬁ >0: / (6)‘

a

Let X be generalized Lebesgue-Sobolev space WP(#)([a, b]) defined by

WP ([a,b]) := {u € LP#)([a,b]) 1 u € LP@) ([a,b])},



Variational approach to impulsive problems 207

endowed with the norm
[ullw e (ja,p)) = 1wl Le@ (e + 11w Lo (ja,)- (2.1)

It is well known (see[23]) that both LP(®)([a,b]) and W1P(®)([a, b]) with the respective norms, are
separable, reflexive and uniformly convex Banach space. Moreover, the norm

b (x) (x)
||u|\a::inf{a>0:/ (]Mp ul@) P )dxgu,
g

a

+ a(a:)‘

g

on WHP(®)([a,b]) is equivalent to that introduced in (2.1). Next, we give an estimate on the
embedding constant m of WP ([a,b]) with norm ||.||, in C([a, b]).

Proposition 2.1. [20, Proposition 2.1] For all u € W) ([a,b]), one has
ullean < mllulla-
Proposition 2.2. [18, Proposition 2.2] For all u € W) (Q),

() I llulla <1 = Fllull” < [} 555 (0 @F + al@) u@)@)de < Xlullz,

b 1

Ga)  Ifllulla > 1= K[l < f) L5

(Ju' (@)IP® + (@) u(@) P de < & fullz"

Corresponding to f and g we introduce the functions F': [a,b] xR — Rand G : [a,b] xR — R,
respectively, as follows

F(z,t) := /t flx,8)dg,  for all (z,t) € [a,b] X R,

0

and .
Glat) = / g(z,€)de, for all (z,1) € [a,] x R.

0

We mean by a weak solution of problem (1.1), any function u € X such that

b b
/ ! () P2 (@) () der + / () () PO 2o a)di + Sy I(u(;))o(z;)

b

b
—)\/ fz,u(x)v(z)de — ,u/ g(x,u(z))v(z)dx =0,

for every v € X.
Assume that there exists positive constant ki such that for each u € X

u(z;)
o<z [T n@r sk max | Juto)P. (2.2

3 Main results

We use the following notations

k2 = kl + 7||aHL1 5
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f — timing e i< (0@
oo -+ £ oo 517 ’

b
Joo i= lim fa 5Up|v‘<fG(lL',"U(£C))d£C
e £—+4o0 fl’f ’

b
F(x,€)d
B := limsup 7f“ (acf“) <
£—+o0 é‘p

ka
B )

AL =
and )
Ag = m.
We now formulate our main result as follows.
Theorem 3.1. Assume that
(Ay) ff F(xz,nn)dz > 0 for every x € [a,b];
(A2)  kop™m? foo < B.

Then, for each A\ € A1 = ()\1,/\2) and for every L'-Carathéodory function g : [a,b] x R — R
whose potential G(z,t) fo x,&)d¢ for all (x,t) € [a,b] X [0, +00), is a non-negative function
satisfying the condztzon

Joo < 400, (3.1)

if we put
1- )\p-'rmp* foo

Hox = p+mp*goo

)

where 1g x = +00 when goo = 0, the problem (1.1) has an unbounded sequence of weak solutions
for every p € [0, fig,5).

Proof. Our aim is to apply Theorem 2.1(b) to problem (1.1). Let X = Wwihp(x) ([a,b]) be endowed
with [|.]|o . To this end, fix A € (A1, A\2) and g satisfying our assumptions. Since A\ < Ag, we have

1—ptmP fo

= > 0.
A PrmP” goo

g X

Now fix @ € (0, ng) and define the functionals ®, ¥ : X — R as follows

b 1 ’ u(z;)
u) = —(Ju (@)@ + a(2)|u(z)|P))dz L i(x)dr .
wu) = [ S @P e+ 2 [ L@ 62)
b _
W(u) = / (F(x,u(x))—&—iG(m,u(m))) da, (3.3)

and put

Ii(u) := ®(u) + A\¥(u),

for each u € X.
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Note that the weak solutions of (1.1) are exactly the critical points of I. Then the functionals
&, U satisfy the regularity assumptions of Theorem 2.1. Indeed, by standard arguments, we have
that @ is Gateaux differentiable and sequentially weakly lower semicontinuous and its Gateaux
derivative is the functional ®'(u) € X*, given by

b b
q"(u)(v)Z/ IU’(x)Ip(z)_zw(fﬂ)v’(%)dw+/ o) u() "2 u(@)o(@)de + iy I (u(z;))o(z;),

a

for any v € X. Furthermore, ® : X — X* admits a continuous inverse. On the other hand, the
fact that X is embedded into C([a, b]) implies that the functional ¥ is well defined, continuously
Gateaux differentiable and with compact derivative, whose Géateaux derivative is given by

b

W (u)(v) = / (o ulw)via)do + & / o, u(z))v(z)dz.

a

Furthermore, lim||,||— 400 ®(u) = 400 for all u € X and so @ is coercive.

First of all, we will show that \ < % Hence, let {c,} be a sequence of positive numbers such that
fﬁw* for all n € N. Then, for all v € X with ®(u) < r,, taking
Propositions 2.1 and 2.2 into account, one has

lim, 400 ¢y = +00. Put r,, :=

dH—oo,rn) = {ueX;®u)<r,}

e Xidu) < -y

p+mp7
= {ueX;ul <c,}.

Then, for all n € N,

(Supveéfl((foo,rn)) ‘I’(U)) — W(u)

#(ra) B (e 7 — O (u)
SUPy -1 ((—o0,r,)) T(V)
o 7"“/
b _ b
- +. p (fa S’u,p|v|<an(I,’U($)>d$ H fa Sup|v|<an(x7 U(.T))d.’l))
= p'm + = — .
ch A ch
Moreover, from the assumption (As) and (3.1)
v = liminf p(r) < liminf o(rn)
T—>1+00 n—-—+0o0

< p+mp— (foo + %goo) < Ho00.
The assumption & € (O,,ugj) immediately yields v < % Let A be fixed. We claim that the
functional I3 is unbounded from below. Since

1 B

<=
Xk
there exist a sequence {7, } and a positive constant 7 such that lim, 1+~ 1, = +00 and

b
1 F(z,n,)dx
:<T<7f“ (z,1n) .

3.4
5y e (3.4)



210 A. Solimaninia, G.A. Afrouzi and H. Haghshenas

Put w,(z) = n,, for all x € [a,b]. Clearly w,(z) € X for each n € N. Hence, from (2.2) we have

b1 wn (25)
w = ——(|w, (2)|P® + a(z)|wn (z) [P dz L i(z)dx
bw) = [ (@ +a@he @+ 2 [ L@ds,

b
< / D) o) g 4 ey
o P(@)

o[ +
sg%/mmHm%
p a

' +
= p%\lallu + kil
= k’277£+-

From (A;) and since G is nonnegative, due to definition of ¥, we infer

b
W(w,) > / Fla,n,)dz, (3.5)

SO

b
Ix(wn) = ®(wy) + N (w,) < kon? — X/ F(z,ny)dz < kan? (1= A7), (3.6)

a

for every n € N large enough. Since A7 > 1 and lim,, o0 1, = +00, we have

ngr}rloo Ix(’wn) -

Then, the functional I5 is unbounded from below, and it follows that I3 has no global minimum.
Therefore, by Theorem 2.1(b), there exists a sequence {u,} of critical points of I5 such that
limy,—s 40 ||un|| = +00 and the conclusion is achieved. O

For a given non-negative constant § and a given positive constant n, with 07 # ptm?P ks r]p+,

put
a
Ry 1= Iy o+ Lol p'l“ :
b b
a (0) L fa Sup|t\<9 (F(‘T7t) + %G("Lt)) dx — fa F(Iﬂ?)dx
A 0P~ — ptmP konpt ’
e oY —ptmP konP" — A\ptmP~ f; sup|<g, F(x,t)dx + Aptm? fab F(x,n)dz
= — ,
ptmP” [ supjy <o, G(z,t)dx
and
e 00 — ptmP kP — AptmP f; supyy|<g, F(x,t)dx + Aptm? fab F(x,n)dz

= b
ptm?” [ supjy<o,G (2, t)dx

Now, we present an application of Theorem 2.2 which we will use to obtain one nontrivial weak
solution.
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Theorem 3.2. Assume that there exist a nonnegative constant 61 and two constants 02 and n

with - -
07 < (p™mP ko)n P < 0y (3.7)
such that
(A3) f: F(z,n)dz > 0;
(A1) ay(B2) < ay(6:).
Moreover, \ € +711p, } an (191), a (192) and g : [a,b] xR — R be an L'-Carathéodory function whose

potential G(x,t) fo x,&)d¢ for all (x,t) € [a,b] x (0,400), is non-negative. Then for every
p € (pa, p2), the problem (1.1) admits at least one nontrivial weak solution u; € WP ([a,b]).

Proof. Let X = W1P(®)([a,b]) be endowed with ||.||. We introduce the functionals ®, ¥ : X — R
for each u € X, as follows

b / u(z;)
u) = ——(lu (2)[P®) + () |u(x)|P*))da L (x)dz
wu) = [ @P +alu(@) e+ 2, [ L@
and .
mezl(ﬂawm+§m%M@DM,
and put

In(u) == ®(u) + AU (u).

Let us prove that the functionals ® and VU satisfy the conditions. It is well known that ¥ is a
differentiable functional whose differential at the point v € X is

/fxu )m+ALb@M@m@m,

for every v € X as well as is sequentially weakly upper semicontinuous. Furthermore, ¥’ : X —
X* is a compact operator. Indeed, it is enough to show that ¥’ is strongly continuous on X. For
this end, for fixed u € X, let u,, — u weakly in X as n — oo, then u,, converges uniformly to u
on [a,b] as m — oo; see [41]. Since f, g are continuous functions in R for every = € [a, b], so

F(wsun) + Sale, ) = [ u) + Sala.w),

as n — oco. Hence ¥/ (u,) — ¥’'(u) as n — oo. Thus we proved that ¥’ is strongly continuous
on X, which implies that ¥’ is a compact operator by Proposition 26.2 of [41]. Furthermore,
@’ : X — X* admits a continuous inverse. Clearly, the weak solutions of the problem 1.1 are
exactly the solutions of the equation I} (u) =0

b

and 7o = peg — and w(z) = n. It is easy to verify that w € X and

Now, put r; = o
m

1
ptmp
ksnP~ < ®(w) < konP . In particular, from (3.7), we conclude

ry < ®(w) < ro.
On the other hand, for all © € X, we have

7 (—o0,m) = {ueX;®(u) <ry}
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= {ue X;u|l <0}.

From which it follows

b
sup V(u) = sup / (F(ac,t)—i-ﬁG(a:,t)) dz
u€d—1(—o0,r3) ue€d=1(—o0,r3) Ja A
b
< / sup (F(:c,t)+ﬁG(x,t)) dx.
a |ul<62 A

Arguing as before, we obtain

b
sup U(u) = sup / (F(x,t) + HG(m,t)) dx
u€P~1(—o0,r1) ued—1(—oo,r1) Ja A
b
< / sup (F(m,t) + HG(x,t)) dx,
a |u|<6; A

since 0 < w(x) < n for each x € [a, b], assumption (Asz) ensures that

\I/(w)Z/ F(z,n)dx.

Then, due to G > 0, we get

/ab sup (F(x,t) + %G(m,t)) dx > /ab F(z,n)dz,

|ul| <02

and thus a,(f2) > 0. At this point, one has

SUPyed—1(—o00,ry) \I/(u) - \I/(w)

B(ri,ra) <

ro — O(w)
- f; sup|e|<o, (F(z,t) + £G(z, 1)) da — ff F(x,n)dz
) pfi;* — k"
I f; supy<g, (F(z,t) + 5G(z, t)) de — f; F(z,n)dz

0y —ptmP konp”
= p+m”7an(€2).

Since a,(02) > 0, hypothesis (A4) implies that

/ab sup (F(x,t) + %G(az,ﬂ) dr < /abF(:c,n)dx,

‘u|<01
So, one has

\IJ(UJ) — SUDyed—1(—oco,r) \I/(’U,)

> 51

p2(ri,r2) = B(w) —m
b b
. [, F(z,n)dz — [ supp, <q, (F(z,t) + §G(x,t)) dx
kit — 2

ptmp™
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T f; F(z,n)dx — f: SUD|y| <, (F(x, t) + 5G(z, t)) dx

ptmP” konp™ — 67

= P
= ptm? a,(6).

Hence, from assumption (A4), one has 5(r1,72) < p2(r1,r2). Therefore, from Theorem (2.2), for

each \ € p*;ﬂ’_ } a (101)7 a,,(102) [ the functional I, admits at least one critical point u; such that

r1 < ®(ur) < ro.

Now, we prove Theorem (1.1) in Introduction:

Proof. Let X = W) ([a,b]) be endowed with ||.||o. The functional ® and ¥ defined in the
proof of Theorem 3.1 satisfy all regularity assumptions requested in Theorem 2.3. Moreover,
sup,cq G(z,t)

by standard computations, from (Ag), we can fix [ > 0 such that 11?1 sup () <l
Therefore, there exists a function h € L*([a, b]) such that o

Gz, t) < 1tP® 4 h(z), (3.8)
for every « € [a,b] and t € R.
Now, fix 0 < e < p*lC)\ - %l From (A7) there is a function h. € L'([a,b]) such that

F(z,t) < et’™ + b (z), (3.9)

for every = € [a,b] and t € R.
Taking Proposition 2.2 (j2) into account, there exist C' > 0 such that ||u||y1pe < Cllulle. It
follows that, for each u € X,

1 - b b
D = ol A / ()P d — / () Pz — Ml — | o1

1 _
> EHUIIZ = Aellull Lo — pll|ul[ Lo = Allhel|Lr — pllR[| 2
L1 I 2
> F(ﬁ) ullfprp — Aellullwipe — pdllullwrse — Allhel[Lr — pl|A][ L
1 1, -
> Hu\lwmm(pj(g)p = Ae = pl) = Al|hel[Lr = pl|R][ L1,

and thus
(®(u) — AU (u)) = +oo,
Hully1.p62) s 4oo

o7
ptmp~

which means the functional I is coercive. To this end, put r :=
Owing to (As) and (Ag), we obtain that

_ f: F(x,m)dzx — f; supyy <o (F(z,t) + §G(x,t)) dx

r)>ptmP
p(r) = p T ——
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So, from our assumption it follows that p(r) > 0. Hence, from Theorem 2.3 for each A\ > A3, the
functional Iy admits at least one local minimum w3 such that

lusll > e

and the conclusion is achieved. O

4 Applications
In this section, we point out some consequences and applications of the results previously
obtained. First, we present the following consequence of Theorem 3.1 with u = 0.

Theorem 4.1. Assume that all the assumptions in the Theorem 3.1 hold. Then, for each A\ € Aq
the problem

—(Ju' ()P 2! (2))' + ) |u(@) [P Pu(z) = Mf(z,u) @
Al () PO ~20! () = I(ul;)) j
u'(a) =/ (b) =0,

has an unbounded sequence of weak solutions in WP®)([a,b]).
Corollary 4.2. Assume that the assumption (A1) in Theorem 3.1 holds. Suppose that
p+mp7k2foo < ]{)2 < B.

Then, the problem

— (| (2)[P) "2 (2)) +

A(f () PO ~20 (25)
u'(a) =u'(b) =0,

(@)|u(@) P20 = f(z,u) @
I(u(z;)) J

has an unbounded sequence of weak solutions in W1HP(®)([a,b]).

Remark 1. We notice that instead of Assumption (Az) in Theorem 3.1 we are allowed to assume
the more general condition

(Ag) there exist two sequence {«,} and {8, } with

ptmP kzafb <,3n ,

for every n € Nand lim [, = 400 such that
n—-+oo

BT — ptmP kgal” 1 aP’
lim inf — n " <— limsup ——="——.
n—r+o00 fa sup‘v|<ﬁnF(x7v(ac))dx—fa F(z,an)dz P mP k2 n—s+oo fa F(z,ap)dx

Obviously, Assumption (As3) follows from Assumption (Ag) by choosing «,, = 0 for all n € N.
Bh_

ptmp~

Moreover, if we assume (Ag), instead of (As) and set r, = for all n € N, by the same

reasoning as in Theorem 3.1, we obtain

) - (Supveéfl((foo,rn)) ‘I’(U)) — ¥(u)
Tn) = in
4 u€®=1((—00,ry)) rn — ®(u)
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Supveéfl((foo,rn)) V(v) — U(wy)
n — O (wy)
b
N p,f supjo|<p, F(z,v(z))de — [ F(m,an)dx

< p )
Bh — pTkompr~ an

where wy, (z) = 7y, for x € [a,b] with «, instead of 7,,. We then have the same conclusion as in
Theorem 3.1 with \s replaced by

b -1

! v F dx — F s G d

Ao = [ pTmP hmlnff uPpi<e, F'(2 v(@))de f‘ﬂ (, an)dz .
n—-+0oo ﬁn _ p+mp* kQO{?L

We want to point out a simple consequence of Theorem 3.1, in which the function f has
separated variables.

Corollary 4.3. Let f; € L'([a,b]) and fo € C(R) be two functions. Put F(t f f2(&)dE for
all t € R and assume that

(A10)  fi(z) > 0 for each = € [a,b] and fa(t) > 0 for each t € R;

(A11)  liminf Flen) ~+o0;

n—-+4oo §

(A12) limsup Fg(g") = +00.

n—-+4oo n

1
Then, for every A\ € <O TS it T >> the problem
oo gP
—(Ju' (@) P2 (2))' + (@) |u(@) [P Pu(z) = AMi(@) f2(t) @ € (a,b),t €R,
Al () PO~ () = I(ule;)) J=123,..1, (4.3)
u'(a) =u'(b) =0,
has an unbounded sequence of weak solution in WP ([a,b]).
Proof. Set f(z,u) = f1(z)f2(u) for each (z,u) € [a,b] x R. Since
F(z,t) = fi()F(1),
from (A10), (A11) and (A12) we obtain (A;) and (Asz), respectively. O

Here, we present a simple consequence of Theorem 3.1 in the case when f does not depend
upon x.

Theorem 4.4. Let h: R — R be a continuous function such that:

(A13)  H(t) = fot h(s)ds >0 for every t € [0, +00);

Ay Putting f/ = lim infmx'é‘,iw and B' := lim sup (f) one has ptmP kgf <B.
Rl tp tp

t—+o0 t— 400



216 A. Solimaninia, G.A. Afrouzi and H. Haghshenas

Then, for each A € ( %) and for every g € C(R) such that

Ry
P ptmp~ f!

Q) = / a(s)ds > 0, (4.4)

for every t € [0, +00),

max
Qoo = limsup 7|§|§f Q©) < 00,
t—4oc0 tp
if we put p* = %, for every p € [0, u*) the problem

*(IU’(JE)I”“”)’2 '(2)) + @) |u(@) PO ~2u = M(u(@)) + pg(u(@))

(x x
A(l! () PO =20 () = I(ulw;)) J
u'(a) =4/ (b) =0,

admits an unbounded sequence of weak solutions.

Proof. Put f(z,t) = h(t) and g(x,t) = q(t) for every = € [a,b] x R. obviously (A;3) implies
(A1). Moreover, (A14) that is (A3) holds and conclusion follows directly from Theorem 3.1 upon
observing that G(x,t) = Q(¢) for every x € [a,b] x R. O

Corollary 4.5. Let h: R — R be a continuous and non-negative function such that:

H(t H(t
ptmP ko hm inf L < lim (+)
—+oo (P t—>+oo P
Moreover, \ € <limsf; o p— liin — H@) , and for every q € C(R) one has
t—+oo tP t—+oco tP
tq(t) > 0, (4.6)

q(t)
1m
[t| =400 |E[P1

Then for every p > 0, problem (4.5) admits an unbounded sequence of weak solutions.

Proof. Tt follows from Theorem 4.4 that, in view of the non-negativity of h, (A;3) holds and
foo = liminf p(t) and also (4.6) implies (4.4). Moreover, by (4.7) one has

t——+o0

maxjg < Q(€) {Q®), Q(=)}

0 < limsup = = lim sup =~
t—4o00 tP t—r4o00 tP
Owing to the L’Hopital’s rule we have
t —t +t
fim OO _ gy QD g, A3
t—+oo tP t—+oo P t—+oo [¢|PT 1

Hence Qoo = 0 and our conclusion follows. O
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Now, put

b
PR fa sup|p|<e F(z,v(x))dx
0= limin 75

b
F(xz,&)d
Bo = limsup Jo L@ 84T
£—0+ &p

i

and

A i= ——.
T optme
Using Theorem 2.1(c) and arguing as in the proof of Theorem 3.1, we can obtain the following
result.

Theorem 4.6. Assume that (A1) holds and
(A15) p+mp7 kafo < Bp.

Then, for every X € (A4, \s) and for every L'-Carathéodory function g, such that, there exists
d > 0 such that G(z,t) > 0 for every (z,t) € [a,b] x [0,d],

J supje<:Gla, €)dw

g0 := lim S < +o0, (4.8)
if we put
c 1= ptmP fo
Hox = ptmP~ go

where u'g)\ = 400 when go = 0, then for every p € [O»H;,A) problem (1.1) has a sequence of weak
solutions, which converges strongly to zero € W) ([a, b]).

Proof. Let X = W@ ([a,b]) be endowed with ||.|[o. Fix A € (A4, A5) and let g be a function
that satisfies the condition (4.8). Since A < A5, we obtain

v 1—Aptm? fo <

Iy 0.

prmP” go
Now fix i € (0, u/g ) and set
Ii(u) := @(u) + AV (u),

for all (x,t) € [a,b] x R. We take ®, ¥ and I5 as in the proof of Theorem 3.1. Now, as it has
been pointed out before, the functionals ® and W satisfy the regularity assumptions required in
Theorem 2.1. As first step, we will prove that A\ < %. Then, let {c,} be a sequence of positive

numbers such that lim ¢, =0 and
n—-+o0o

b
e F(z,t)d
i e, P
n 'S} Cﬁ

By the fact that infx® = 0 and the definition of §, we have § = 1im(i)1+1f o(r).
r—
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Putting r,, := pf:%w* . Then, as in showing (4.8) in the proof of Theorem 3.1, we can prove

that § < +oo. From 1 € (0, plg X)’ the following inequalities hold

- i - 1—AptmP

5§p+mp(ﬂr+%%)<p+mpjb+4——%;—4é-
Therefore, A < %. Let X be fixed. We claim that the functional I5 has not a local minimum at
zero. Since

1 By

=< —,

A ke
there exist a sequence {7,} of positive number and 1 > 0 such that 1i1}_1 N = 07 and

n——+0o0o

b
1 F(x,n,)dx
:<n<7L (ﬁ),
A k2
for each n € N large enough. Let w,, = {n,} be the sequence in X. From (A;) one has (3.5)
holds. Note that An > 1. Then, as in showing (3.6), we can obtain

Ix(wn) < ko, (1=Xn) < 0= ®(0) + X¥(0),

for each n € N large enough. Then, we see that zero is not a local minimum of I5. Thus, together
with the fact zero is the only global minimum of ®, we deduce that the energy functional I5 has
not a local minimum at the unique global minimum of ®. Therefore, by Theorem 2.1, there exists
a sequence {u,} of critical points of I5 which converges weakly to zero. In view of the fact that
the embedding X < C([a,b]) is compact, we know that the critical points converge strongly to
zero, and the proof is complete. O

Remark 2. Under the condition fy, = 0 and By = 400, Theorem 4.6 ensures that for every

A > 0 and for each u = [0, ﬁ), problem (1.1) admits a sequence of weak solutions which
mP 0

strongly converges to 0 in X. Moreover, if g = 0, the result holds for every A > 0 and p > 0.

Remark 3. Applying Theorem 4.6, results similar to Theorem 4.1, Corollaries 4.2 and 4.3, can
be obtained. We omit the discussions here.

Theorem 4.7. Assume that there exist two positive constants 6 and n with
(pFm? ko) <07,
such that assumption (As) in Theorem 3.2 holds. Furthermore, suppose that

b b
: F(z,t)dx [ F(z,n)dx
A S, supjt|<o ; o , )
( 16) or~ < ptmp~ kgnPJr

Then, for each
]ﬂg?]er 61)7
b ) Y
fa F(x,n)dz ptmp fa supy|<oF (x, t)dx

problem (4.1) admits at least one nontrivial weak solution u such that |u(z)| < 0 for all x € [a,b].
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Proof. The conclusion follows from Theorem 3.2, by taking #; = 0, o = 6 and p = 0 Indeed,
owing to assumption (Ajg), one has

(9) _ f(f Sup‘t|<9F((E,t)d.’E - f; F(xvn)dx
@ - 0r~ — ptmp~ konp” ’

P pt
<1 — W) f; supp|<oF (z,t)dx

<
0P~ — prmP konp™"
1 b
= ’ supjy<oF(z,t)dx.
On the other hand, one has
b
F(x,n)d
0 (0) = [, F(z,n)dz

- p+mp7 k2np+ ’

Hence, taking assumption (Ai6) and Proposition 2.1 into account, Theorem 3.2 ensures the
conclusion. O
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