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Some fixed point results for nonlinear F-type

contractions in strong partial b-metric spaces
Savita Rathee, Neelam Kumari and Monika Swami

Abstract. In this article, we demonstrate some fixed point results that generalises
the Banach contraction principle in a different way from the previously established
literature findings. We provide some fixed point findings for nonlinear F' type
contractions in Strong Partial b-Metric Spaces (SPbMS). We also include some
examples that demonstrates the applicability of our findings.
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1 Introduction

Fixed point theory has emerged as a highly useful tool in the study of nonlinear processes
during the last few decades. Fixed point concepts and findings in pure and applied analysis,
topology, and geometry have been developed in particular. The well-known Banach contraction
principle [4] is a key of this theory. It has been widely investigated and extended in a variety of
scenarios ([6],[7],[12],[13],[19],[20],[18],[22]). The works of Bourbaki [5] and Bakhtin [3] influenced
the concept of b-metric. In 1993, Czerwik [8] provided a weaker assumption than the triangle
inequality and explicitly defined a b-metric space in order to generalise the Banach contraction
mapping theorem. Matthews [16], in 1994 proposed the concept of partial metric space as part of
the research of denotational semantics of dataflow networks and demonstrated how the Banach
contraction principle may be adapted to the partial metric context for programme verification
applications. In [17], the notion of SPbMSs was introduced. They also discussed the relationship
between strong b-metric and SPbMSs.

A novel concept of contraction known as F-contraction was first proposed by Wardowski
[23]. As a result, Wardowski demonstrated fixed point theorems in a novel manner that differed
from how the prior known theorems of the same class had been established, generalising the
Banach-Caccioppoli fixed point theorem. In 2014, Jleli et al. [10],[9] examined an extension of
the Banach fixed point theorem in a brand-new field of contraction mappings on metric spaces
known as # contraction. In a new class of contraction mappings on metric spaces known as (6, F')-
contraction (nonlinear F-contraction), Wardowski [24] examined an extension of the Banach
fixed point theorem in 2018.

Inspired by the outcomes of Kari et al. [11] and Wardowski [23], we establish some fixed
point results for nonlinear F-contraction type mappings in the case of SPbMSs.
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2 Preliminaries

Here, we provide the relevant definitions and findings for different spaces and different type of
contractions that will be helpful for further explanation.

Definition 1. [16] “A partial metric on a set E is a function d : E x E — R{ such that for all
a,b, ¢ € E, the following conditions hold:

(PM1) a=1b< d(a,a) =d(b,b) =d(a,b)
(PM2) d(a,a) < d(a,b);
(PM3) d(a,b) =d(b,a);
(PM4) d(a,b) <d(a,c)+d(c,b) —d(c,c).

Then (E,d) is called a partial metric space.”

Definition 2. [14] “A map d: E x E — R{ is a strong b-metric on a non empty set E if for all
a,b,c € E and a > 1 the following conditions hold:

(SB1) a=biff d(a,b) =0;
(SB2) d(a,b) = d(b,a);
(SB3) d(a,b) <d(a,c)+ ad(c,b).
The triple (E,d, «) is called a strong b-metric space.”

Definition 3. [17] “A map d : E x E — R{ is a strong partial b-metric on a non empty set E
if for all a,b,c € E and a > 1 the following conditions hold:

(SPbM1) a=b < d(a,a) = d(b,b) = d(a, b);
(SPbM2) d(a,a) < d(a, b);
(SPbM3) d(a,b) = d(b,a);
(SPbM4) d(a,b) < d(a,c)+ ad(c,b) —d(c,¢).

The triple (E,d, a) is called a Strong Partial b-Metric Space (SPbM).”

Remark 1. [17] “Every metric space is a strong b-metric space but converse is not neccessarily
true. Every strong b-metric space is a SPbM but not conversely.”

Definition 4. [17] “ Let (E,d, o) be a SPbM. Then

(i) A sequence {a,} in (E,d,a) converges to a point a € E if d(a,a) = lim, d(a,,a) =
lim,, d(a,, a,).

(ii) A sequence {a,} in (E,d, «) is Cauchy if the lim,, ,,, d(ay, a,,) exists and finite.”
Definition 5. [23] “Let § be the family of all continuous functions F : R™ — R such that
(F1) F is strictly increasing;

(F2) For each sequence {a,} € N of positive numbers

lim a, = 0 if and only if hm F(ay,) = —o0; (2.1)

n—oo
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(F3) There exists k € (0,1) such that lim,_,q+ o*F(a) = 0.

A mapping S : E'x FE is said to be an F-contraction if there exists 7 > 0 such that for all u,v € E
(d(Su,Sv)) >0 = 7+ F(d(Su,Sv)) < F(d(u,v)).” (2.2)

Turinici [21] observed that the condition (F2) can be relaxed to the form
(F2) lim;, 00 F(ay) = —o0.

Definition 6. [24] “A mapping S : E — FE is said to be a (¢, F)-contraction (or nonlinear
F-contraction) if there exist the functions F : (0,00) — R and ¢ : (0,00) — (0, c0) satisfying the
following

(H1) F satisfies (F1) and (F2);
(H2) liminf, ,;+ ¢(s) > 0 for all ¢t > 0;
(H3) é(d(u,v)) + F(d(Su, Sv)) < F(d(u,v)) for all u,v € E such that Su # Sv.”

Theorem 2.1. [2/] “Let (FE,d) be a complete metric space and S : E — FE be a
(¢, F)-contraction. Then S has a unique fixed point.”

3 Main Results

Throughout the paper, § is a family of all functions F' : RT™ — R which satisfies (F1), (F2),
(F2’), (F3). R represents the set of real numbers and N is the set of natural numbers. ® is the
family of all functions ¢ : (0, 00) — (0, 00) with the condition liminf,_,;+ ¢(s) > 0 for all ¢ > 0.

Theorem 3.1. Let (E,d,«) be a complete SPbMS with parameter  and S : E — FE be a
continuous map. Suppose

(i) there exist F' € F and ¢ € ® such that for any u,v € E with Su # Sv,

Flad(Su, Sv)] + ¢(d(u,v)) < Fld(u,v)], (3.1)
(ii) for each sequence {a,} € R such that ¢(a, )+ F(aa,+1) < F(aa,) for each n € N, then
d(an) + F(a"ani1) < F(a" ay). (3.2)

Then S has exactly one fixed point.

Proof. Define a sequence {u,} V n € N, as follow, by using the point ug in E as an arbitrarily
chosen point
Sty = Upg1 = s" ug.
Assume that there is pg € N such that d(up,, up,+1) = 0. Then by (SPbM2)
d(“po? upo) < d(upw upo-‘rl) and d(upo-‘rlv upo-i-l) < d(upov U’PU-H)'
S0, d(Upy, Upy) = d(Upys Upg+1) = A(Upy+1, Upy+1). Thus, by (SPbM1) up, = up,+1, the proof is
completed.
So, we assume that d(u,,u,11) >0V n € N.
From inequality (3.1), for all n € N, we get
F(d(Sup—1,Suy)) < F(ad(tn, unt1)) + o(d(un—1, un) < F(d(un—1,un),

that is

F(d(un, unt1)) < F(d(un—1,un)). (3.3)
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From inequality (3.1) and (3.2), we have

F(a"d(tn,tni1)) < Fla™ Yd(un_1,un)) — ¢(d(tn_1,un)). (3.4)
Repeating the same process, we get

F(a™d(up, un1)) < F(@" d(up—1,u5)) = ¢(d(un-1,un))
< P 2d(tn 2, tm 1)) — H(dtn2 1 1)) — S{dtn_1, 1))

IN

< F(d(ug,u1)) Z¢ (%, T541))
Since according to our assumption lim 1nfa_>t+ o(a) >0, so
lim inf ¢(d(up—1,un)) > 0.
n—oo

Using the definition of limit, 3 n; € N and ¢; > 0, so that for each n > ny
(b(d(un—laun)) Z C1.

Thus
F(a"d(tn, tnt1)) < Fd(ug,ur) Z¢d Ujy, Ujt1) Z o(d(uj, ujs1))
j=0 j=ni+1
< Fd uo,ul Z Cc1
ni+1

< Fd(ug,u1) — (n — ny)ey.
Applying limn — oo, we have

li_>m F(a"d(un, tns1)) < lim [Fd(ug,ur) — (n — ny)eq]. (3.5)
n o0 n—oo
Thus, lim,, oo F(a™d(ty,, unt1)) = —0o. From condition (F2) of function F, we conclude

li_>m A" d(Up, Upt1) = 0. (3.6)

Now, we prove limy, o @ d(ts, Unt2) = 0. Supppose, u, # u, for each n,p € N with n # p.
If possible, let u,, = u, for some n = p + k, where k > 0. Using inequation (3.3), we have
d(up, upy1) = d(Un, Unt1) < d(Un—1, Un)- (3.7)

Applying this step again and again, we have d(up, up11) = d(Un, Un+1) < d(Up, Upt1).
From this contradiction, u, # u, ¥ n,p € N.
Now, we prove d(un,u,) >0 V n,p € N, where n # p. If d(uy,u,) =0, by (SPbM2)
A(tn, un) < d(un,up) and d(up, up) < d(uy, up).
So, d(unvun) - d(upvup) - d(unaup) =0.
Using (SPbM1), u, = up. Again a contradiction. So, d(un,u,) >0V n,p € Nand n # p. Again,
using inequality (3.1) and (3.2), we have

F(a"d(un, unt2)) < F(@" d(up—1,un41)) = $(d(tn-1,un+1))- (3.8)
Repeating the same process, we get,

F(a"d(t, tins2)) < (@™ d(utn_1,n11)) — 6(d{ttn_1,n11))
< F(a"iQd(un_g,un)) — ¢(d(un—1,uny1)) — ¢(d(Un—2,un))

IN

< F(d(ug, uz2)) Z¢ (75,7542))

According to our assumption liminf,_,;+ (b( ) > 0, so
lim iglf d(d(tup—1,Unt1)) > 0.
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Using the definition of limit, 3 no € N and ¢o > 0, so that for each n > ny
A(d(Up—1,Unt1)) > C2.
Thus

F(a"d(up, tny2)) < Fd(ug, uz) Z¢d U, 42) Z P(d(us, uj42))
j=na+1

< Fd Uo,'LLQ Z C2
no+1

< Fd(ug,uz) — (n — ng)ca.
Applying limn — oo, we have

ILm F(a"d(up, unt2)) < ILm [Fd(ug,uz) — (n — ng)esa). (3.9)
Thus, lim, 0 F(a™d(uy, tnt2)) = —00. From condition (F2) of function F, we conclude

lim a"d(un, upy2) = 0. (3.10)

n— oo
Next, by demonstrating that lim, ;o d(up,uq) = 0, we demonstrate that {u,} is a Cauchy
sequence. Using (F2), there exists k € (0, 1), so that

phﬁm [a” d(“pa“p—i-l)] F(aPd(up, upt1))-

Because
FlaPd(up, up+1)] < Fld(uo,u1)] = (p — p1)c1
so,
[aPd(up, up 1)) FlaPd(uy, upi1)] < [0Pd(up, upi1)]F[Fd(u, ur) = (p = pr)eal,
that implies
[oPd(up, up1)]" FlaPd(up, up1)] < [0Pd(up, upsr)]* [Fd(uo, ur)] = [(p — pr)er][aPd(up, up1)]*.
Thus,
[aPd(up, up 1)) FlaPd(up, upi1)] = aPd(up, upi1)]* Fld(ug, ur)] < =(p — pr)er[aPd(uy, upi1)]* < 0.
As n — oo, we conclude

lim (p — p1)er[a? d(“pvum—l)}k = 0.

p—ro0
So, 3 hy € N, such that for all p > hy
1

ozpd(up,up+1) = [(p — P1)C1]k.

(3.11)

Again using (F2), there exists k € (0, 1), so that

T [0 d(up, )] F (0P d(y,up2).

Because
FlaPd(up, upi2)] < Fld(uo, u2)] — (p — p2)c2
So,
[P d(up, tpi2)]* FlaPd(up, upyo)] < [aPd(up, upyo)]*[Fd(uo, us) — (p — pa)eal,
that implies
[ozpd(up,up+2)}kF[o¢pd(up,up+2)] < [@”d(up, up+2)]k[Fd(u0,u2)] —[p- p2)02][apd(up,up+2)]k.
Thus,
[P d(up, tp2)]* FlaPd(up, ups2)] — aPd(uy, wpr2)] Fld(uo, uz)] < —(p — p2)ealaPd(up, up42)]* < 0.
As n — oo, we conclude

lim (p — p2)e2[aPd(up, upt2)]” = 0.

p—o0
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So, 3 ho € N, such that for all p > ho
1
[(p — p2)ea]®
We demonstrate that lim p — ood(uy, uptq) = 0 for each ¢ € N.
The proofs for situations r = 1 and r = 2 are given in equation (3.6) and (3.10).
Now taking ¢ > 3. Examining only two cases are enough.
Case I): Assume ¢ = 2m + 1, where m > 1. By using (SPbM4),

d(up, tupyq) = d(Up, Upt2m+1)

aPd(up, upy2) < (3.12)

< d(up, tpr1) + a(d(upi1; uproms1)) — d(Upy1, uptr)
< d(up, upy1) + a(d(Upt1, Uptram+1))
< d(up, tpt1) + ald(ups1, upt2) + ad(Upsa, uprom+1) — d(Upta; upt2)]
< d(up, upi1) + ad(upi1, tpya) + @d(upya, upramir) < -
< d(up, tupt1) + ad(Upi1, upr2) + a2d(up+2, Upt3) + ...+ O‘de(“p+2ma Upt2m+1)
- :P {a d(up, upi1) + P d(up i1, upyo) + o+ 0<p+2md(up+2m,up+2m+1)}
p+2m
=— > odd(uj, ujp1)
J=pP
ptg—1

= — Z dd(uj,ujir).

Thus, for each p > max{pl,phl} and ¢ € N, inequality (3.11) implies

] Prat 1 1
d(up,up+q)_ — Z o duw“ﬁrl <7Za d(uj, uj1) < apzmﬁo-
j=p j=p I=r

Case II): Assume ¢ = 2m, where m > 1. By using (SPbM4),

d(up, Uptq) = d(Up, Uptom)

< d(up, upy2) + a(d(Upr2, Upram)) — d(Upt2, Upt2)
< d(up, upy2) + a(d(Upt2, tprom))
< d(up, upt2) + afd(up+2, upts) + ad(ups, tptrom) — d(Uup+3, up+3)]
< d(up, upra) + ad(Upra, Upr3) + aPd(Upis, Upram) < ...
< d(up, upi2) + ad(upio,upss) + @2d(Upis, tpra) + o+ QP 2d(Up 21, Upt2m)

1
P{apd(upv Upy2) + O‘p+1d(up+27 Upy3) + oo+ ap+2m_2d(up+2mfl7 up+2m)}

1 p+2m—1
P > add(uj,uj)

Jj=p+2

1 1 p+q—1 4
= Japd(umuﬁg) + sy Z o d(uj, uje).
Jj=p+2
Thus, for each p > max{p1,p2, pn, } and ¢ € N, inequality (3.11) and (3.12) implies
+g-1

1P

Py Z @jd(uj7uj+1)

Jj=p+2

1
= Japd(upv up+2) +

1
d(Up, Up+q) < Japd(upvup-ﬂ) +
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o

1 1 .
Ea”d(up,uﬁg) T o Z o d(uj, ujyr)
Jj=p+2

<1{ li }—>O
B [(p — p2)ca] e [(p — p1)ea]® .

Thus limy, 0o d(Un, Upte) = 0.
Hereof, {u,} is a Cauchy sequence in E. Because of completeness of (F,d), 3 u* € E such that
lim d(up,u")=0.

n—oQ
We now demonstrate that d(Su*,u*) = 0.
By using contradiction to our method of argument d(Su*, u*) > 0.
On the other side, F' is incresing and
F(d(Su, Sv) < ¢(d(u,v)) + F(d(Su, Sv) < F(d(u,v)) for all u,v € E and d(Su,Sv) > 0. We
have d(Swu, Sv) < d(u,v) for each u,v € E. This indicates

d(Sup, Su*) < d(ug,u").

As n — 0o, u, — u*, then we conclude,

1
—d(u*, Su*) < lim supd(Su,, Su*) < ad(u”, Su*).
« n—oo

IN

So,
—d(u*,Su*) < lim supd(Suy,, Su*) < li_>m sup d(uy,u*) = 0.
n— oo n oo

e
Using (SPbM2), d(Su*, Su*),d(uv*,v*) < d(Su*,u*). Thus Su* = wu*. To demonstrate
uniqueness, assume u*,v* € E are different fixed points of E. So,
d(u*,v*) = d(Su*, Sv*) >0
Using inequation (3.1), we get

F(d(u*,v%)) = F(d(Su Sv* ))
< Fad(Su®, Sv™))
< Fld(u”,v )) P(d(u”,v"))
< F(d(u*,v"))

Here, we have a contradiction. Hence u* = v*. This completes the proof.

Corollary 3.2. If we replace codition (i) of Theorem (3 1) by

ad(Su, Sv) < e v)+1
for each u,v € E such that Su # Sv. Then S has only one fixed point.

Proof. By applying logrithm on both sides, we get

-1
1 <log | ———
og(ad(Su, Sv)) < log {d(u,v) n J
-1
= 1 _—
og(d(u.0)) + g
With ¢(z) = ? and F(z) = log(z), we find the same inequality (3.1). Hence the proof.
Example 1. Let E = {0,1,2} and d: E x E — [0,00) be defined by
1
d(070) = d(27 2) =0, d(]-a 1) - 1’

d(1,0) =

5 = d(0,1),
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d(1,2) = 6 = d(2,1),

Here d(u,u) < d(u,v) ¥V w,v € E. A
d(0,1) <d(0,2) + ad(2,1) — d(2,2), V a>1,
d(1,0) < d(1,2) + ad(2,0) — d(2,2), ¥ a>1,
1
d(0,2) < d(0,1) + ad(1,2) — d(1,1), ¥ a> ;
d(2,0) < d(2,1) + ad(1,0) —d(1,1), ¥V a> g
d(1,2) <d(1,0) + ad(0,2) — d(0,0), V a>1,
d(2,1) < d(2,0) + ad(0,1) — d(2,2), ¥ a>1.
So, (E,d,«) is a SPbMS, for a = 5 but it is neither metric nor strong b-metric space, because

d(1,1) = 1 #0.
Let S : E — FE be a self map defined by S0 = 0,51 = 0,52 =1and f € § and ¢ € ¢ be
represented as
F(u) = loglu), o) = ——.
For Su # Sv, we have only two choices (u,v) = (0,2) and (u,v) = (1, 2).
If (u,v) = (0,2), then
Flad(Su, Sv)] + ¢(d(u, y)) — Fld(u,y)] = F[5(d(50, 52))] + ¢d(0,2) — F[d(0, 2)]
— FI5(d(0,1))] + ¢d(0,2) — Fld(0,2)

)]+ ¢(8) — F(8)

= F[s5(

DN | =

5 1
0g 5 + g —log(8)

=0.3979 4 0.1111 — 0.9030 = —0.394 < 0.
If (u,v) = (1,2), then
Flad(Su, Sv)] + ¢(d(u, y)) — Fld(u,y)] = F[5(d(S1, 52))] + ¢d(1,2) — Fld(1,2)]
= F[5(d(0,1))] + ¢d(1,2) — F[d(1,2)]

= F[5(5)] + ¢(6) — F(6)

| =

5 1
= log 5 + - log(6)

=0.3979 + 0.1428 — 0.7781 = —0.2374 < 0.
As a result, all of the requirements are met. Therefore, S has a single fixed point u* = 0.

Corollary 3.3. “Let (E,d,a) be a complete strong b-metric space with parameter « and
S : E — E be a continuous map. Suppose

(i) there exists F € F and ¢ € ® such that for any u,v € E with Su # Sv,
Flad(Su, Sv)] + ¢(d(u,v)) < Fld(u,v)],

(ii) for each sequence {a,} € RT such that ¢(a,) + F(aany1) < F(aa,) for each n € N, then
olan) + F(a"ant1) < F(a"flan)‘

Then S has exactly one fixed point.”
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Corollary 3.4. “Let (E,d,«) be a complete metric space with parameter o and
S : E — E be a continuous map. Suppose

(i) there exists F' € F and ¢ € ® such that for any u,v € E with Su # Sv,
Flad(Su, S0)] + 6(d(u,v)) < Fld(u,v)],

(i) for each sequence {a,} € R such that ¢(a,) + F(aa,+1) < F(aa,) for each n € N, then
#(an) + F(a™an1) < F(a™ ta,).

Then S has exactly one fixed point.”

Lemma 3.1. Let (E,d) be a SPbMS and {u,} be a sequence in E, so as
lm d(tn, upt1) = lim d(up, tnq2) = 0. (3.13)
n— o0 n—00
If {u,} is not a Cauchy sequence, then there must be a positive § and two sequence of positive
numbers, {px} and {gx} such that

g < khji inf d(upk ’ u%) < klglc}o sup d(upk ) uqk) < 04(5,

0 < lim inf d(ug,, up,,,) < lim supd(ug,,up,,,) < ad,
k—oo k—o0

(
d < klgxolo inf d(up, , uq,,,) < leIEO sup d(up, , Ug,,, ) < ad,
(

s . . 2
g < klggo inf d Uppy1s uflk+1) < klggo sup d(upk+1 ’ u4k+1) S« 0.

Proof. According to the definition of Cauchy sequence, if {u,} is not Cauchy, then there exist a
0 > 0, and two sequence of positive numbers {px} and {gx}, such as for py > qr > k,
0 < d(upy,uq,) and d(up, ,,uq,) <. (3.14)
From (SPbMS4), we have
g < d(upk’u%) < d(upk’upk—l) + ad(upk—l’UQk) - d(upk—l’upk—l)' (3'15)
As k — oo, applying upper and lower limit in inequation (3.15) and using equation (3.13) and
inequation (3.14), we conclude

0 < klim inf d(up, , ug,) < klim sup d(up,,, tq, ) < ad. (3.16)
—00 —00
Again from (SPbMS4), we have
6 S d(u(Ik7upk+1) S d(UQk’uqurl) + ad(uqu ) ukarl) - d(UQk+1 ’ uqk+1)' (317)

As k — oo, applying upper and lower limit in inequation (3.17) and using equation (3.13) and
inequation (3.14), we conclude

0 < khng inf d(ug, , up,,,) < khﬁrr;o sup d(ug, , Up,,,) < ad. (3.18)
By (SPbMS4), we have
§ < d(upys Ugeyy) < Aty Up,_y) + od(Up,_y s tg, ) — d(Up,_y s tp, ). (3.19)

As k — oo, applying upper and lower limit in inequation (3.19) and using equation (3.13) and
inequation (3.14), we conclude

d < klim inf d(up, , ug,,,) < klim sup d(up, , Ug,,,) < ad. (3.20)
—00 —00
By using (SPbMS4), we have
6 S d(upk+17u%+1) S d(upk+17upk) + ad(“pm“%+1) - d(upwupk)' (321)

As k — oo, applying upper and lower limit in inequation (3.20), (3.21) and using equation (3.13)
and inequation (3.14), we conclude

o< lerr;O inf d(up,,,ug,,,) < klgr;o sup d(Up, ;> Ugyy,) < a?é. (3.22)



260 S. Rathee, N. Kumari and M. Swami

Theorem 3.5. Let (E,d,«) be a complete SPbMS with parameter « and S : E — E be a
continuous map. Suppose

1. there exists F' € F and ¢ € ® such that for any u,v € E with Su # Sv,
Fla?d(Su, Sv)] + ¢(d(u,v)) < F[M(u,v)), (3.23)
where M (u,v) = max{d(u,v), d(u, Su),d(v, Sv),d(v, Su)},

2. for each sequence {a,} € RT, condition (ii) of Theorem (3.1) hold.

Then S has exactly one fixed point.

Proof. Define a sequence {u,} V n € N, as follow, by using the point ug in E as an arbitrarily
chosen point
Sty = Unyp1 = " ug.

Assume that there is py € N such that d(up,, up,+1) = 0. Then by (SPbM2)
d(upo ) U‘Po) < d(upo ) uPo-‘rl) and d(upo-‘rl’ uPo-H) < d(upo ) uPo-‘rl) So,
d(Upy, Upy) = d(Upgs Upg+1) = d(Upy+1; Upy+1). Thus, by (SPbM1) wu,, = upy+1, the proof is
completed.
So, we assume that d(uy,, un4+1) >0V n €N,
From inequality (3.23), for all n € N, we get

F(d(Stun_1,Suy)) < F(a?d(un, tni1)) + d(d(tn_1,un) < F(M(tp_1,un), (3.24)
where

M (Up—1, tn) = max{d(tn—1,un), d(Un—1, Stn_1), d(Un, Stpn), d(tn, Stn_1)}.
If M(up—1,un) = d(tn, Unt1), then
F(d(un,unt1)) < F(O‘Qd(umun+l)) + ¢(d(un—1,un) < F(d(un, tunt1),
that means
d(tn, Unt1) < d(Up—1,Up). (3.25)
Here we get a contradiction, because ¢(z) >0, V z > 0. So, M (up—1,un) = d(tpn_1,u,). Thus
from inequality (3.24),
F(d(un, un+1)) < F(d(un—1,un)) — ¢(d(un—1, un)).
Repeating same process, we get
F(d(un, un+1)) < F(d(un—1,un)) — ¢(d(un—1,un))
< F(d(un—2,un—1)) — ¢(d(tn—2,un—1)) = ¢(d(un—1,un))

<o < F(d(ug, ur)) = Y d(d(ug, uji1)).
3=0

Asliminf,_,;+ ¢(s) > 0, we have lim inf,,_, o ¢(d(up—_1,uy)) > 0. Now, according to definition of
limit, there must be a number N € N and ¢; > 0, such as for each n > N, ¢(d(up—1,un)) > c1.
So,

N n

F(d(tn, ung1)) < F(d(ug,w)) = Y d(d(ug,uzin)) = D dd(ug,u41))
J=0 j=N+1

n
< F(d(ug,ur)) = Y @

j=N+1
= F(d(ug,u1)) — (n — N)ey.
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As n — oo, we conclude
lim F(d(un,tnt1)) < lim [F(d(ug,u1)) — (n — N)].
n— oo n—0o00

This implies
lim d(up, unt1) =0. (3.26)
n—oo
We now demonstrate that lim,,_, o d(Un, unt+2) = 0. Suppose d(un,u,) > 0 for each n,p € N.
Otherwise, if we assume that for some n = p + ¢, where ¢ > 0, u,, = u,,, then by using inequality
(3.25), we conclude
d(up, upt1) = d(Un, Unt1) < d(Up—1,Up).
By taking same step again and again, we have
d(up, tpt1) = d(Un, Unt1) < d(Up, Up41)-
Here we get a contradiction. So, d(uy,u,) > 0 for all n,p € N, where n # p.
Now, with the help of inequality (3.23) we conclude

Fld(un, tni2)] = Fld(Sun—1, Stini1)]
< F[O‘Qd(sun—l’ Stn41)] < FIM(un—1,un+1)] — ¢ld(tn—1,un+1)],
where
M (up—1,unt1) = max{d(un—1,Un+1), d(Un—1,Un), d(Unt1,Unt2), d(Unt1,Un)}.
Therefore,
Fld(up, un2)] < Flmax{d(un—1, un+1), d(tn—1,un)} — ¢(d(tn—1,un+1)).
For our convenience, take d,, = d(uy, tny2) and d,, = d(ty, uny1). So,
Fd,, < Fmax{d,_,,dn1} - ¢(d,_,). (3.27)
Because of (F'1) condition of function F', we get
d, < max{d, |, dn_1}.
Now, from inequation (3.25),
dyp < dp_1 < max{d, ,dp_1}.
That means for each n € N,
max{d,,d,} < max{d, |, dn_1}.
Clearly, sequence max{d/nfl, dn—1} is decreasing sequence of non negative real numbers. So,
there must be a non negative real number 3, so as
nh_)rrgo max{d;l, dp,} = .
Suppose > 0, using equality (3.26), we conclude
nhﬁrgj supd, = nh%rrgo supmax{d,,d,} = nl;rrgo max{d,, d,} = 3.

By using continuity of F', and inequality (3.26), we obtain
F(lim) < F(lim supmax{d, ,,dn_1}) — lim supo(d, ,)
n—roo n—oo

n—oo
< F(lim supmax{d, | ,dn_1}).
n— oo

Here we get a F'(8) < F'(/8),which is cntradiction. Hence

lim d(up, tpy2) =0. (3.28)

n—0o0
After this, we have to prove that lim, ;o0 d(up, uy) = 0 for each p, ¢ € N. If it is not true then
according to Lemma (3.1), there is a § > 0 and two sequences {pi} and {gx} such that

klingo M(u:ﬂk ’ u%) = kll}Holo maX{d(upk ’ u%)v d(upk)’ upk+1)7 d(u% ’ uqk:+1 )’ d(u% ’ UQk+1 )} S ao.

(3.29)
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From inequation (3.23), we conclude

F[O‘Qd(upkﬂ s Ugp 1 )] < F[M(upk ) uq;c)] - (b(d(upk ’ uq;c))'
As k — o0, by using Lemma (3.1) and equality (3.29), we obtain

FBOP] — F(ba)

2 1.

< Flo® m supd(up,,, g )]
: 2

= klingo SupF[O‘ d(quJrl’uCZkJrl )]

< lim sup F[M (up,, ugq, )] — lim sup ¢[d(up, , ug,)]

k—o0 k—oc0

= F[lim sup M (up,,uq,)] — lim sup ¢d(uy,, uq, )]
k—oo k— oo

< Fllim sup My, g, )] — Y inf 6{d(uy, 1,

< F[kgn;o sup M (up, , g, )]

< F(ad).
Because of F'1 condition, we obtain ad < «d. This contradiction means limy, g o0 d(up, uq) = 0.
Hence, {u,} is a Cauchy sequence. Because of completeness of (F,d), 3 u* € E, so that
n11_>1r010 d(un,u”) =0.

To demonstrate Su* = u*, we prove d(Su*,u*) = 0. Because if d(Su*,u*) = 0 then by (SPbM1)
and (SPbM2) we can say Su* = u*. Let if possible d(Su*,u*) > 0. As u,, — u* for n — oo, we
have

éd(u*7 Su*) < nh};o sup d(Suy, Su*) < ad(u*, Su™). (3.30)
From inequation (3.23) for each n € N, we obtain

Fla2d(Suy,, Su*)] < F[M (un, u*)] — ¢(d(t,, u*))
Here
M (tp, u*) = max{d(un, u"), d(un, Sun),d(u”, Su*),d(u*, Su,)}
and
lim sup max{d(uy,u"), d(un, Su,),d(u*, Su*),d(u*, Su,)} = d(u*, Su*).

n—oo
Taking n — oo, we get

1
F {oﬂd(u*, Su*)] = F(ad(u”, Su™)
a
< F[a? lim sup d(Suy, Su*)]
k—o0
= lim sup F[o?d(Su,, Su®)]
k—o0

< khm sup F[M (un,u")] — lim ¢[d(un, u")]

k— o0

= Fld(Su*,u")] — lim @ld(un, u")]

< F((Sup, Su*)).
Now, because of F'1 condition of function F, we have
ad(u*, Su™) < d(u*, Su™),
which is a contradiction, because o > 1. Now, it remains to prove that fixed point is unique.
For this, we assume that there v* and v* are two different fixed point of S. Therefore, we obtain
d(u*,v*) = d(Su*, Sv*) > 0.
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By inequation (3.23),
Fld(u*,v*)] = F[d(Su*, Sv*)] < Fla?d(Su*, Sv*)] < F[M(u*,v*)] — é(d(u*,v*)).
Here,
M(u*,v*) = max{d(u*,v"),d(u*, Su™), (v*, Sv*),d(Su*,v*)} = d(u*,v").
Thus, we get
Fld(u®,v")] < Fld(u”, v*)] = ¢(d(u®,0")) < Fld(u",v")]

That means d(u*,v*) < d( ,v*), which is not true. So, u* = v*. This completes the proof.

Corollary 3.6. “Let (E,d,«) be a complete SPbMS with parameter o and S : E — E be a
continuous map. Suppose

1. there exists F' € F and ¢ € ® such that for any u,v € E with Su # Sv,

Fla?d(Su, Sv)] + d(d(u, v)) < F [d(“’ Su) ;L d(v, ”)} ,

2. for each sequence {a,} € RT, condtion (ii) of Theorem (3.1) hold.

Then S has exactly one fixed point.”

Proof. It is easy to demonstrate, because,

F[a?d(Su, Sv)] + é(d(u,v)) < F{

2
Flmax{d(u, Su),d(v, Sv)}]
Fmax{d(u,v),d(u, Su), d(v, Sv), d(Su,v)}].

d(u, Su) + d(v, Sv)]

<
<

Corollary 3.7. “Let (E,d,«a) be a complete SPbMS with parameter o and S : E — E be a
continuous map. Suppose

1. there exists F' € F and ¢ € ® such that for any u,v € E with Su # Sv,
Fla2d(Su, Sv)] + ¢(d(u,v)) < F [d(w v) + d(u, Su) + d(v, Sv)] |

3
2. for each sequence {a,} € RT, condtion (ii) of Theorem (3.1) hold.

Then S has exactly one fixed point.”

Proof. 1t is easy to demonstrate, because,

Fla?d(Su, Sv)] + ¢(d(u,v)) < F

{d(u, v) + d(u, Su) + d(v, Sv)}
3
< Fmax{d(u,v),d(u, Su), d(v, Sv), d(Su, v)}].

4 Conclusion

Here, we provided some fixed point findings for nonlinear F-type contractions in Strong Partial
b-Metric Spaces (SPbMS). We also included some examples that demonstrates the applicability
of our findings.



264 S. Rathee, N. Kumari and M. Swami

References

[1] M. Abbas, M. A. Khamsi, and A.R. Khan, Common fixed point and invariant approximation
in hyperbolic ordered metric spaces, Fixed Point Theory and Applications, 2011(1), (2011),
1-14.

[2] A.S. Anjum and C. Aage, Common fixed point theorem in F-metric spaces, J. Adv. Math.
Stud., 2022(15), (2022), 357-365.

[3] I. Bakhtin, The contraction mapping principle in quasimetric spaces, Functional analysis,
30, (1989), 26-37.

[4] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fund. math, 3(1), (1922), 133-181.

[5] N. Bourbaki, Topologie Generale Herman: Paris, France, (1974).

[6] S. Chatterjea, Fixed-point theorems, Dokladi na Bolgarskata Akademiya na Naukite, 25(6),
(1972), 727-+.

[7] L.B. Cirié, A generalization of Banach’s contraction principle, Proceedings of the American
Mathematical society, 45(2), (1974), 267-273.

[8] S. Czerwik, Contraction mappings in b-metric spaces, Acta mathematica et informatica
universitatis ostraviensis, 1(1), (1993), 5-11.

[9] M. Jleli and B. Samet, A new generalization of the Banach contraction principle, Journal of
inequalities and applications, 2014(1), (2014), 1-8.

. Jleli, E. Karapmar an . vamet, Further generalizations of the Banach contraction
10] M. Jleli, E. K d B. S Furth lizati f the B h i
principle, Journal of Inequalities and Applications, 2014(1), (2014), 1-9.

[11] A. Kari, M. Rossafi, E. M. Marhrani and M. Aamri, Contraction on Complete Rectangular
Metric Spaces, International Journal of Mathematics and Mathematical Sciences, (2020).

[12] R. Kannan, Some results on fixed points, Bull. Cal. Math. Soc., 60, (1968), 71-76.

[13] R. Kannan, Some results on fixed points—II, The American Mathematical Monthly, 76(4),
(1969), 405-408.

[14] W. Kirk and N. Shahzad, Fixed point theory in distance spaces, Cham, Switzerland: Springer
International Publishing, (2014).

[15] A. Latif, R. F. A. Subaie and M. O. Alansari, Fixed points of generalized multi-valued
contractive mappings in metric type spaces, J. Nonlinear Var. Anal., 2022(6), (2022), 123-
138.

[16] S. G. Matthews, Partial metric topology, Annals of the New York Academy of Sciences,
728(1), (1994), 183-197.

[17] S. Moshokoa and F. Ncongwane, On completeness in strong partial b-metric spaces, strong
b-metric spaces and the 0-Cauchy completions, Topology and its Applications, 275, (2020),
107011.



Some fixed point results for nonlinear F-type... 265

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

Z. Mustafa and B. Sims, A new approach to generalized metric spaces, Journal of Nonlinear
and convex Analysis, 7(2), (2006), 289.

S. Reich, Kannan’s fixed point theorem, Boll. Unione Mat. Ital. 4, (1971), 1-11.

T. Suzuki, A generalized Banach contraction principle that characterizes metric
completeness, Proceedings of the American mathematical Society, 136(5), (2008), 1861-1869.

M. Turinici, Wardowski implicit contractions in metric spaces, arXiv preprint
arXiv:1211.3164.(2012).

F. Vetro, On approximating curves associated with nonexpansive mappings, Carpathian
Journal of Mathematics, (2011), 142-147.

D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed point theory and applications, 2012(1), (2012), 1-6.

D. Wardowski, Solving existence problems via F-contractions, Proceedings of the american
mathematical society, 146(4), (2018), 1585-1598.

W. Xu and L. Yang, Some fixed point theorems with rational type contraction on controlled
metric spaces, J. Adv. Math. Stud., 2023(16), (2023), 45-56.

Savita Rathee Maharshi Dayanand University

E-mail: savitarathee.math@mdurohtak.ac.in

Neelam Kumari Maharshi Dayanand University

E-mail: neelamjakhar45@gmail.com

Monika Swami  Atmiya University, Rajkot

E-mail: monika@atmiyauni.ac.in


mailto:savitarathee.math@mdurohtak.ac.in
mailto:neelamjakhar45@gmail.com
mailto:monika@atmiyauni.ac.in

	Introduction
	Preliminaries
	 Main Results
	Conclusion

