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Various new traveling wave solutions for
conformable time-fractional Sasa-Satsuma

equation

Medjahed Djilali, Khellaf Ould Melha and Vaijanath L. Chinchane

Abstract. In this paper, the extended Jacobi elliptic function expansion method is
applied to conformable time-fractional Sasa-Satsuma equation. Variety of new trav-
eling wave solutions are constructed. Thanks to the Mathematica software package,
to interprete the behivor of some particular exact solutions, surfaces and contour
plots are ploted.

Keywords. Fractional derivative, Sasa-Satsuma equation, Jacobi elliptic function, traveling
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1 Introduction

Recently, a wide variety of analytic and approximate solution methods have been developed to
construct exact solutions of nonlinear partial differential equations (PDEs) and in particular the
Sasa-Satsuma equation, such as extended equation method (ETEM) and generalized Kudryashov
method [4], new auxiliary method [15], bilinear forms method [19], the direct integration [22],
Darboux transformation method [27, 28, 35], modified simple equation approach [31], trial equa-
tion approach [32], Painlevé -Bécklund transformation [34] and many others [11, 12, 26, 29, 33].
In this work, the conformable time-fractional Sasa-Satsuma equation, which reads

.0%u(x,t) 132u(x,t)
ot T2 aa?

. [ PPu(z,t) o Ou(z,1t) 0 u(z,t)? B
+ie (axg, + 6 [¢(z, 1) oz T 3“(%07 =0,

+ u(z, t) |u(z, t)|?

is investigated using the extended Jacobi elliptic function expansion method [30, 36]. Because of
the generalized properties of the Jacobi elliptic functions, the double periodic and other solutions
of conformable fractional Sasa-Satsuma equation have been obtained. We point that in the case
a = 1, this model governs the interaction and propagation of the ultrashort pulses in the sub-
picosecond or femtosecond regime as well as the propagation of femtosecond pulses in optical
fibers [32].
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2 Preliminaries

2.1 The conformable fractional derivative

In literature, to investigate the exact solutions for fractional PDEs, the authors use many forms
of fractional derivative, in particular, Riemann Liouville, Jumarie’s modified Riemann-Liouville
and Caputo derivatives [2, 5, 6, 7, 8, 16, 23].

In 2014, a new definition of fractional derivative is presented by R. Khalil, et al. [17]. Now
let us give the definition and some properties of conformable fractional derivative [1, 3, 9, 10, 13,
14, 18, 20, 21, 24, 25].

Definition 1. [17] Let f : [0,+00) — R be a function. «'* order "conformable fractional
derivative” of f is defined by

(2.1)

for all t > 0, € (0,1). If f is a-differentiable in some (0,a),a > 0 and 1ir51+f(°“)(t) exists, then
t—
define f(*)(0) = lim f(®)(¢t).
t—0+t

Definition 2. [17] The conformable fractional integral of a function f : [0,t] — R of order
0 < a < 1 is defined by

e = [t s (2:2)

This new definitions satisfies the properties which are given in the following theorems.

Theorem 2.1. [17] Let « € (0,1] and f, g a-differentiable at point t > 0. then

1. D*(cf +dg) = cD*(f) +dD*(g) for all ¢,d € R.
2. DY(tP) = ptP~%, VpeR.
3. D*(X) =0 for all constant function f(t) = A.
4. D(f()g(t)) = f()Dg(t) + g(t) D f(2)

ard g(t)D*f(t) — F(H)Dg(t)

6. If , in addition to f is differentiable, then D (f)(t) = t1=2f/(t).
7. DRI () = £(0).
8. IX(Dyf(t)) = f(t) — f(0) on the interval [0,1].

Theorem 2.2. [13] Suppose [ : (0,00) = R be a function such that f is differentiable and also
a-differentiable. Let g be a function defined in the range of f and also differentiable. Then

Dy (fog)(t) = t' =g (t)f (g(t)).

Remark 1. The use of the transformation 7 = %a, by use of (2) one can obtain D{ft = w.
Furthermore, by use of (2.2) one can deduce that Dfu = v DT = wul,.
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2.2 Summary of the extended Jacobi elliptic function expansion method

The general time-fractional nonlinear evolution equation, say in two independent variables x and
t , is given by

P(u, Dfu, iy, DU, U, DUy, .. .) = 0, (2.3)
where 0 < a < 1, u = u(x,t) is an unknown function and P is a polynomial of u and its partial
fractional derivatives, in which the nonlinear terms and the highest order derivatives are included.
To find the traveling wave solution of Eq. (2.3) by the extended Jacobi elliptic function expansion
method, we follow the following steps:

e Step 1: To obtain exact traveling wave solution, the following fractional complex trans-
formation [2]has been applied

(e (03

u(w, 1) = U™, € = ik(z —w—), 6=\ +p—, (2.4)

where k,w, A and p are constants to be discussed latter. Then, the Eq. (2.3) is reduced to
the following nonlinear ordinary differential equation

PU, —wU' kU, ?U", K*U", —kwU" , \U, pU, ...) = 0, (2.5)
where U = Use.

e Step 2: Assuming that the solution of Eq. (2.5) can be expressed as a finite power series
of the following form

N
U©) =ao+ ) fI7 () a;fi€) + bjgi(Q)], i=1,2,3,4 (2.6)
with
fi(§) =sn(¢lm), ¢1(§) = cn(¢m),
f2(§) =sn(¢lm), g2(§) = dn(¢m), 2.7)
f3(£) = SC(§|m)7 g3(§) = CS(€|m)’ .
fa(§) = sd(lm), ga(§) = ds(&|m),
Cs(em) o en(em) o sa(em) o duelm)
Where SC(£|m) - Cn(§|m)’ (£| ) SH(§|m)7 d(é-‘ ) dn(€|m)7 d (f| ) Sn(§|m)

and m is a modulus satisfies 0 < m < 1. Here, sn(¢|m), cn(§|m) and dn(¢|m) are Jacobi
elliptic functions, which are double periodic and possess the following properties:

1. Properties of triangular function:

sn(€m)® = 1 - en(&lm)?,

dn(¢|m)? =1 — m.sn(élm)? = 1 — m + m.cn(¢m)? (28)
2. Derivatives of the Jacobi elliptic functions:
Pl — enfgfon) du(eim)
0
D) — —dn(efm)-(sn) ), (29)
ddn(&|m)

= —m.sn(&|m).cn(&|m),

23
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3

3. Some limits: we have

Tim (en(¢]m)) = sech(©), lim (en(élm)) = cos(€),
Tim (sn(¢]m)) = tanh(€), Tim (sn(€|m)) = sin(€),

Tim (dn(€[m)) = sech(€),

Tim (se(€}m)) = sinh(&), lim (sc(€m)) = tan(¢), (2.10)
Tim (es(€]m) = esch(©), lim (es(Elm)) = cot(€),

Tim (sd(¢[m)) = sinh(€), lim (sd(&/m)) = sin(¢),

Tim (ds(€]m)) = csch(&), lim (ds(€]m)) = ese(€).

o Step 3: The degree N of the power series (2.6) is determined by considering the homo-

geneous balance between the nonlinear term in Eq. (2.5) and the highest-order derivative.
We define the degree of U(&) is D[U(£)] = N, which gives rise to the degree of other
expressions as, for example,

D [({gﬂ —B+N,D Kagf)ﬂ — 4B+ N) (2.11)
TG I oz

Step 4: Substituting Eqgs. (2.6)-(2.7) using (2.8)-(2.9) into Eq.(2.5). Then collecting
the coefficients of like powers of cn(&|m)®sn(¢lm)* , dn(é|m)®sn(¢|m)f where k = 0,1;£ =
0,1,2,3...n. By setting them to zero, we get a system of algebraic equations, and solving
the over-determined system of nonlinear algebraic equations by use of Mathematica soft-
ware package, we would end up with explicit expressions for k,w, a;,b;,(j =0,1,2,...,N).
Step 5: Finally, substitute the values of k,w, a;, b; into (2.6), we obtain the exact traveling
wave solutions of the fractional nonlinear evolution equation (2.5).

Application of the method to the Conformable Time-
fractional Sasa-Satsuma equation

Let’s consider (CTFSSE) in the form

1
iD{u + Juz + u|ul® + ie (u;),x + 6 |ul® up + 3u(|u|2)w) =0, (3.1)

where 0 < a < 1 and € is an arbitrary constant.

Using the fractional complex transformation (2.4), the (CTFSSE) (3.1) is converted to the

nonlinear ODE

—k? G - 3>\e> U" = 12keUU’ + k (=X +w + 3X%) U’
e (3.2)
+ AU + <2 —p+ )\3e> U+(1—-6X)U%=0
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Balancing U®) with U2U”’ gives N + 3 = 3 N + 1, hence N = 1. We then suppose that (3.2)

has the following formal solutions:

15t approach: U(¢) = ag + aysn(élm) + byen(€m),

224 approach: U(¢) = ag + arsn(&|m) + bydn(&|m),

3t approach: U(€) = ag + arsc(&|m) + bics(élm),
(

50 approach: U(¢) = ag + aysd(é|m) + byds(&|m)

Using 15* approach: Proceding as above (Step 4) yields a set of overdetermined algebraic
equations with respect to ag,a1,b1,k,w, A\, p

)\2
— 18agb? \e + 3agh? — ‘IOT — aop + apM3e — 6adAe + a3 =0,
2 2 2 1 2 2 a1\’
— 18a1b7 Ae + 3a1b] — 3a1k” Ame + §a1k m — 3a1k“ e —
ar k? 3 2 2
+ 5 a1p 4+ a1 X’e — 18agai e + 3aga; =0,
A2 bik?
— 18a2by Ae + 3a2by — 3by ke — 12 + IT — byt + b1 A% — 663 Ae + b = 0,

— 24agarbr ke = 0,
18agb? e — 3agh? — 18aga?\e + 3aga? = 0,
18a1b%/\6 — 3a1b§ + 6a1 k> Ame — a1 k*m — 6a:13/\€ + a‘% =0,
— 12a1b%ke — a1k + arkw + 3a1kX%e — 12a(2)a1ke + al)\?’(—m)e —a1X%e =0,
12a3b1 ke — 24atbike 4+ bik\ — bikw — 3b1 kA% e + 1203 ke + 4by AN3me + b A3e = 0,
6agaiby — 36agaibi e =0,
— 18a%bi \e + 3a2by + 6b1k* Ame — bik*m + 6b3\e — b3 = 0,
48aga1b1ke = 0,
36a3bi ke — 1203 ke — 6by \>me = 0,
24apb2ke — 24aga’ke = 0,
36a1b3ke — 12a3ke + 6a3 \>me = 0.
By using Mathematica to solve the overdetermined algebraic equations, we get the fol-

lowing results:

{ Vom 1 1 m+4 1 }

=0, > *t— b1 2 0k—=> — A= —w—=> —, 4= ———
@0 = Y 12¢ LT TG0 N T 6 T T3 M 108¢2

—0,a1 = 0,b —>ii 2mk—>i)\—>i —>4_2m — L
@o 7 By a1 = H, 01 12¢ " 6" T 6 36e P T 108 (-
V2m W2m 1 1 8—m
0 S Ly N e L ML NNl °—m _
{a0—> I L T e P T e N T e T Tr2e M T T08e (7
%o =2 ;01 2 N T T a0 T e T 6 T e M T T1mse (0
(3.4)
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So we obtain the following elliptic traveling wave solutions (double periodic solutions) of

EQ. (3.1)
. Vo (L (x ~ M) ’ m) (). 55)

24e T2ex i(i_i)
U — e \6e 108e2a 3.7
(20 Fi2mey (g BomR) )y ’ (3.1)
24e 6e T2ea

i (& (e 52| ) | o
U(1’778) = ) ¢ 6 8 eata 67’(§_10852a), (38)
Fogon (& (v - 500 ) | m)

In particular, if m — 1, then we get the hyperbolic function solutions (solitary wave
solutions) of Eq.(3.1)

24e T2ea Z( < taQ )
(1,5,6) — . ‘ . e'\Be " T0se%a ) | (3.11)
i;ISGCh (é (I - 726a))
£ tanh (5 (v — 57)) .
U(1,78) = 2; 6 7; (& To8za ). (3.12)
:{:ZQ?SGCh (é ('ZC - 726&))

2. Using 24 approach: with the same process as above the following system of algebraic
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equations are obtained

)\2
— 18agb®Xe + 3agh? — GOT — aop + apM3e — 6adAe + a3 =0,
— 12a1b%ke — a1k + arkw + 3a1kX%e — 12a(2)a1ke + al)\?’(—m)e —aiX?e =0,

a N ak?
2 2

1
— 18a1b%)\e + 3a1b% — 3a1k* me + §a1k2m — 3a1k*Xe — —aip

+ai N3 — 18(1(2)(11/\6 + Sagal =0,

36a1b3kme — 12a3ke + +6a; \>me = 0,

18a1b2 me — 3a1b?m + 6a1k*Ame — a1k*m — 6a3 e + a3 = 0,
24a0b%kme — 24a0a%ke =0,

18a0bf)\me — SaObfm — 18a0a%)\e + +3a0af =0,

b1A\?

2
12a8b1km6 — 24afb1ke + by 4 kAm — bikmw — 3bikXN*me + 12b‘;’km6 + 01 N3m%e + 4bi \3me = 0,
— 18a2by Ae + 3a3by + 6b1k* Ame — bik*m + 6b3 Ame + b3 (—m) = 0,

36a2b kme — 1203km?e — 6by \>m?e = 0,

— 24aga1br ke = 0,

6agai1b; — 36agarbi e =0,

48apa1b1kme = 0.

1
— 18agb1)\e + Sagbl — 3b1k*Ame + +§b1k2m — — b+ by \3e — 6b§)\6 + bf =0,

(3.13)

By using Mathematica to solve (3.13), the following results are obtained

V2 1 4 1 1
a0—>0,a1—>:|:7m,b1—>O,k—>—,w—>ﬂ,)\—>—7/¢—>—7 ,
12¢ 6e 36¢ 6e 108¢2
iVv2 1 m+1 1 1
=0, =20,by 2 t— k= —w—=> —— A= — 0= ——— >,
{ao a1 B0 12¢"" 76 36 et 10862}
V2m 2 1 2m +5 1 1
0 + X2 s e — — -
{a0—> M L T e T T 6 Y T Tae N T et T T108e (7
—0 — =+ 2mb—> Z.Ql-c—>1 —>2m+5/\—>1 — !
% = 0,4 21e " T T oa " T 6 T Trae N T e T T108e (-

(3.14)

So we obtain the following elliptic traveling wave solutions (double periodic solutions) of

EQ. (3.1)

1V 2 ) 1) VN
U(2,34) = :|:Z—dn (L (l‘ — M) ‘ m) ez(§_10852a)’ (316)
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. 24e T2e i(i— & )
U(2,5.6) = /32 i (2m5)te e \6e 10sFal, (3.17)
+55dn (g— <fC - 72—a>‘m>

o

o e 252 )

o 2c O T2ea Z(L_ti)
U(2,78) = o e'\6c” 10se%a ), (3.18)
T e (3 (o - o) )

In particular, if m — 1, then we get the hyperbolic function solutions (solitary wave
solutions) of Eq.(3.1)

V2 i 5t (o 1o

iv?2 i e e o
=4+—sech [ — — Z(a—l 52a) 3.20
U(2,3,4) 19¢ sec <66 (m 18ea>) e 08 , ( )

:i:%iE tanh (é (x R ))

W) = T2ea ei(&—&)’ (3.21)
5iesech (5 (v = 552))
j:\ftanh( (.’L’— 772teaa>) z(i—%) (3 22)
U(2,7,8) = e'\6e 1082a /. )
F5iesech (i (v - 5))

3. Using 3'¥ approach: By inserting the 374 equation of Eq. (2.6) along with Eq. (2.7) in
Eq. (3.1) and equating the coefficient of each power of cn(&|m)*sn(&|m)* , dn(&|m)"sn(&|m)*
where k =0,1;£=0,1,2,3... to zero, we get a system of algebraic equations in different
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parameters ag, a1, b1, k,w, A, u.

24b3ke — 1261 N3¢ = 0,

6agb? — 36agbi e = 0,

108agbi Ae — T2aga1bi Ae — 18agh? + 12agarby — agh® — 2aop + 2ap A€ — 12a3 e + 2af = 0,
— 108a0bf)\6 + 144aga1bi Ae + 18a0b% — 24agaby + 2a0\? + dagp — daghde

+ 24ag)\6 — 36a0a%)\e — 4a8 + 6a0a% =0,

36a0b%/\e — T2aga1by e — 6a0b% + 12aga1b; — agA\? — 2aop + 2a0N\3€e — 12&8)\6

+ 36a0a§)\e + Zag — 6a0a% =0,

12b1 k% Xe — 2b1 k% — 12b3 e + 203 = 0,

— 36a1b§)\e — 36@%[)1/\6 + 6a1b% + Ga%bl — 6b1 k2 me + b k*m — 24b1k* e — by \? + 4bk?
— 2byju + 201 \3€ + 36b3 \e — 6b3 = 0,

72a1bf/\e + 72(1(2)61)\6 — 36a%b1)\e — 12a1bf — 12a(2)bl + 6(1%61 — 6a1k*> X me + a1k*m + 12a1 k> e

—a N2 = 241k — 2a1 0 + 2a1 23 — 36a(2)a1)\6 + 6a%a1 + 126, k% me — 2b1k>m
+ 1201k Xe + 201 A2 — 201 k2 + 4by i — 4by N3 — 36b3 \e + 6% = 0,

- 36a1b§)\e — 36a%b1/\6 + 36a%b1)\6 + 6a1b§ + 6a3b1 — 6a§b1 — 6a1k* me + a1 k*m + a N2 + 2a,

— 2a1 X% — 12a3 \e + 36a3a; \e + 2a3 — 6ada; — 6byk* Ame + byk*m — by \?
— 2by 1 + 261 X3 + 12b3 \e — 265 = 0,
24a1b3ke + 24a2bi ke + 201 kX — 201 kw — 6b1kA%e — T2b5 ke 4 2b1 \3me + 3201 M3 = 0,
— 48a1b%ke — 48a%b1 ke — 24a%b1 ke — 2a1k)\ + 2a1kw + 6a;k\%e — 24a3a1ke — 2a1 2% me
+ dai\3e — 4bi k) + 4b kw + 120 kX%e + 72b‘$’kze — 4b1 \3me — 28b; X3¢ = 0,
24a1b3 ke + 24a2bi ke + 24atbi ke + 2a1 k) — 2a1kw — 6a1k\*e — 24a3ke + 24ada; ke
— 10a1 \3>me + 8ag N3e + 2b kX — 2b1kw — 6b1 kX% — 24b?k‘e + 201 X3 me + 8b1 \3e = 0,
48apbike = 0,
— 96agbike = 0,48agb?ke — 48aga’ke = 0.
(3.23)

The resulting system of algebraic equations has been solved by Mathematica to obtain
the values of the unknown parameters ag, a1, b1, k, w, A, p.

{CLO‘)O,CLl*):l:2(1126_7’n)7b1*)0,k‘>61€7wg)”;6+617)\~>61€7u*)10;62}’
{ao_)07a1—>0’b1—>il\g§e’k—>file’w_>nﬂ;:i_gl’A_)(;t’ﬂ_)_mé@}’

{ao—>0,a1 _>i¥,bl %ig,k—) é,w—) m+6\/3166_7m+1,)\—>é,u—>—@
{“0_”)7&1 %i%abl —>1F1—\f€,k—> é,w% m_6\/316€_7m+1,/\—> é’“%_@

(3.24)

}
}

)
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Finally, new elliptic trveling wave solutions (double periodic solutions) for the nonlinear
Eq. (3.1) are reached.

2(1 —m) i (m 4+ 1)t~ (&%)
=4y 7 _ -~ 7 "\ 6e T 1082a 3.25
4e.12) 12¢ ¢ (66 (x S6ea ) |™) €0 (3.20)

2 ) ]. @ t&
U(3,3,4) = :E£CS (i (33' — %) ‘ m) el(§710852a), (3_26)

+ 2(1—m)SC (L <$ _ (mA6y/I—m+ 1)t m)

12¢ 6e 36ea ] -
U(375’6) = ) o e (65 1086204)7
V2 i (m+6y/1—m+1)t
iﬁcs Ll ————"""")|m
€ 6e 36ea
(3.27)
2(1—m
SRS O (T (O G VA Tk S DA | o
w _ 12¢ 6e 36 62(@_71086204)
(3’7’8) (m—6+/1— m+l m ’
:':125CS T 36

(3.28)

In particular, if m — 0, then we get the trigonometric function solutions ( periodic
solutions) of Eq.(3.1)

2 ) e Sz t&
U3,1,2) = iitan (i (IE — 3660()) el(gfm), (3.29)

\[ 1 o “
U(3,576) :l:1—22§ tan (@ (l' - %ga)> e (62 108¢ a) (3 31)
:l:ﬁ cot (é (LU o 366&))
ware = {1 0 o 7+ ) } i) (3
:FI_QE cot (é (93' + 366&))

4. Using 4*" approach: following the steps indicated above we get the following system of

algebraic equations
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24b3ke — 120 \3e = 0,

6agh? — 36agb?\e = 0,

— 18agbim™ + 108agh? Ame — T2agaiby \e + 12apa1by

— ao\? — 2a0p + 2a0\3e — 12a8)\e + Zag =0,

— 108a0b%)\m2e + 18a0b§m2 + 144aga1by \me — 24apaibym + 2ao\>m + dagum

— daoX>me + 24ag)\me — 4a8m — 36a0a%/\e + 6a0a% =0,

36a0b%/\m36 — 6a0b%m3 — T2apa1bi Am?e + 12aga1b1m? — agA*m? — 2aoum? + 2apX\3m2e
— 12a8)\m26 + 2a3m2 + 36a0a%)\me — 6a0a%m =0,

1201 k* Xe — 2b1 k% — 12b3 \e + 203 = 0,

— 48a1b?kme — 48a2bkme — 24a3bike — 2a1 kX + 2a1kw + 6a1kN*e — 24atay ke + 4ai N3 me
— 2a1 M3 + 7265 km?e — 4bykAm + 4bykmw + 12b1 kA% me — 280 \3m?e — 4by \3me = 0,
24a1b%ke + 24a%b1 ke + 2b1 kX — 72b:fk;me — 2b1kw — 6b1kAZe + 3201 X3 me + 201 \3e = 0,
24a1b%km26 + 24a(2)b1km2e + 2a1kAm — 2a1kmw — 6a1k\%me — 24a‘;’ke + 8ai N3 m?e

— 10a; X3me — 24b:{’km36 + 201 kAm? — 2b1km2w — 6b1 kA2 m%e + 8b1 X3 mBe + 20, \3m2e = 0,
— 36a1b3\e — 36a2bi \e + 6a1b? + 6adby — 24bik* Mme + 4byk*m — 6b1k*Ne — by A + by k?
— 2by ju + 3603 Ame — 6b3m + 201 \3e = 0,

72a1b?)\me + 72a8b1)\m6 — 12a1b%m — 12a(2)b1m — 36a%b1)\e + Ga%bl + 12a1k*Ame — 2a1k*m
— 6a1k*Xe — a1 \? + a1k? — 2a1p + 2a1 )% — 36a(2)a1)\e + 6a8a1 + 1261 k2 m?e — 2b1k*m?
+ 12b1k* Ame — 2b1k*m — 36b‘;’/\m26 + 6b‘;’m2 + 201 \%m + 4by pm — 4bi \me = 0,

— 36a, b3 m?e — 36a2bi \m?e + 6a1bIm? + 6aibym? + 36atb; Mme — 6aibim — 6aik* Ame
+ a1 k*m + e \2m + 2a1 pm — 2a1 \3me + 36a(2)a1)\me — 6a3a1m — 12a:1”/\e + 2a‘i’

— 6b k2 m2e + bik*m? + 1263 m3e — 2b3m> — by \*m? — 20y um? + 20 \3m?e = 0,
48agbike = 0,

— 96agb3kme = 0,

48apb?km?e — 48agatke = 0.

(3.33)
Solving the system with the help of Mathematica , we get
vm —1v/2m 1 4 —2m 1 1

0 +— 0 0,k — — — A= — e

{“0_’ e 12¢ TP T 60T Taee 0 et T Tose [
V2 1 4—2m 1 1

0 0,b +— k- — A= — T

{a0—> TR T e T 6 T T30 0 6! T T 108

(3.34)
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ag — 0, ay — £7V2ZROm7Y L TRk L

24e€

—5m+3+/m(bm—4)+4 ’
w— 36¢ e At (3.35)
m++/2m(5m—4) B) 1
a0—>0,a1—>i e ,blﬁ:F%,k—)a
—5m—34/m(5m—4)+4 1 1
w 36¢ e Aty [ il Ty e

So the following elliptic traveling wave solutions (double periodic solutions) of EQ. (3.1)
are obtained

m — 1v/2m i (4 —2m)t (2 1o
=4+———sd | — - (8~ Toeea) 3.36
i 2 (66(I 36ea )‘m)e e/, (3:36)
V2 i 4 — 2m)te (e 1
u<4,3,4) = :|:1—2€dS (& (x — %) m) e (66 1086204)7 (337)
m—y/m(5m—4) i (—5m+34/m(5m—4)+4)te
+ 12v/2¢ Sd<a (.Z'— 36ea )‘m> i(l, e )
U(4,5,6) = e'\6e T0seZa )
V2 i (=5m+3+/m(5bm—4)+4)t*
Fiscds (& (x - 36car ) ‘ m)

(3.38)

:l:m+\/m(5m—4)sd <L- o (E5m=3y/mGm-t)+ 4t ‘m)

1212 Ge 36ea i(E2-—5)
Uy _ e \6e 108e2a/,
(4,7,8) V2 ; (—5m—34/m(5m—4)+4)t*
FX5ds | = (x> — m
12¢ 6e 36ea

(3.39)

In particular, if m — 0, then we get the trigonometric function solutions ( periodic solu-
tions) of Eq.(3.1)

\/§ Z ta 74(5%* Al P] )
4V S v € a(108€2) 4
U(4,3,4) 19¢ €€ <6e <x 9ae)> e ) (3.40)
and, if m — 1, then we get the hyperbolic function solutions (solitary wave solutions) of
Eq.(3.1)
V2 i 2 \\ (&)
— 4V h( — _ € «(108e2) 41
B A T P (66 (‘T 18ae>) ¢ (3:41)
V2 i to V2 te
= +——sinh — ——csch — . 3.42
U7 = Fype S (66 ( " Sae >> T 12 (66 ( * 9ae>> (8.42)

Remark 2. We have verified all solutions obtained by substituting them in the equation under
study (3.1) and found to be correct.
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4 Conclusion

In the present work, the extended Jacobi elliptic function expansion method has been proposed.
By implementing procedure of the method on the Conformable Time-fractional Sasa-Satsuma
equation, we have shown that the solutions obtained by the extended technique is more and vari-
ous than the classical Jacobi elliptic function expansion methods. Therefore, the method plays an
important role to seek more doubly periodic solutions, solitary wave solutions and trigonometric
(periodic) solutions of other nonlinear evolution equations in mathematical physics. We have
also studied the accuracy, the geometrical construction and the behavior of some particular solu-
tions by plotting their surfaces and contour plots as shown in figures below. Since the solutions
are complex functions, by choosing values for the parameters (m,e and «), we plot graphics of
modulus, imaginary part and real part of these special solutions.
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Figure 1: 3DPlot and ContourPlot of the exact solutions of Eq. (3.1) given by (3.7), for
(x,t) € [-10,10] x [0, 10].
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Figure 2: 3DPlot and ContourPlot of the exact solutions of Eq. (3.1) given by (3.8), for
(x,t) € [-10,10] x [0, 10].
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Figure 3: 3DPlot and ContourPlot of the exact solutions of Eq. (3.1) given by (3.15) ,
(3.16) and (3.17) respectively, for (x,t) € [-5,5] x [0,10] and (z,t) € [-10,10] x [0, 10]
respectively.
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Figure 4: 3DPlot of the exact solutions of Eq. (3.1) given by (3.28) respectively, for
(z,t) € [-5,10] x [0,10].
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Figure 5: 3DPlot of the exact solutions of Eq. (3.1) given by (3.29) and (3.30) respec-
tively, for (z,t) € [—10,10] x [0, 10].
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Figure 6: 3DPlot of the exact solutions of Eq. (3.1) given by (3.38) , for (z,t) €
[—8,8] x [0,8].
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Figure 7: 3DPlot of the exact solutions of Eq. (3.1) given by (3.42) respectively, for
(x,t) € [-5,5] x [0,5] and (z,t) € [-8,8] x [0, 8] respectvely.
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