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Common solutions of fixed point and generalized
equilibrium problems using asymptotically

nonexpansive mapping

P. Kumar and A. Panwar

Abstract. In this paper, a common solution of fixed point and generalized equi-
librium problems using an asymptotically nonexpansive mapping is determined via
iterative approach. Further an application and numerical example of the main result
are given.
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1 Introduction

Let H be a real Hilbert space and (.,.) and ||.|| denote inner product and induced norm respec-
tively. Let D (# ¢) C H be closed and convex and {g,} be a sequence in H, then ¢, — ¢ and
gn — ¢ denote the strong and weak convergence of sequence {g,} to a point ¢ € H respectively.
For every q € H,

lg — Ppql| < |lg —r|l,vr € D.

Then Pp : H — D is known as metric projection.
A mapping T : D — D is called asymptotically nonexpansive [8] if there exists a sequence {l,,}
with lim,, . I, = 1 and

IT"q = T"r|| < lullg —rll,vg,r € D.

T is known as [-Lipschitzian (I > 0) if
|1T"q —T"r|| <l|lg —r|,Yq,r € D,¥Yn € N.

If I, = 1,Vn € N, then T becomes nonexpansive mapping.

The concept of asymptotically nonexpansive mappings is the generalization of the concept of
nonexpansive mappings and it was introduced by Geobel and Kirk [8].

In the fixed point problem (FPP), ¢ € D is to be determined such that

Tqg=q. (1.1)
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Now,
F(T)={qeD:Tq=q}.
Consider a bifunction G : D x D — R and a nonlinear mapping B : D — H.
To find d € D such that
G(d,dy)+ (Bd,d; —d) > 0,Vd, € D, (1.2)
is known as generalized equilibrium problem.

EP(G,B) denotes the solution set of problem (1.2).
If B =0 in (1.2), then the reduced form of problem (1.2) of determining d € D such that

G(d,dy) > 0,Vd, € D, (1.3)

is known as equilibrium problem. EP(G) denotes the solution set of problem (1.3).
If G =0 in (1.2), then the reduced form of problem (1.2) of determining d € D such that

(Bd,dy, —d) > 0,Yd, € D, (1.4)

is known as classical variational inequality problem. VI(D,B) denotes the solution set of problem
(1.4).

If G(d,d1) = (Bd,d; — dy, for all d1,d € D, then d € EP(G) if and only if d € VI(D, B).

The problem (1.2) is general and it includes many problems like variational inequality, optimiza-
tion, Nash equilibrium problems etc. as special cases. In [13, 14], the researcher established
fixed point iteration results via nonexpansive mappings. Also, the new iterative algorithms are
introduced by [15, 19, 21].

[12] “Let G : D x D — R be a bifunction which satisfies the following conditions:

(G1) G(p,p) =0 for all p € D;

(G2) G is monotone, i.e., G(p,q) + G(g,p) <0 for all p,q € D;

(G3) for each p,q,r € D;
lim supG(tr + (1 - t)p,q) < G(p, 9);
t—0

(G4) for each p € D, g — G(p,q) is convex and lower semicontinuous.”

Definition 1. [12] “ A mapping B : D — H is called S-inverse strongly monotone if there exists
B > 0 such that (Bp — Bq,p — q) > B||Bp — Bq||*, ¥p,q € D.”

Takahashi and Takahashi [16] proved the following result:

Theorem 1.1. [16] “Let D be a nonempty closed convex subset of a real Hilbert space H and
let G: DxD — R be a bifunction satisfying (G1), (G2), (G3) and (G4). Let B: D — H
be a B-inverse strongly monotone mapping and T : D — D be nonexpansive mapping such that
F(T)YNEP(G,B) # ¢. Letuw e D, py € D and let {r,} C D and {p,} C D be sequence defined
by
Hn
Prt1 = Bubn + (1 = Bp)T[onu + (1 — ap)ry], Vn € N.

Let {an} C [0,1], {Bn} C [0,1] and {pn} C [0,28] satisfies

{G(Tm@ + (BPnsq = Tn) + (¢ = Ty — Pn) > 0, Vg € D, (1.5)

(Z) limy, 00 0y = 0, Zzozl Qp = OO,

(”) llmn—)oo(/‘n - MnJrl) = 0’
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(i) 0<c<p,<d<1,0<a<pu, <b<28,
then {pn} converges strongly to r = Ppiryn ep(c,B)(©).”

In this paper, the result of Takahashi and Takahashi is further extended for asymptotically
nonexpansive mappings. The common solution of FPP and EP is obtained by iterative approach.

2 Preliminaries

Some definitions and lemmas are as follows:

Definition 2. [12] “A mapping g : D — D is known as contraction mapping if there exists
n € [0,1) such that
lg(p) = g(@)ll < llp—4ll, ¥p,q € D.”

Definition 3. [4] “Let D be a closed convex subset of a Hilbert space H. A mapping T': D — D
is called asymptotically regular at p if and only if lim, o ||T7p — T""1p| = 0.”

Lemma 2.1. ([3]): “Let D be a nonempty closed convex subset of a real Hilbert space H. Let
G : D x D — R be a bifunction satisfying (G1),(G2), (G3) and (G4). Lett > 0 and p € H.
Then, there exists v € D such that

1
G(r,q) + ;(q—r,r—p) >0, Vgqe D

Lemma 2.2. ([7]): “Let D be a nonempty closed convex subset of a real Hilbert space H and let
G : D x D — R be a bifunction satisfying (G1),(G2), (G3) and (G4). Then, for anyt > 0 and
p € H, there exists r € D such that

1
G(r,q) + g(q—r,r—p> >0, Vg € D.
Also, if
1
Tip={reD: G(TaQ)+E<Q*T7T*p> >0, Vg € D},
then

(i) T; is single valued,

(i) T} is firmly nonexpansive, i.e.,
ITip — Tig||* < (Tip — Thg,p — q), Vp,q € H,

(iii) F(T,) = EP(G),
(iv) EP(G) is closed and convex.”

[12] “Let G : D x D — R be a bifunction which satisfy (G1), (G2), (G3) and (G4). Let
B : D — H be a -inverse strong monotone mapping. Then, by lemma 2.2, for each ¢ > 0 and
p € H, there exists s € D such that T;(p) = {s},
where Tiop = {r € D : G(r,q) + %(q —r,r—p), g€ D} ={s}”
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Lemma 2.3. ([17]): “Let {r,} be a sequence of nonnegative real numbers satisfying
Tot1 < (1 —ty)rn 4+t + Bn, Y >0,
where {t,}, {an} and {B,} satisfy the conditions:

(Z) {tn} C [Ov 1]: 220:1 t, = oo,
(i3) lim,, o supa, <0,
(i) Bn >0, 3507, Bn < 00.
Then, lim, ,,r, =0.”
Lemma 2.4. ([6]): “Let G : D x D — R be a bifunction satisfying the conditions (G1) and
(G2). Let Ty, and Ty, be defined as in lemma 2.2 with t1,ty > 0. For any p,q € H, then

to
|Teiq — Ttopll < llg — pll + | 1T, q — qll.”

t1 —
tq

Lemma 2.5. ([1]): “Let H be a real Hilbert space. Then, for any u,v € H, we have

llu+ol* < JJull® + 2(v,u +v).”

Lemma 2.6. ([5]): “Let T be an asymptotically nonexpansive mapping which is defined on a
closed and convex subset D of the real Hilbert space H. Then, I-T is demiclosed at 0 i.e., if {u,}
is in D, up — u and uy, — Tu,, — 0, then u € F(T).”

Lemma 2.7. ([18]): “Let {r,} be a sequence of nonnegative real numbers such that
Tog1 < (L —tp)rn +than, Yn >0,
where {t,} is a sequence in (0,1) and {a,} is a sequence in R such that
(i) Yonzitn =00,
(ii) lim,,— o supa,, < 0.

Then, lim, _ oo 7rn =0.7

3 Main Result

The main result is

Theorem 3.1. Let D (# ¢) C H be closed and convezr and let G : D X D — R be a bifunction
satisfying (G1), (G2), (G3) and (G4), g : D — D be p-contraction, B : D — H be a 3-inverse
stronge monotone and T : D — D be asymptotically nonerpansive as well as asymptotically
regular mapping such that F(T)(EP(G, B) # ¢. Let {{,} C [0,1] and {p,} C [0,25] satisfying

(Z) lirnn%oo gn = 0) ZZO:I 6" = 0,
(i) 0 <ayp < pn, < by <26,
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(iv) lim,, o0 =1 = 0.
Forpy € D, if {pn} be a sequence defined as
Tn = Tp,n (pn - Mann)y
qn = TMn (rn - MnBrn)v (31)
Pn+1 = {ng(pn) + (1 - fn)T"%u n=123 ... )
then {pn} strongly converges to r = Pp(ryn eP(c,B)9(T)-
Proof. Step 1. {p,} is bounded.
Let d € F(T)(EP(G, B), then
IPnt1 —dll = [|§ng(Pn) + (1 = §)T"qn — d||
= ||§ng(pn) - gng(d) + gng(d) - §nd + fnd + (1 - gn)TnQn - d”
= [&nlg(pn) — 9(d)] + &nlg(d) — d] + (1 = &) T" gn + (&n — 1)d||
< &nllg(pn) — 9(d)| + &nllg(d) — dlf + (1 = &) T gn — d||
Now,
lan = dlI* = Ty, (r — pn Bry) — d|f?
=Ty, (rn = pnBry) — Ty, (d — Nan)||2
< |(rn — pnBrn) — (d — ,uan)HQ
= |(rn = d) = p(Br, — Bd)||?
= |lrn = d||* = 20 (rp — d, Bro, — Bd) + pip|| Bry, — Bd]|®
< |lrn = d||* = 20, 8| Bry, — Bd||* + piy || Brn, — Bd|*
< lrn = d||2 + pn (pn — 2B)[| Brn, — Bd||2
< lrn —d|?
S lgn = dll < flrn —d]|. (3.3)
Now,
I = dlI* = Ty, (Pn — 1 Bpa) — d|*.
Similarly,
”Tn - d” S ||pn - d” (3'4)

So, from (3.2), using (3.3) and (3.4),

”pn-i-l - d” < fnp”pn - d“ + §n||9(d) - d” + (1 - §7L)ln||pn - d”
= (L= &)lpn — dll + &npllpn — dll + &nllg(d) — d||
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+ (1 =&)lnllpn —dll — (1 = &) llpn — 4|l
=[1 =& = p)lllpn —dll + &nllg(d) — d|| + (1 = &) (ln — 1)lIpn — d||
<[ =& = p)llpn — d|| + &ullg(d) — d[| + &b |lpn — d|

[ (

1-¢
1=¢

n(1=p—=0)]llpn — dll + &nllg(d) — d
1
< maz{|[pn —df, mllg(d) —d|}.

AN

So, {pn} is bounded and hence {Bp,}, {g(pn)}, {T"r,} and {T™q,} are bounded.
Step 2.

lim [|ppy1 —pall =0
n—oo

[Pns1 = pall = I€ng(n) + (1 = &) T qn — En19(Pn—1) — (1 = &) T g |
= [1629(Pn) = £ng(Pn-1) + &ng(Pn—1) + (1 = &) T s
—(1=&)T" g1+ (1= &)T  gn1 — Xn—19(Pn—1) = (1= &) T g ||
= 1nlg(n) = 9Pa-1)] + (€0 = En-1)9(Pn-1) + (1 = E)(T"gn — T gn1)
+(1=&)T" g1 — (1= & ))T" gn |
= [1€nlg(Pn) = 9@Pn-D)] + (En = En-1)9(Pn—1) + (1 = &) (T g — T" ' gn—1)
+ (bn-1 = &) T g |
= &u19(pn) — 9Pr—-1)] + (€0 — En—1)(9(Pr-1) = T" ' gn-1)
+(1=&)(T"gn =T gna)|
= [[€nlg(pn) = 9(Pn-1)] + (&n = En—1)(9(Pn-1) = T" ' qn_1)
+(1=&) T — T qp1 + TG — T )|
< &nllg(pn) = g(on-1)ll + &0 — Enalllg(Pn—1) = T" ' gn_1l|
+ (1 =& T — T n1 + T" 1 — T" g1 |
< &nllg(pn) = 9@n-D)ll + 160 = En-alllg@n-)ll + 1T gr1]]
+ (1= &)T g = T"qn |l + (1= E) T g1 = T gn |
< fnP”pn —pn—IH + |§n - 5n—1|K + (1 - fn)lnHQn - Qn—1||
+ (1= &) g1 = T gn |

< ganpn - pn—lH + |§n - fn—lIK + (1 - gn)(ln - 1)||Qn - Qn—1||

. 1 (3.5)
+(1 =& )llgn — gn-1ll + (1 =& T" -1 — T " gn-1-
Now,
qn = Tl—ln( n NnBTn) and g1 = T;Ln+1 (TnJrl - MnJrlBTnJrl)
1
G(qn,q) + (Brn,d — qn) + — (¢ — Gn,@n —Tn) >0, Yg € D (3.6)

n

1

G(qn+1,9) + (Brns1,4 — qnyr) + m (¢ = Gn+1,qnt1 — Tny1) >0, Vg€ D (3.7)

n+1

Replacing ¢ = ¢+1 in (3.6) and ¢ = ¢, in (3.7) and getting

1
G(qn, Gnt1) + (BTn, qn+1 — qn) + ?<qn+1 —nqn —Tn) >0 (3.8)
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G(Qn+17 Qrz) + <B7an+17Qn - Qn+1> + <Qn —qn+1,9n+1 — rn+1> 2 0 (39)

Hn+1
Adding (3.8) and (3.9),

G(‘]m Qn+1) + G(qn+1; qn) + <B7'm qn+1 — Qn> + <B7’n+1, qn — Qn+1>

1
+;<QR+1 —4n,4qn — Tn> + <qn —Qgn+1,49n+1 — rn+1> Z 0.

n Nn+1

Using (G2),
G(qna qn+1) + G(Qn—i-ly Qn) § 0

1
<Brnaqn+1 - qn> + <BT‘n+1, dn — qn+1> + ;<Qn+1 —4n,4qn — Tn>

n

1

MnJrl

+

<Qn — gn+1;9n+1 — Tn+1> Z 0

1
<Brn+17Qn - Qn+1> - <B7‘n, qn — Qn+1> + <Qn+1 — Qn, ?(Qn - Tn)>

n

1

—A{@n+1 = Gns ——(@nt1 — Tnt1)) > 0
Hn+1
1 1
<Brn+1 - Brna qn — Qn+1> + <qn+1 — qn, 7(qn - Tn) - (anrl - Tn+1>> >0
Un ,Ufn-&-l
1 1
<Brn+1 — Brp,qn — Qn+1> + <q” — qn+1, 7(Qn+1 - Tn-i—l) - 7(7% - QTL)> > 0.
Hn+1 Hn

Now,

[in

(@n — @nt1s fin(Bryy1 — Bry,) + (@nt1 — Tng1) — (@ — ™))

Nn+1

[in
= (Gn = Gnt1, in(Bros1 — Bryp)) + (@n — @y, Iui(qwrl —Tng1) = (@n —Tn))

n+1
1 1
= Mn<Qn — Qdn+1, Brn-‘rl - Brn> + /J/n<Qn — Qn+1, 7(Qn+1 - rn-i—l) - 7(Qn - Tn)>
Hn41 n
1 1
= Nn[<Qn — Qn+1, Bropg1 — Brn> + <Qn — qn+1, 7(qn+1 - 7"n+1) - 7(qn - Tn)>] >0
Hn+1 Hn
1
0 S <qn — qn+1, ,U/n(Brn+1 - Brn) + - (QnJrl - TnJrl) - (qn - 7qn))
Hn+1
0
= <Qn+1 — Q4n, _/f’fn(Brn—i-l - Brn) - - (qn+1 - rn-‘rl) + (Qn - Tn)>
NnJrl
M n
= {@n+1 — Gn>In — Gn+1 + Gnr1 — Qn+1 + Tnt+1 — Tn+l
Hon - n+
+ TnJrl + NnBrn+1 + NnBrn - rn>
1
= <Qn+1 —qn;qn — Gn+1 + (1 - = )Qn+1 + ( - l)rn-i-l
Hn+1 M1
+ (Tny1 — nBrog1) — (rn — pnBry))
fin

= <Qn+1 —qn;qn — Gn+1 + (1 - )(qn+1 - Tn-i,-l) + (Tn+1 — Tn) — Mn(BTn+1 — B?“n)>

/~Ln+1
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1
ant1 = @nll® < llantr = @l {11 = == llgn+1 = Tl + lIrnss = rall}
Hn+1
I
= [lgn+1 = @ull <1 = ——|lgn+1 = Tns1ll + lIrn1 — 7l
,Ufn+1
e Y e
Hn+1
1
gn+1 = anll < ITn41 — 7l + ;1|Mn+1 = pin | My, (3.10)
where My = maz{||gn+1 — rnt1ll}
Now,
Tn = T:un (Qn - ,unBQn) and Tn4+1 = T;Ln,+1 (Qn-‘rl - ,un+1BQn+1)
Similarly,
1
rnn = 7nll < llpnss = poll + —lpnss = pn| Mo, (3.11)
where My = maz{||rnr1 — pniall}
So, from (3.10) and (3.11),
1
lan+1 = @ull < [Pntr — pull + ;llun+1 — pn| M, (3.12)
where M = My + M.
1
S Mg = gnaall < llpn — pr-all + 671'“” — pn—1|M (3.13)

IT"qn =T g il = 1T"qn — T" 1 + T"qn1 = T" g1 |
S ||TnQn - ann—1H + ||TnQn—1 - Tnilqn—l‘l
S lnHQn - anlH + ||TnCIn71 - Tn—lqn71H- (314)
From (3.5),
Hanrl - pn” S ganpn - Pn71|| + |§n - gnfl‘K + (1 - gn)(ln - 1)||qn - anln + (]- - gn)”qn - anln
+ (1 - fn)”TnQn—l - TﬂilLIn—lH

< ganpn —pn71|| + |§n - gnfl‘K + (ln - 1)||Qn - anlH + (1 - 571)“%1 - anlll
+ HTTLQHfl - Tnilqnfln

1
S fnp”pn - pn—l” + |§n - gn—l‘K + (ln - 1)[||pn _pn—1|| + ;1|Nn - ,Ufn—1|M}

1 n n—
+ (1= &)lllpn — pr—all + aT'“” — 1| M)+ [T gp1 = T" g |

l,—1
= 6upllpn ~ pocill I — &t K + = Dllow = paall + 2y
1- fn n n—
+ (1 - gn)”pn _pn—IH + (Tl)“hl - Hn—1|M + ||T ‘"G1 — T 1qn_1H
§nd
< ganpn - Pn71|| + |§n - gnfl‘K + §n5||pn - pn71|| + |/1*n - MnfllM

ai
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+ (1 - fn)“pn - pn—l” + (1;7511)
1

‘,Ufn - ,un—l‘M + ||ann—1 - Tnilqn—l”

= (1€t~ p— )l — pua | + ETTLZE)

+ |§n - £n71|K + HTTLanl - Tn_lqnfln

‘,un _Mnfl‘M

L= 00— p— )l — P ]| + (1 — p— ) T Hnmil

ai
+ (_2571 + 2§n5 + fnP + 1)
ai

< [1 _gn(l _p_é)Hlpn _pnfl‘l +fn(1 —,0—(5)%M

a8+ Ly g, R 7 s - T

where K = sup{{|g(pn)[| + |77 qn||}-
Taking s, = &,(1 —p—90), 7, = %M and

Y = [1+ € (28 + p)| e tinmtI N e — €| K+ 1T gt — T .

Then,

lPns1 —

pn” < (1 - sn)”pn - pn71|| + SnMn + Yn,

using lemma (2.4),

lim ||ppt+1 — pnll = 0.

n—oo

Using (3.15) and limy,, oo (ttn, — tint1) = 0, then from (3.11) and (3.12),

and

nh_?go [Pn41 = ol =0
Jim lgn+r —aall = 0.

Step 3. limy, o0 | Tpn — pu| = 0.

Now,

llgn — dH2 =T, (I = pn B)rn — Ty, (I — .UnB)dHQ
<N = pnB)rn — (I = pn B)d|®
= ||(rn = d) = pn(Bry — Bd)||?
= |lrn — d||* = 2pn (ry, — d, Br,, — Bd) + 12| Br,, — Bd|?
< lrn = dl|* = 20, 8|| Bry, — Bd||* + piy || Brn, — Bd|?

= an - dH2 + pn (o, — Zﬁ)HBTn - Bd”2

P41 — dlI” = 1609 (pn) + (1 = &) T" g — d|I?
= [|€ng(pn) = &nd + End + (1 — &) T"qn, — d]?
= [l€alg(pn) — d] + (1 = &) T" g — (60 — 1)d|?
= 1€nlg(pn) — d] + (1 = &) [T" g — d] ||

< &ullg(pn) = dll* + (1 = &) T" g — d|®

b — pn—1|M + | — a1 | K + [T n—1 — T™ ' g

(3.15)

(3.16)

(3.17)

(3.18)
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S €ann+1 - d”2 + (1 - fn)lillqn - d”2
Putting value of ||, — d||?,
<&allg(pa) — dII* + (1 = &) Ilrn — dI* + pn(ppn — 28)|| Brn, — Bd||’]
< gn”g(pn) - dH2 + (1 - fn)l%H?‘n - dH2 + ,Ufn(ﬂn - 25)l$¢”Brn - Bd||2 (320)

Putting value of ||r,, — d||?,
< &nllg(pn) — dI” + (1 = &)1 [lpn — dlI” + pn (. — 28) | Bpn — Bd||?]
+ pin(pin — 28)15|| By, — Bd||®
= &nllg(pn) — dlI* + (1 = &) Ipn — d)|* + (1 = &)1 pin (i — 268) || Bpn — Bd||?
+ pn(pn — 28)13|| Br, — Bd||?
= &ullg(pn) — dII* + (1 = &) (17 = Dllpn — dII* + (1 = £)17 s (i — 28) || Bpn — Bd||?
+ pn(pn = 2B) 13 || Brn, = Bd|* + (1 = &,)[|lpn — d|?
< Bullglpn) = dlI’ + (1 = &)@ = Dllpn — dlI* + [Ipn — dII?
+ (L= &)1 i (pin — 28)|| Bpn — Bd||* + pin (ptn — 28)13|| Bry, — Bd||?

s (U= &) pn (28 = )| Bpa — Bd|)? + (26 — )13 || Bry — Bd|* < &ullg(pn) — d|f®
+(1 = &) = Dllpn = dlI* + Ipn = dl* = lIpas1 = d|*.

Since limy, 00 & = 0, limy, 00 1, = 1, {g(pn)} and {p,} are bounded, so

B 1, (28 = )| Bpn — Bd|[* + lim p1,(28 — pun) || Bryn — Bdl|*

< lim [[lpn = d|I* = [[pa+1 — dIf?).
n—oo
Since {p,} and {g,} are bounded, so
. e 27 —
1im [lpn — d? = [pass — dif?

iy, o0 [|[Bpn — Bd|] = 0 and limy, o || Br, — Bd|| = 0.

llgn —d|I*> = | M( — pnBry) = Ty, (d — pn BA)||?
< d, (rn — MnBTn) - (d - Man»

1
= 5 l(rn = pnBrn) — (d — pn BA)|* + llgn — d|?)

— 5~ puBra) = (d = i Bd) ~ (g0 — d)|*)

= 2T = g B)r = DI+ g0 — dIP) ~ 51— 40) — pn(Bro — BO)?)
< 5 lira = dIP + g~ dI?) = 3(1(rn — 42) ~ in(Bro — BA)|?)

1

5 (llrn = dlf* + [lgn — d|*) —
- 2( Tn — Qmﬂn(Brn - Bd>>]

[I7n = anll® + | (Bry — Bd)||?

[\D\»—‘N)\

(3.19)
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1 1 1 1
=3 n_d2 5 n_d2_7 n_n2_72Bn_Bd2
Ll = 12 + Slg — dI = 2 — gl - L2180, - Ba)
+ ,U/n<T’rL - QmBrn - Bd>
1 2 1 2 1 2 1 2 2
i = dI? < Sl = dI = 2l = a1 = $4201Br, = B + il — g B — Bd)
lgn — dlI* < [lrn — d|I* = lIrn — gull® = g2 | Brn — Bd||* + 240 (rn — gn, Br, — Bd) ~ (3.21)
10— d|I* = 1Ty, (Pn — pnBpn) — Ty, (d — pn Bd)|?
< <Tn —d, (pn - ,uann) - (d - ,uan»
1
= §(||(pn — pnBpy) — (d — Nan)||2 + [l — dHQ)

— 5 0Ien — nBpa) = (d = 0 Bd) = (o — D))
1

(1T = 1 B)(pr = DI + I = dI?) — %(Il(pn = 7n) = ftn(Bpn — Bd)|?)

2
1 1
< §(||p7l - dH2 + Hrn - d”Q) - §(||(pn - rn) - Mn(Bpn - Bd)||2)
1 1
= 5 (llpn — dlf* + [l —d|*) - S lllpn = rl” + i (Bpn — Bd)||?
— 2(pp = T, pin(Bpn — Bd))]
1

1 1 1
= —|lpn —d||? + =t — d||* = Z|lpn — 7ull* = =12 ||Bp,, — Bd))?
sllon —dl” + Slirn = dlI” = Sllpa = rall” = Spnll Bp I
+Mn<pn_7"n7Bpn_Bd>

1 1 1 1
S llrn = dj|* < 3 llpn — df|* - 3 lIpn — rall® — iﬂiHBPn — Bd||* + in(pn — 7, Bpn — Bd)
7o = dII* < lpn — d|I* = |pn — rull® — 1| Bpn — Bd||* 4 2ptn(pn — rn, Bpn — Bd) ~ (3.22)
cMan = dlI? < llpn = dlI? = [lpn — rall® = || Bpn — Bd||* + 2ptn (pn — 7, Bpn — Bd)
- ”Tn - Qn||2 - NiHBrn - Bd”2 + 2Un<Tn ~ Gn, Bry, — Bd)

= pn —dlI* = llpn = rall® = lrn — aull* — w1 Bp — Bdl|* + || Bry, — Bd||’]
+2,Ufn[<pn — T, Bpp — Bd> + <7'n = Qn, Bry — Bd>]
Putting value from (3.23) into (3.19),

(3.23)

Ipn+1 = d|I* < &allg(p) — dI* + (1 = &) Ipa — dI? = llpn = rall® = llrn — gall?
— | Bpy — Bd||* + || Bry, — Bd||’]
+ 2un[{pn — 0, Bpn — Bd) + (ry, — qn, Bry, — Bd)]]
= &llg(p) — d|I* + (1 = &) lIpn —dI* = (1 = &) [P — all® + 70 — aal]
— 11 (1 = &) [|| Bpn — Bd||* + || Br, — Bd|?]
+ 20 (L = &) [(pu — 70, By — Bd) + (. = ¢, Bry, — Bd)]
< &allg(p) —dI* + (1 = &)(17 = Vllpn — dl* + (1 = &) Ipn — d]?
— (=& lpn = rall® + I = gall?] = i (1 = &)L Bpn — Bd||* + || Bry, — Bd|)?]
+ 20 (1 = &) Ipn = rall-1Bpn — Bd|| + |l — gnl|-[| Brn — Bd|]
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<&llg(p) = dI” + (1 = &) (12 = Dllpn — d||* + [[pn — dIf®
— (1= &)B P = rall? + 10 — aul®] = g (1 = &) (| Bpn — Bd||* + || Bry, — Bd|)?]
+ QUn(l - §n)572;H|pn - TTL”'HBp’IL - Bd“ + H’rn - QnHHBrn - Bd”]

(L= &)GllPn =7l + lrn = aal®] < &allg(p) — dlI? + (L = &) (I = Dllpa — dIf* + [Ipn — d|I?
—pns1 = dl* = pp (1 = &) Bpn — Bd|* + || Brn — Bd||?]
+ 200 (1 = &) [P — 70| Bpa — Bl
+ lIrn = gnll-[|Brn — Bdll].

Since &, — 0, I, = 1 as n — oo and {pn}, {gn}, {rn} are bounded,
limy, oo [|[pn — d||? = |Pns1 — d||?] = 0, limy 00| Bpy, — Bd|| = 0 and
lim,, o || Bry, — Bd|| = 0,

S imy o [llpn — THHQ + [lrn — qn||2] < limy, o0 [[|pn — d||2 —lpnt1 — de] =0
= 1limy, oo [[pn — 7n]|? = 0 and lim, o0 |70 — @[> =0

nhﬁngo lpn — 10l =0 (3.24)
nh_}rrgo lrn —anll =0 (3.25)

[pn = T"ro|| < [lpn — TnilQn—IH + ||Tnilqn—1 - Tnilrn—ln

T iy = T || + | T 1 — T |
< [[§n-19(Pn-1) + (1 — §n—1)Tn71Qn—1 - Tnil‘]n—ln +ln-1llgn—1—rn-1ll
AT et = T ||+ Lol — 7l
= 1€n-19(Pn-1) = &n1 T gpa || + lnal| T, (Pa—1 = ptn—1Brn-1)
- Tunfl(pn—l — pin—1Bpn_1)|| + HTn_lTn—l = T" 1|l + lnllrn—1 — 7|
<&nllgPn1) =T gnall + b (Fn1 = ptn—1Bro 1)
= (Pn—1 = pn—1Bpn—1)| + ||Tn717"n—1 =T rpall + lnflrn—1 — 7l
= &nm1llg(pn—1) = T" gl + ln—1|(I = pn—1B)rn—1 — (I = pin—1B)pn—1|
+ ||Tn717’n—1 —T"rp a4 lnllrn—1 — 7l
< &nllgon-1) = T gnall + ln-1llrn—1 — Pl
T g = Tt || 4 Lt — 7l

Now, as limit n — oo then &, — 0, [, — 1 and since T is asymptotically regular on D and using

(3.16) and (3.24),
le lpr, = T"ry|| = 0. (3.26)

Now,

[rn =T rull = 170 — Pn 4 pn — T"ra|
< rn = pall + o0 = T" 7|

Taking limit n — oo and using (3.24) and (3.26),

lim ||r, — T"r,| = 0. (3.27)

n—roo
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Now,

1Trn — ol < || Tr, — Tn—Hrn” + HTn—Hrn - Tn+17ﬂn+1|| + ‘|Tn+1rn+1 = Toga|l + |71 — 7all
< hllrn = Tl + Lt 7 — T || + ||Tn+1rn+1 = Togtll + 171 — 7all

=liflrn = Tl + (nsr + Dl = o |+ 17 g = ra |-
Taking limit n — oo and using (3.16) and (3.27),
nh_)rréc |Tr, —ry|| = 0. (3.28)
Now,

ITpn = pull = (TP — Try + Trp — 10 + 70 — pal|
<\ Tpn —Tro|l + 1T =l + 7 — pall
< bllpn = rall + | Trn = 7ol + lrn — pall
= (i + Dllpn = rall + 1 Tr = ral|-

Taking limit n — oo and using (3.24) and (3.28),

i ([Tp, — pall = 0. (3.29)

Step 4. Since Pr(ryner(a,BY9 : D — D is p—contraction, using Banach contraction principle, a
unique do € F(T) () EP(G, B) exists such that dy = Pr(1yn gp(a,5)9(do). It will be proved that

lim (g(do) — do, pn — do) < 0. (3.30)

n—oo

Boundedness of {p,} implies that a subsequence {p,,} can be chosen such that

lim sup(g(do) — do, pn — do) = lim (g(do) — do, pn; — do). (3.31)
n—oo 1—> 00
W.L.O.G., assume that p,, — w. Due to convexity and closedness of D, it is weakly closed and
hence w € D. Now, it will be proved that w € F(T).
“Pp; — w and limy, o0 ||pn — Tpnll = 0, so by lemma (2.6), w € F(T).
Now, it will be proved that w € EP(G, B).
U pn; — w and limy, o0 [[pn — ma|| = 0 = 1y, — w.
v =T, (Pn — tnBpn)
“G(rn,q) + (Bpn,q —Tn) + #%<q —Tn,Tn —Pn) >0, Vg € D.
" G(rn,q) + G(g,m) <0
= *G(q,Tn)+<Bpn,Q*Tn>+M%<Q*Tn,’r'nfpn> > G(Tn7Q)+<Bpnaqfrn>+i<q77'narn7pn> >0
" ABPn,q —Tn) + L<q —TnyTn — Pn) > G(q,7n), Yq € D.

Hn
Replacing n by n;,

1
g <Bpni=q - Tni> + ,LL7<q —TniyTny — pni> 2 G(q7 r’ﬂi)' (332)
ni
Put r, = pg+ (1 — p)w, Yu € (0,1].
Since D is a convex set and ¢,w € D, so r, € D and hence it must satisfy (3.32) i.e.,
1

<Bpni,7“u - T’ﬂi> + T(TM ~Tngy Tng — p’ﬂi> > G<TN7 Tni)
g
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_<Bpni7ru - rni> - <rﬂ — TnisTn; _p’ﬂi> + G(rlﬂrni)
.uni
1

<7“H - Tni,BT';L> > <T';L — Ty B?“#> - <Bpn“7"u - Tm,> - 7<T# —Tn;sTn; _p’ni> + G(r,uv'rm:)

fin,

1
=1y —Tn;, Bry) — (1 — Ty, Bpn,) — T<m =Ty Tng — Png) + G, )

Uz

T, — .
- <rﬂ - rntT# - Bpn7> - <rﬂ — Tngs n17pm> + G(T#arm)

Lz

= (ry —rn,, Bry, — Bry, + Bry, — Bpp,) — (ry — n,, M) + G(ru,mn,)

s

= <TM - r"i’BT# - Brni> + <TM - r"i’Brni - Bp”i>

To. — .
— (= gy Py L Gy,

n;

o limpy oo |70, — Pryl| =0 = ||Bry, — Bpy, || = 0.
*.» B is monotonic, so (r, — ry,, Br, — Bry,) >0,
My, oo (T — Ty Bry) 2 limy, oo G(1pu, 7).

It follows from (G4) that

G(rp,w) < lim G(r,,ry,) < lim (r, —rp,, Bry) = (r, —w, Bry).

n—oQ n—oQ

Since 7, € D and from (G1), (G4) and (3.33), we have

0=G(ru,m) = Gry, pg + (1 — pjw)
< G(Tm NQ) + G(T/u ( - u)w)
— 4G @) + (1= 1) w).

< pG(ru, q) + (1= p)(ry —w, Bry).

Now,
rp—w=pg+ (- pw—w
= uq+w — pw —w
= pg — pw = p(q — w).
From (3.34),

0=G(ru,ru)
< pG(ru,q) + (1= p){plg — w), Bry)
= pG(ry,q) + (1 — p)p{g —w, Bry)
0<G(ru,q) + (1 —p){g —w,Bry).

Taking @ — 0 and Vg € D,
-.w € EP(G,B)
~w e F(T)(EP(G,B)

(3.33)

(3.34)
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From (3.31) and by using metric projection’s property,
Jim_ sup(g(do) — do, pn — do) = lim (g(do) — do, pn; — do)-
= (g(do) — do,w — do) < 0. (3.35)
Step 5. im0 ||pn — dof| = 0.
[Pn+1 = dol* = 1629 (pn) + (1 = &) T gy — do|®
= [|€n9(Pn) — Endo + (1 = &) T" g + &ndo — do||
= [€n(9(pn) — do) + (1 = &) T"qn — (1 — gn)d0||2
= |(1 = &) (T"gn — do) + &n(9(pn) — do)|?
< (1= &)(T"qn — dO)H2 + 2(&n(9(pn) — do),
(1 =& )(T"qn — do) + &n(9(Pn) — do))
= (1= &)?IIT"qn — dol|* + 262 ((9(pn) — do), Pns1 — do)
=(1- gn) 17" qn — TndO”2 +260(9(Pn) — do, Pny1 — do)
< (1= &)l lgn — doll* + 260 (g(pn) — g(do) + g(do) — do, pnt1 — do)
< (1 =&)* B lIpa — dol* = lIpn = r2l1? = [l — @ull® — p3 [l Bpn — Bdo|?
+ | Brn — Bdo||*] + 2pun[(pn — n, Bpn — Bdo) + (rn — qn, Brn — Bdo)]]
+ 280 (g(pn) — 9(do) + g(do) — do, pnt1 — do)
=[(1- fn)ln}znpn - dOH2 +[(1 - €n)ln]2[2#n[<pn — T, Bpn — Bdy)
+(ry = @n, Bro — Bdo)] = [Ipn = 721* = [l — @ull* — p3,[[| Bpn — Bdo|?
+ || Brn = Bdol[*]] + 26, {g(pn) — 9(do), nt1 — do) + (g(do) — do, ps1 —
<[ = &)l [lpn = dol|* + [(1 = &)ln]? 20 [lpn — 7nll.|| Bpn — Bdo||
+lrn = @ull | Bra — Bdol|) = [Ipn — 72l1? = [l — @ull* — p3[I| Bpn — Bdo|?
+ | Brn, = Bdo||*]] + 260llg(pn) — 9(do) |- Ipnt1 — doll + 26(g(do) — do, pnt1 — do)
<1 = &)lal?[pn = dol® + [(1 = &)1n]? 20 [pn — 7o ll-| B — Bdo|
+Irn = @ull | Bra = Bdol|) = [Ipn = r2l1? = [l — @ull® — p3[I| Bpn — Bdo|?
+ | Bra — Bdo|*]] + 26npllpn — doll-l[pn+1 — doll + 260 (9(do) — do, pns1 —
< (1 = &) pa — dol” + [(1 = &) 1n]? 2unlllpn — 70l-| Bpn — Bdo||
+ llrn = @ull-|Bra = Bdo|l] = llpn = rall* = 7n — @nll* = [l Bpn — Bdol|®
118, — By 2] + 26, p 12 BT o Z Ty e tg0y) — s — )

2
= [(1 = &)laJ*llpn = doll* + &npllpn — dol® + &npllpns1 — dol)?

+[(1 = &)l 2unlllpn — rll-1Bpn — Bdo|| + ||7n — qull-[| Bra — Bdo|[]
—llpn = 7all> = 7 — anull> = w2 || Bpn — Bdol* + || Brn, — Bdo||?]]

+ 2, (9(do) — do, pn+1 — do)

= [(1 - gn)(ln - 1) + (1 - gn)]QHPH - dOH2 + gnp”pn - dO”2 + fanpn—H -

+ (1= &)lal*pnlllpn = ol Bpn = Bdo| + lIrs = aull-||1 Brn — Bdol|
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— o0 = rall* = 70 = @nll* = [l Bpn — Bdol|” + || B, — Bdo|*]]

+2&,(g(do) — do, pns1 — do)

= [(1 - fn)Z + (1 - gn)Z(ln - 1)2 + 2(1 - gn)(ln - 1)(1 - fn) + gnP]Hpn - d0||2
+ &npllpntr — dol* + [(1 = &)ln]* 0[P — 70l | Bpn — Bdo|

+ lrn = gull-|| Brn = Bdoll] = llpn = rall* = 70 — gul?

— in[l|Bpn — Bdol|* + || Bry, — Bdo|*]] + 2€,(g(do) — do, pnt1 — do)

== @2=p)Bn+ B+ (1= 52) (L — 1)* +2(1 = 82)*(ln — D]llpn — do]?

+ Bupllpnir — dol* + [(1 = Bn)ln)*2nlllpn — 7l Bpn — Bdo||

+rn = gull-| Brn = Bdol] = llpn = rall* = rn — ¢nl?

— 112 (| Bpn — Bdo||* + || Brn, — Bdo||*]] + 26, (g(do) — do, pnt1 — do).-

1Pns1 = doll* = Enpllpnir — dol> < [1 = (2= p)én + &2 4 (ln — 1)* + 2(ln — D)][lpn — do1?
+ 12 20allpn — rall-|Bpn — Bdol| + ||rn — anll.|| Brn — Bdo||]
—lpn = rall> = 7 — anll* = w21l Bpn — Bdo|?
+ || Brn, — Bdo||*]] + 260 (9(do) — do, pnt1 — do)-

1- (2 B p)gn 52 + (ln — 1)2 + 2(ln - 1)
i1 — dol|? < [ |Ip, — dol|? + [ n — dol|?
s = dol” < [ =222 g — dol” + — lipn — dol
&
+ ——2pnlllpn — rull-1Bpn — Bdo|| + [[rn — gn||.[|Brn — Bdol[]
1 —p&

—[lpn — TnHQ —|lrn — Qn||2 - Ni[”Bpn - BdO”2 + || Bry, — BdOH2H
+2€,(9(do) — do, pny1 — do)

(2 - p)fn 2 52 + (In — 1)2 + Q(Zn - 1)
<1—--——]llpn —70|" + L L,
B T e
[
Mg 2pnlllpn = roll-1Bpn — Bdo|l + [ — gul|-[| Brn — Bdol|]
—lpn = all? = lIrn = aull® = g2 [l Bpn — Bdo||* + || Brn, — Bdo||*]]
285,
Y (9(r0) = do, pn+1 — do).
where L,, = supnen||pn — dol|?
Hpn+1 - dOH2 S (1 - a/n)”pn - dOH2 + AnTn, (336)
_ (2=p)én
where a,, = Tt
En+ (ln = 1) +2(, — 1) [
= L —n 12 — |\|Bp,, — Bd
Tn = | G- e, Ly + 1—p€n[ tnlllpn — ol Bpn ol
+ l7n = qull-1Brn — Bdoll] = llpn — rn||2 —lrn — QR||2

26n
1- pgn

— pnlllBpn — Bdo|* + || Brn — Bdo|*]] + (9(do) — do, pny1 — do)
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o limy, oo an =0, D207 g an = 00 and limy,ecsup 7, < 0,
s0, by using (3.36) and lemma (2.7),

lim ||p, — do|| = 0.
n—oo

4 Application

Theorem 4.1. Let D (# ¢) C H be closed and conver and let G : D x D — R be a bifunction
satisfying (G1), (G2), (G3) and (G4). Let g : D — D be p-contraction and T : D — D be asymp-
totically nonexpansive as well as asymptotically regular mapping such that F(T)( EP(G) # ¢.
Let {&,} € [0,1] and {pn} C [0,25] satisfying

(Z) lim,, o gn =0, ZZO:1 fn = o0,
(i) 0 <ay < pn, < by <28,
(iii) limn—soo(fn — pnt1) =0,
(iv) limy, o0 =1 = 0.
Ifp1 € D and sequence {p,,} is defined in (3.1), then {p,} strongly converges tor = Pp(ryn Ep(c)9(T)-

Proof. Putting B =0 in theorem 3.1, then G(ry,,q) + }%ﬂ(q — Tn,Tn — Pn) >0, Vg € D.
Then, the functions T}, p, and T}, r, exist and using theorem 3.1, we get the desired result. O

Remark 1. If T which is asymptotically nonexpansive mapping is replaced by a nonexpansive
mapping then improved version of theorem by Takahashi and Takahashi [16] is obtained.

5 Numerical Example

The following example is given for the justification of the theorem 3.1.

Example 1. Let D = [0,00) C H = R, G(p,q) = —2p® + pq + ¢* be a bifunction, gp = £ be

a contraction mapping, Bp = £ be a %—inverse stronge monotone and T’p = & asymptotically

nonexpansive and asymptotically regular.
Then, F(T) (" EP(G, B) = {0} # ¢. Taking p, = 1 and &, = -, then by algorithm (3.1), the
sequence {p,} is given by

Tn = %a
4n = %7 (51)

Asn — oo, p, — 0.

Table 1 compares the algorithms (5.1) and (1.5) and it reveals that convergence of sequence {p,, }
is faster by algorithm 5.1 than that by algorithm 1.5.

Figure 1 shows the convergence of sequence {p,} with different initial values.
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Table 1: Comparison of algorithms 5.1 and 1.5.

Number of iterations (n) | p, using algorithm 5.1 | p, using algorithm 1.5
1 90 90
2 11.7773 15.4688
3 0.7435 1.7847
4 0.0310 0.0756
) 0.0010 0.0024
6 0 0.0001

Figure 1: Graphical representation of n and p, for different initial values of p,

6 Conclusion

In this paper, asymptotically nonexpansive mapping is used to find out the common solution
of the fixed point and generalized equilibrium problem. After that, solution of the equilibrium
problem is determined as an application. Further, numerical comparison is done using algorithm
(1.5) and (5.1) which shows that the convergence by algorithm (5.1) is faster than algorithm
(1.5).
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