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nonexpansive mapping
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Abstract. In this paper, a common solution of fixed point and generalized equi-

librium problems using an asymptotically nonexpansive mapping is determined via

iterative approach. Further an application and numerical example of the main result

are given.
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1 Introduction

Let H be a real Hilbert space and ⟨., .⟩ and ∥.∥ denote inner product and induced norm respec-
tively. Let D ( ̸= ϕ) ⊂ H be closed and convex and {qn} be a sequence in H, then qn → q and
qn ⇀ q denote the strong and weak convergence of sequence {qn} to a point q ∈ H respectively.
For every q ∈ H,

∥q − PDq∥ ≤ ∥q − r∥,∀r ∈ D.

Then PD : H → D is known as metric projection.
A mapping T : D → D is called asymptotically nonexpansive [8] if there exists a sequence {ln}
with limn→∞ ln = 1 and

∥Tnq − Tnr∥ ≤ ln∥q − r∥,∀q, r ∈ D.

T is known as l-Lipschitzian (l ≥ 0) if

∥Tnq − Tnr∥ ≤ l∥q − r∥,∀q, r ∈ D,∀n ∈ N.

If ln = 1,∀n ∈ N, then T becomes nonexpansive mapping.
The concept of asymptotically nonexpansive mappings is the generalization of the concept of
nonexpansive mappings and it was introduced by Geobel and Kirk [8].
In the fixed point problem (FPP), q ∈ D is to be determined such that

Tq = q. (1.1)
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Now,
F (T ) = {q ∈ D : Tq = q}.

Consider a bifunction G : D ×D → R and a nonlinear mapping B : D → H.
To find d ∈ D such that

G(d, d1) + ⟨Bd, d1 − d⟩ ≥ 0,∀d1 ∈ D, (1.2)

is known as generalized equilibrium problem.
EP(G,B) denotes the solution set of problem (1.2).
If B ≡ 0 in (1.2), then the reduced form of problem (1.2) of determining d ∈ D such that

G(d, d1) ≥ 0,∀d1 ∈ D, (1.3)

is known as equilibrium problem. EP(G) denotes the solution set of problem (1.3).
If G ≡ 0 in (1.2), then the reduced form of problem (1.2) of determining d ∈ D such that

⟨Bd, d1 − d⟩ ≥ 0,∀d1 ∈ D, (1.4)

is known as classical variational inequality problem. VI(D,B) denotes the solution set of problem
(1.4).
If G(d, d1) = ⟨Bd, d1 − d⟩, for all d1, d ∈ D, then d ∈ EP (G) if and only if d ∈ V I(D,B).
The problem (1.2) is general and it includes many problems like variational inequality, optimiza-
tion, Nash equilibrium problems etc. as special cases. In [13, 14], the researcher established
fixed point iteration results via nonexpansive mappings. Also, the new iterative algorithms are
introduced by [15, 19, 21].
[12] “Let G : D ×D → R be a bifunction which satisfies the following conditions:

(G1) G(p, p) = 0 for all p ∈ D;

(G2) G is monotone, i.e., G(p, q) +G(q, p) ≤ 0 for all p, q ∈ D;

(G3) for each p, q, r ∈ D;
lim
t→0

supG(tr + (1− t)p, q) ≤ G(p, q);

(G4) for each p ∈ D, q 7→ G(p, q) is convex and lower semicontinuous.”

Definition 1. [12] “ A mapping B : D → H is called β-inverse strongly monotone if there exists
β ≥ 0 such that ⟨Bp−Bq, p− q⟩ ≥ β∥Bp−Bq∥2, ∀p, q ∈ D.”

Takahashi and Takahashi [16] proved the following result:

Theorem 1.1. [16] “Let D be a nonempty closed convex subset of a real Hilbert space H and
let G : D × D → R be a bifunction satisfying (G1), (G2), (G3) and (G4). Let B : D → H
be a β-inverse strongly monotone mapping and T : D → D be nonexpansive mapping such that
F (T )

⋂
EP (G,B) ̸= ϕ. Let u ∈ D, p1 ∈ D and let {rn} ⊂ D and {pn} ⊂ D be sequence defined

by {
G(rn, q) + ⟨Bpn, q − rn⟩+ 1

µn
⟨q − rn, rn − pn⟩ ≥ 0, ∀q ∈ D,

pn+1 = βnpn + (1− βn)T [αnu+ (1− αn)rn], ∀n ∈ N.
(1.5)

Let {αn} ⊂ [0, 1], {βn} ⊂ [0, 1] and {µn} ⊂ [0, 2β] satisfies

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞,

(ii) limn→∞(µn − µn+1) = 0,
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(iii) 0 < c ≤ βn ≤ d < 1, 0 < a ≤ µn ≤ b < 2β,

then {pn} converges strongly to r = PF (T )
⋂

EP (G,B)(u).”

In this paper, the result of Takahashi and Takahashi is further extended for asymptotically
nonexpansive mappings. The common solution of FPP and EP is obtained by iterative approach.

2 Preliminaries

Some definitions and lemmas are as follows:

Definition 2. [12] “A mapping g : D → D is known as contraction mapping if there exists
η ∈ [0, 1) such that

∥g(p)− g(q)∥ ≤ ∥p− q∥, ∀p, q ∈ D.”

Definition 3. [4] “Let D be a closed convex subset of a Hilbert space H. A mapping T : D → D
is called asymptotically regular at p if and only if limn→∞ ∥Tnp− Tn+1p∥ = 0.”

Lemma 2.1. ([3]): “Let D be a nonempty closed convex subset of a real Hilbert space H. Let
G : D × D → R be a bifunction satisfying (G1),(G2), (G3) and (G4). Let t > 0 and p ∈ H.
Then, there exists r ∈ D such that

G(r, q) +
1

t
⟨q − r, r − p⟩ ≥ 0, ∀q ∈ D.”

Lemma 2.2. ([7]): “Let D be a nonempty closed convex subset of a real Hilbert space H and let
G : D ×D → R be a bifunction satisfying (G1),(G2), (G3) and (G4). Then, for any t > 0 and
p ∈ H, there exists r ∈ D such that

G(r, q) +
1

t
⟨q − r, r − p⟩ ≥ 0, ∀q ∈ D.

Also, if

Ttp = {r ∈ D : G(r, q) +
1

t
⟨q − r, r − p⟩ ≥ 0, ∀q ∈ D},

then

(i) Tt is single valued,

(ii) Tt is firmly nonexpansive, i.e.,

∥Ttp− Ttq∥2 ≤ ⟨Ttp− Ttq, p− q⟩, ∀p, q ∈ H,

(iii) F (Tt) = EP (G),

(iv) EP(G) is closed and convex.”

[12] “Let G : D × D → R be a bifunction which satisfy (G1), (G2), (G3) and (G4). Let
B : D → H be a β-inverse strong monotone mapping. Then, by lemma 2.2, for each t > 0 and
p ∈ H, there exists s ∈ D such that Tt(p) = {s},
where Ttp = {r ∈ D : G(r, q) + 1

t ⟨q − r, r − p⟩, q ∈ D} = {s}.”
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Lemma 2.3. ([17]): “Let {rn} be a sequence of nonnegative real numbers satisfying

rn+1 ≤ (1− tn)rn + tnαn + βn, ∀n ≥ 0,

where {tn}, {αn} and {βn} satisfy the conditions:

(i) {tn} ⊂ [0, 1],
∑∞

n=1 tn = ∞,

(ii) limn→∞ supαn ≤ 0,

(iii) βn ≥ 0,
∑∞

n=1 βn ≤ ∞.

Then, limn→∞ rn = 0.”

Lemma 2.4. ([6]): “Let G : D × D → R be a bifunction satisfying the conditions (G1) and
(G2). Let Tt1 and Tt2 be defined as in lemma 2.2 with t1, t2 > 0. For any p, q ∈ H, then

∥Tt1q − Tt2p∥ ≤ ∥q − p∥+ | t1 − t2
t1

|∥Tt1q − q∥.”

Lemma 2.5. ([1]): “Let H be a real Hilbert space. Then, for any u, v ∈ H, we have

∥u+ v∥2 ≤ ∥u∥2 + 2⟨v, u+ v⟩.”

Lemma 2.6. ([5]): “Let T be an asymptotically nonexpansive mapping which is defined on a
closed and convex subset D of the real Hilbert space H. Then, I-T is demiclosed at 0 i.e., if {un}
is in D, un ⇀ u and un − Tun → 0, then u ∈ F (T ).”

Lemma 2.7. ([18]): “Let {rn} be a sequence of nonnegative real numbers such that

rn+1 ≤ (1− tn)rn + tnαn, ∀n ≥ 0,

where {tn} is a sequence in (0,1) and {αn} is a sequence in R such that

(i)
∑∞

n=1 tn = ∞,

(ii) limn→∞ supαn ≤ 0.

Then, limn→∞ rn = 0.”

3 Main Result

The main result is

Theorem 3.1. Let D (̸= ϕ) ⊂ H be closed and convex and let G : D ×D → R be a bifunction
satisfying (G1), (G2), (G3) and (G4), g : D → D be ρ-contraction, B : D → H be a β-inverse
stronge monotone and T : D → D be asymptotically nonexpansive as well as asymptotically
regular mapping such that F (T )

⋂
EP (G,B) ̸= ϕ. Let {ξn} ⊂ [0, 1] and {µn} ⊂ [0, 2β] satisfying

(i) limn→∞ ξn = 0,
∑∞

n=1 ξn = ∞,

(ii) 0 ≤ a1 ≤ µn ≤ b1 ≤ 2β,
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(iii) limn→∞(µn − µn+1) = 0,

(iv) limn→∞
ln−1
ξn

= 0.

For p1 ∈ D, if {pn} be a sequence defined as
rn = Tµn

(pn − µnBpn),

qn = Tµn
(rn − µnBrn),

pn+1 = ξng(pn) + (1− ξn)T
nqn, n = 1, 2, 3, ......,

(3.1)

then {pn} strongly converges to r = PF (T )
⋂

EP (G,B)g(r).

Proof. Step 1. {pn} is bounded.
Let d ∈ F (T )

⋂
EP (G,B), then

∥pn+1 − d∥ = ∥ξng(pn) + (1− ξn)T
nqn − d∥

= ∥ξng(pn)− ξng(d) + ξng(d)− ξnd+ ξnd+ (1− ξn)T
nqn − d∥

= ∥ξn[g(pn)− g(d)] + ξn[g(d)− d] + (1− ξn)T
nqn + (ξn − 1)d∥

≤ ξn∥g(pn)− g(d)∥+ ξn∥g(d)− d∥+ (1− ξn)∥Tnqn − d∥

≤ ξnρ∥pn+1 − d∥+ ξn∥g(d)− d∥+ (1− ξn)ln∥qn − d∥. (3.2)

Now,

∥qn − d∥2 = ∥Tµn
(rn − µnBrn)− d∥2

= ∥Tµn(rn − µnBrn)− Tµn(d− µnBd)∥2

≤ ∥(rn − µnBrn)− (d− µnBd)∥2

= ∥(rn − d)− µn(Brn −Bd)∥2

= ∥rn − d∥2 − 2µn⟨rn − d,Brn −Bd⟩+ µ2
n∥Brn −Bd∥2

≤ ∥rn − d∥2 − 2µnβ∥Brn −Bd∥2 + µ2
n∥Brn −Bd∥2

≤ ∥rn − d∥2 + µn(µn − 2β)∥Brn −Bd∥2

≤ ∥rn − d∥2

∴ ∥qn − d∥ ≤ ∥rn − d∥. (3.3)

Now,

∥rn − d∥2 = ∥Tµn(pn − µnBpn)− d∥2.

Similarly,

∥rn − d∥ ≤ ∥pn − d∥. (3.4)

So, from (3.2), using (3.3) and (3.4),

∥pn+1 − d∥ ≤ ξnρ∥pn − d∥+ ξn∥g(d)− d∥+ (1− ξn)ln∥pn − d∥
= (1− ξn)∥pn − d∥+ ξnρ∥pn − d∥+ ξn∥g(d)− d∥
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+ (1− ξn)ln∥pn − d∥ − (1− ξn)∥pn − d∥
= [1− ξn(1− ρ)]∥pn − d∥+ ξn∥g(d)− d∥+ (1− ξn)(ln − 1)∥pn − d∥
≤ [1− ξn(1− ρ)]∥pn − d∥+ ξn∥g(d)− d∥+ ξnδ∥pn − d∥
= [1− ξn(1− ρ− δ)]∥pn − d∥+ ξn∥g(d)− d∥

≤ max{∥pn − d∥, 1

1− ρ− δ
∥g(d)− d∥}.

So, {pn} is bounded and hence {Bpn}, {g(pn)}, {Tnrn} and {Tnqn} are bounded.
Step 2.

lim
n→∞

∥pn+1 − pn∥ = 0

∥pn+1 − pn∥ = ∥ξng(pn) + (1− ξn)T
nqn − ξn−1g(pn−1)− (1− ξn−1)T

n−1qn−1∥
= ∥ξng(pn)− ξng(pn−1) + ξng(pn−1) + (1− ξn)T

nqn

− (1− ξn)T
n−1qn−1 + (1− ξn)T

n−1qn−1 − χn−1g(pn−1)− (1− ξn−1)T
n−1qn−1∥

= ∥ξn[g(pn)− g(pn−1)] + (ξn − ξn−1)g(pn−1) + (1− ξn)(T
nqn − Tn−1qn−1)

+ (1− ξn)T
n−1qn−1 − (1− ξn−1)T

n−1qn−1∥
= ∥ξn[g(pn)− g(pn−1)] + (ξn − ξn−1)g(pn−1) + (1− ξn)(T

nqn − Tn−1qn−1)

+ (ξn−1 − ξn)T
n−1qn−1∥

= ∥ξn[g(pn)− g(pn−1)] + (ξn − ξn−1)(g(pn−1)− Tn−1qn−1)

+ (1− ξn)(T
nqn − Tn−1qn−1)∥

= ∥ξn[g(pn)− g(pn−1)] + (ξn − ξn−1)(g(pn−1)− Tn−1qn−1)

+ (1− ξn)(T
nqn − Tnqn−1 + Tnqn−1 − Tn−1qn−1)∥

≤ ξn∥g(pn)− g(pn−1)∥+ |ξn − ξn−1|.∥g(pn−1)− Tn−1qn−1||
+ (1− ξn)||Tnqn − Tnqn−1 + Tnqn−1 − Tn−1qn−1∥
≤ ξn∥g(pn)− g(pn−1)∥+ |ξn − ξn−1|[∥g(pn−1)∥+ ∥Tn−1qn−1∥]
+ (1− ξn)∥Tnqn − Tnqn−1∥+ (1− ξn)∥Tnqn−1 − Tn−1qn−1∥
≤ ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + (1− ξn)ln∥qn − qn−1∥
+ (1− ξn)∥Tnqn−1 − Tn−1qn−1∥

≤ ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + (1− ξn)(ln − 1)∥qn − qn−1∥
+(1− ξn)∥qn − qn−1∥+ (1− ξn)∥Tnqn−1 − Tn−1qn−1∥.

(3.5)

Now,
qn = Tµn

(rn − µnBrn) and qn+1 = Tµn+1
(rn+1 − µn+1Brn+1)

G(qn, q) + ⟨Brn, q − qn⟩+
1

µn
⟨q − qn, qn − rn⟩ ≥ 0, ∀q ∈ D (3.6)

G(qn+1, q) + ⟨Brn+1, q − qn+1⟩+
1

µn+1
⟨q − qn+1, qn+1 − rn+1⟩ ≥ 0, ∀q ∈ D (3.7)

Replacing q = qn+1 in (3.6) and q = qn in (3.7) and getting

G(qn, qn+1) + ⟨Brn, qn+1 − qn⟩+
1

µn
⟨qn+1 − qn, qn − rn⟩ ≥ 0 (3.8)
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G(qn+1, qn) + ⟨Brn+1, qn − qn+1⟩+
1

µn+1
⟨qn − qn+1, qn+1 − rn+1⟩ ≥ 0 (3.9)

Adding (3.8) and (3.9),

G(qn, qn+1) +G(qn+1, qn) + ⟨Brn, qn+1 − qn⟩+ ⟨Brn+1, qn − qn+1⟩

+
1

µn
⟨qn+1 − qn, qn − rn⟩+

1

µn+1
⟨qn − qn+1, qn+1 − rn+1⟩ ≥ 0.

Using (G2),
G(qn, qn+1) +G(qn+1, qn) ≤ 0

∴ ⟨Brn, qn+1 − qn⟩+ ⟨Brn+1, qn − qn+1⟩+
1

µn
⟨qn+1 − qn, qn − rn⟩

+
1

µn+1
⟨qn − qn+1, qn+1 − rn+1⟩ ≥ 0

⟨Brn+1, qn − qn+1⟩ − ⟨Brn, qn − qn+1⟩+ ⟨qn+1 − qn,
1

µn
(qn − rn)⟩

− ⟨qn+1 − qn,
1

µn+1
(qn+1 − rn+1)⟩ ≥ 0

⟨Brn+1 −Brn, qn − qn+1⟩+ ⟨qn+1 − qn,
1

µn
(qn − rn)−

1

µn+1
(qn+1 − rn+1)⟩ ≥ 0

⟨Brn+1 −Brn, qn − qn+1⟩+ ⟨qn − qn+1,
1

µn+1
(qn+1 − rn+1)−

1

µn
(rn − qn)⟩ ≥ 0.

Now,

⟨qn − qn+1, µn(Brn+1 −Brn) +
µn

µn+1
(qn+1 − rn+1)− (qn − rn)⟩

= ⟨qn − qn+1, µn(Brn+1 −Brn)⟩+ ⟨qn − qn+1,
µn

µn+1
(qn+1 − rn+1)− (qn − rn)⟩

= µn⟨qn − qn+1, Brn+1 −Brn⟩+ µn⟨qn − qn+1,
1

µn+1
(qn+1 − rn+1)−

1

µn
(qn − rn)⟩

= µn[⟨qn − qn+1, Brn+1 −Brn⟩+ ⟨qn − qn+1,
1

µn+1
(qn+1 − rn+1)−

1

µn
(qn − rn)⟩] ≥ 0

∴ 0 ≤ ⟨qn − qn+1, µn(Brn+1 −Brn) +
µn

µn+1
(qn+1 − rn+1)− (qn − rn)⟩

= ⟨qn+1 − qn,−µn(Brn+1 −Brn)−
µn

µn+1
(qn+1 − rn+1) + (qn − rn)⟩

= ⟨qn+1 − qn, qn − qn+1 + qn+1 −
µn

µn+1
qn+1 +

µn

µn+1
rn+1 − rn+1

+ rn+1 + µnBrn+1 + µnBrn − rn⟩

= ⟨qn+1 − qn, qn − qn+1 + (1− µn

µn+1
)qn+1 + (

µn

µn+1
− 1)rn+1

+ (rn+1 − µnBrn+1)− (rn − µnBrn)⟩

= ⟨qn+1 − qn, qn − qn+1 + (1− µn

µn+1
)(qn+1 − rn+1) + (rn+1 − rn)− µn(Brn+1 −Brn)⟩
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∴ ∥qn+1 − qn∥2 ≤ ∥qn+1 − qn∥{|1−
µn

µn+1
|∥qn+1 − rn+1∥+ ∥rn+1 − rn∥}

⇒ ∥qn+1 − qn∥ ≤ |1− µn

µn+1
|∥qn+1 − rn+1∥+ ∥rn+1 − rn∥

=
|µn+1 − µn|

µn+1
∥qn+1 − rn+1∥+ ∥rn+1 − rn∥

∥qn+1 − qn∥ ≤ ∥rn+1 − rn∥+
1

a1
|µn+1 − µn|M1, (3.10)

where M1 = max{∥qn+1 − rn+1∥}
Now,
rn = Tµn(qn − µnBqn) and rn+1 = Tµn+1(qn+1 − µn+1Bqn+1)
Similarly,

∥rn+1 − rn∥ ≤ ∥pn+1 − pn∥+
1

a1
|µn+1 − µn|M2, (3.11)

where M2 = max{∥rn+1 − pn+1∥}
So, from (3.10) and (3.11),

∥qn+1 − qn∥ ≤ ∥pn+1 − pn∥+
1

a1
|µn+1 − µn|M, (3.12)

where M = M1 +M2.

∴ ∥qn − qn−1∥ ≤ ∥pn − pn−1∥+
1

a1
|µn − µn−1|M (3.13)

∥Tnqn − Tn−1qn−1∥ = ∥Tnqn − Tnqn−1 + Tnqn−1 − Tn−1qn−1∥
≤ ∥Tnqn − Tnqn−1∥+ ∥Tnqn−1 − Tn−1qn−1∥

≤ ln∥qn − qn−1∥+ ∥Tnqn−1 − Tn−1qn−1∥. (3.14)

From (3.5),

∥pn+1 − pn∥ ≤ ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + (1− ξn)(ln − 1)∥qn − qn−1∥+ (1− ξn)∥qn − qn−1∥
+ (1− ξn)∥Tnqn−1 − Tn−1qn−1∥
≤ ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + (ln − 1)∥qn − qn−1∥+ (1− ξn)∥qn − qn−1∥
+ ∥Tnqn−1 − Tn−1qn−1∥

≤ ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + (ln − 1)[∥pn − pn−1∥+
1

a1
|µn − µn−1|M ]

+ (1− ξn)[∥pn − pn−1∥+
1

a1
|µn − µn−1|M ] + ∥Tnqn−1 − Tn−1qn−1∥

= ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + (ln − 1)∥pn − pn−1∥+
(ln − 1)

a1
|µn − µn−1|M

+ (1− ξn)∥pn − pn−1∥+
(1− ξn)

a1
|µn − µn−1|M + ∥Tnqn−1 − Tn−1qn−1∥

≤ ξnρ∥pn − pn−1∥+ |ξn − ξn−1|K + ξnδ∥pn − pn−1∥+
ξnδ

a1
|µn − µn−1|M
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+ (1− ξn)∥pn − pn−1∥+
(1− ξn)

a1
|µn − µn−1|M + ∥Tnqn−1 − Tn−1qn−1∥

= [1− ξn(1− ρ− δ)]∥pn − pn−1∥+
(ξnδ + 1− ξn)

a1
|µn − µn−1|M

+ |ξn − ξn−1|K + ∥Tnqn−1 − Tn−1qn−1∥

= [1− ξn(1− ρ− δ)]∥pn − pn−1∥+ ξn(1− ρ− δ)
|µn − µn−1|

a1
M

+
(−2ξn + 2ξnδ + ξnρ+ 1)

a1
|µn − µn−1|M + |ξn − ξn−1|K + ∥Tnqn−1 − Tn−1qn−1∥

≤ [1− ξn(1− ρ− δ)]∥pn − pn−1∥+ ξn(1− ρ− δ)
|µn − µn−1|

a1
M

+ [1 + ξn(2δ + ρ)]
|µn − µn−1|

a1
M + |ξn − ξn−1|K + ∥Tnqn−1 − Tn−1qn−1∥,

where K = sup{∥g(pn)∥+ ∥Tnqn∥}.
Taking sn = ξn(1− ρ− δ), ηn = |µn−µn−1|

a1
M and

γn = [1 + ξn(2δ + ρ)] |µn−µn−1|
a1

M + |ξn − ξn−1|K + ∥Tnqn−1 − Tn−1qn−1∥.
Then,
∥pn+1 − pn∥ ≤ (1− sn)∥pn − pn−1∥+ snηn + γn,
using lemma (2.4),

lim
n→∞

∥pn+1 − pn∥ = 0. (3.15)

Using (3.15) and limn→∞(µn − µn+1) = 0, then from (3.11) and (3.12),

lim
n→∞

∥rn+1 − rn∥ = 0 (3.16)

and
lim
n→∞

∥qn+1 − qn∥ = 0. (3.17)

Step 3. limn→∞ ∥Tpn − pn∥ = 0.
Now,

∥qn − d∥2 = ∥Tµn
(I − µnB)rn − Tµn

(I − µnB)d∥2

≤ ∥(I − µnB)rn − (I − µnB)d∥2

= ∥(rn − d)− µn(Brn −Bd)∥2

= ∥rn − d∥2 − 2µn⟨rn − d,Brn −Bd⟩+ µ2
n∥Brn −Bd∥2

≤ ∥rn − d∥2 − 2µnβ∥Brn −Bd∥2 + µ2
n∥Brn −Bd∥2

= ∥qn − d∥2 + µn(µn − 2β)∥Brn −Bd∥2 (3.18)

∥pn+1 − d∥2 = ∥ξng(pn) + (1− ξn)T
nqn − d∥2

= ∥ξng(pn)− ξnd+ ξnd+ (1− ξn)T
nqn − d∥2

= ∥ξn[g(pn)− d] + (1− ξn)T
nqn − (ξn − 1)d∥2

= ∥ξn[g(pn)− d] + (1− ξn)[T
nqn − d]∥2

≤ ξn∥g(pn)− d∥2 + (1− ξn)∥Tnqn − d∥2
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≤ ξn∥pn+1 − d∥2 + (1− ξn)l
2
n∥qn − d∥2 (3.19)

Putting value of ∥qn − d∥2,

≤ ξn∥g(pn)− d∥2 + (1− ξn)l
2
n[∥rn − d∥2 + µn(µn − 2β)∥Brn −Bd∥2]

≤ ξn∥g(pn)− d∥2 + (1− ξn)l
2
n∥rn − d∥2 + µn(µn − 2β)l2n∥Brn −Bd∥2. (3.20)

Putting value of ∥rn − d∥2,

≤ ξn∥g(pn)− d∥2 + (1− ξn)l
2
n[∥pn − d∥2 + µn(µn − 2β)∥Bpn −Bd∥2]

+ µn(µn − 2β)l2n∥Brn −Bd∥2

= ξn∥g(pn)− d∥2 + (1− ξn)l
2
n∥pn − d∥2 + (1− ξn)l

2
nµn(µn − 2β)∥Bpn −Bd∥2

+ µn(µn − 2β)l2n∥Brn −Bd∥2

= ξn∥g(pn)− d∥2 + (1− ξn)(l
2
n − 1)∥pn − d∥2 + (1− ξn)l

2
nµn(µn − 2β)∥Bpn −Bd∥2

+ µn(µn − 2β)l2n∥Brn −Bd∥2 + (1− ξn)∥pn − d∥2

≤ βn∥g(pn)− d∥2 + (1− ξn)(l
2
n − 1)∥pn − d∥2 + ∥pn − d∥2

+ (1− ξn)l
2
nµn(µn − 2β)∥Bpn −Bd∥2 + µn(µn − 2β)l2n∥Brn −Bd∥2

∴ (1− ξn)l
2
nµn(2β − µn)∥Bpn −Bd∥2 + µn(2β − µn)l

2
n∥Brn −Bd∥2 ≤ ξn∥g(pn)− d∥2

+(1− ξn)(l
2
n − 1)∥pn − d∥2 + ∥pn − d∥2 − ∥pn+1 − d∥2.

Since limn→∞ ξn = 0, limn→∞ ln = 1, {g(pn)} and {pn} are bounded, so

lim
n→∞

µn(2β − µn)∥Bpn −Bd∥2 + lim
n→∞

µn(2β − µn)∥Brn −Bd∥2

≤ lim
n→∞

[∥pn − d∥2 − ∥pn+1 − d∥2].

Since {pn} and {qn} are bounded, so

lim
n→∞

[∥pn − d∥2 − ∥pn+1 − d∥2] = 0.

∴ limn→∞ ∥Bpn −Bd∥ = 0 and limn→∞ ∥Brn −Bd∥ = 0.

∥qn − d∥2 = ∥Tµn(rn − µnBrn)− Tµn(d− µnBd)∥2

≤ ⟨qn − d, (rn − µnBrn)− (d− µnBd)⟩

=
1

2
(∥(rn − µnBrn)− (d− µnBd)∥2 + ∥qn − d∥2)

− 1

2
(∥(rn − µnBrn)− (d− µnBd)− (qn − d)∥2)

=
1

2
(∥(I − µnB)(rn − d)∥2 + ∥qn − d∥2)− 1

2
(∥(rn − qn)− µn(Brn −Bd)∥2)

≤ 1

2
(∥rn − d∥2 + ∥qn − d∥2)− 1

2
(∥(rn − qn)− µn(Brn −Bd)∥2)

=
1

2
(∥rn − d∥2 + ∥qn − d∥2)− 1

2
[∥rn − qn∥2 + ∥µn(Brn −Bd)∥2

− 2⟨rn − qn, µn(Brn −Bd)⟩]
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=
1

2
∥rn − d∥2 + 1

2
∥qn − d∥2 − 1

2
∥rn − qn∥2 −

1

2
µ2
n∥Brn −Bd∥2

+ µn⟨rn − qn, Brn −Bd⟩
1

2
∥qn − d∥2 ≤ 1

2
∥rn − d∥2 − 1

2
∥rn − qn∥2 −

1

2
µ2
n∥Brn −Bd∥2 + µn⟨rn − qn, Brn −Bd⟩

∥qn − d∥2 ≤ ∥rn − d∥2 − ∥rn − qn∥2 − µ2
n∥Brn −Bd∥2 + 2µn⟨rn − qn, Brn −Bd⟩ (3.21)

∥rn − d∥2 = ∥Tµn
(pn − µnBpn)− Tµn

(d− µnBd)∥2

≤ ⟨rn − d, (pn − µnBpn)− (d− µnBd)⟩

=
1

2
(∥(pn − µnBpn)− (d− µnBd)∥2 + ∥rn − d∥2)

− 1

2
(∥(pn − µnBpn)− (d− µnBd)− (rn − d)∥2)

=
1

2
(∥(I − µnB)(pn − d)∥2 + ∥rn − d∥2)− 1

2
(∥(pn − rn)− µn(Bpn −Bd)∥2)

≤ 1

2
(∥pn − d∥2 + ∥rn − d∥2)− 1

2
(∥(pn − rn)− µn(Bpn −Bd)∥2)

=
1

2
(∥pn − d∥2 + ∥rn − d∥2)− 1

2
[∥pn − rn∥2 + ∥µn(Bpn −Bd)∥2

− 2⟨pn − rn, µn(Bpn −Bd)⟩]

=
1

2
∥pn − d∥2 + 1

2
∥rn − d∥2 − 1

2
∥pn − rn∥2 −

1

2
µ2
n∥Bpn −Bd∥2

+ µn⟨pn − rn, Bpn −Bd⟩
1

2
∥rn − d∥2 ≤ 1

2
∥pn − d∥2 − 1

2
∥pn − rn∥2 −

1

2
µ2
n∥Bpn −Bd∥2 + µn⟨pn − rn, Bpn −Bd⟩

∥rn − d∥2 ≤ ∥pn − d∥2 − ∥pn − rn∥2 − µ2
n∥Bpn −Bd∥2 + 2µn⟨pn − rn, Bpn −Bd⟩ (3.22)

∴ ∥qn − d∥2 ≤ ∥pn − d∥2 − ∥pn − rn∥2 − µ2
n∥Bpn −Bd∥2 + 2µn⟨pn − rn, Bpn −Bd⟩

− ∥rn − qn∥2 − µ2
n∥Brn −Bd∥2 + 2µn⟨rn − qn, Brn −Bd⟩

= ∥pn − d∥2 − ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd∥2 + ∥Brn −Bd∥2]

+2µn[⟨pn − rn, Bpn −Bd⟩+ ⟨rn − qn, Brn −Bd⟩].
(3.23)

Putting value from (3.23) into (3.19),

∥pn+1 − d∥2 ≤ ξn∥g(p)− d∥2 + (1− ξn)l
2
n[∥pn − d∥2 − ∥pn − rn∥2 − ∥rn − qn∥2

− µ2
n[∥Bpn −Bd∥2 + ∥Brn −Bd∥2]

+ 2µn[⟨pn − rn, Bpn −Bd⟩+ ⟨rn − qn, Brn −Bd⟩]]
= ξn∥g(p)− d∥2 + (1− ξn)l

2
n∥pn − d∥2 − (1− ξn)l

2
n[∥pn − rn∥2 + ∥rn − qn∥2]

− µ2
n(1− ξn)l

2
n[∥Bpn −Bd∥2 + ∥Brn −Bd∥2]

+ 2µn(1− ξn)l
2
n[⟨pn − rn, Bpn −Bd⟩+ ⟨rn − qn, Brn −Bd⟩]

≤ ξn∥g(p)− d∥2 + (1− ξn)(l
2
n − 1)∥pn − d∥2 + (1− ξn)∥pn − d∥2

− (1− ξn)l
2
n[∥pn − rn∥2 + ∥rn − qn∥2]− µ2

n(1− ξn)l
2
n[∥Bpn −Bd∥2 + ∥Brn −Bd∥2]

+ 2µn(1− ξn)l
2
n[∥pn − rn∥.∥Bpn −Bd∥+ ∥rn − qn∥.∥Brn −Bd∥]
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≤ ξn∥g(p)− d∥2 + (1− ξn)(l
2
n − 1)∥pn − d∥2 + ∥pn − d∥2

− (1− ξn)l
2
n[∥pn − rn∥2 + ∥rn − qn∥2]− µ2

n(1− ξn)l
2
n[∥Bpn −Bd∥2 + ∥Brn −Bd∥2]

+ 2µn(1− ξn)l
2
n[∥pn − rn∥.∥Bpn −Bd∥+ ∥rn − qn∥.∥Brn −Bd∥]

(1− ξn)l
2
n[∥pn − rn∥2 + ∥rn − qn∥2] ≤ ξn∥g(p)− d∥2 + (1− ξn)(l

2
n − 1)∥pn − d∥2 + ∥pn − d∥2

− ∥pn+1 − d∥2 − µ2
n(1− ξn)l

2
n[∥Bpn −Bd∥2 + ∥Brn −Bd∥2]

+ 2µn(1− ξn)l
2
n[∥pn − rn∥.∥Bpn −Bd∥

+ ∥rn − qn∥.∥Brn −Bd∥].

Since ξn → 0, ln → 1 as n → ∞ and {pn}, {qn}, {rn} are bounded,
limn→∞[∥pn − d∥2 − ∥pn+1 − d∥2] = 0, limn→∞∥Bpn −Bd∥ = 0 and
limn→∞ ∥Brn −Bd∥ = 0,
∴ limn→∞[∥pn − rn∥2 + ∥rn − qn∥2] ≤ limn→∞[∥pn − d∥2 − ∥pn+1 − d∥2] = 0
⇒ limn→∞ ∥pn − rn∥2 = 0 and limn→∞ ∥rn − qn∥2 = 0

lim
n→∞

∥pn − rn∥ = 0 (3.24)

lim
n→∞

∥rn − qn∥ = 0 (3.25)

∥pn − Tnrn∥ ≤ ∥pn − Tn−1qn−1∥+ ∥Tn−1qn−1 − Tn−1rn−1∥
+ ∥Tn−1rn−1 − Tnrn−1∥+ ∥Tnrn−1 − Tnrn∥
≤ ∥ξn−1g(pn−1) + (1− ξn−1)T

n−1qn−1 − Tn−1qn−1∥+ ln−1∥qn−1 − rn−1∥
+ ∥Tn−1rn−1 − Tnrn−1∥+ ln∥rn−1 − rn∥
= ∥ξn−1g(pn−1)− ξn−1T

n−1qn−1∥+ ln−1∥Tµn−1
(rn−1 − µn−1Brn−1)

− Tµn−1(pn−1 − µn−1Bpn−1)∥+ ∥Tn−1rn−1 − Tnrn−1∥+ ln∥rn−1 − rn∥
≤ ξn−1∥g(pn−1)− Tn−1qn−1∥+ ln−1∥(rn−1 − µn−1Brn−1)

− (pn−1 − µn−1Bpn−1)∥+ ∥Tn−1rn−1 − Tnrn−1∥+ ln∥rn−1 − rn∥
= ξn−1∥g(pn−1)− Tn−1qn−1∥+ ln−1∥(I − µn−1B)rn−1 − (I − µn−1B)pn−1∥
+ ∥Tn−1rn−1 − Tnrn−1∥+ ln∥rn−1 − rn∥
≤ ξn−1∥g(pn−1)− Tn−1qn−1∥+ ln−1∥rn−1 − pn−1∥
+ ∥Tn−1rn−1 − Tnrn−1∥+ ln∥rn−1 − rn∥.

Now, as limit n → ∞ then ξn → 0, ln → 1 and since T is asymptotically regular on D and using
(3.16) and (3.24),

lim
n→∞

∥pn − Tnrn∥ = 0. (3.26)

Now,

∥rn − Tnrn∥ = ∥rn − pn + pn − Tnrn∥
≤ ∥rn − pn∥+ ∥pn − Tnrn∥.

Taking limit n → ∞ and using (3.24) and (3.26),

lim
n→∞

∥rn − Tnrn∥ = 0. (3.27)
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Now,

∥Trn − rn∥ ≤ ∥Trn − Tn+1rn∥+ ∥Tn+1rn − Tn+1rn+1∥+ ∥Tn+1rn+1 − rn+1∥+ ∥rn+1 − rn∥
≤ l1∥rn − Tnrn∥+ ln+1∥rn − rn+1∥+ ∥Tn+1rn+1 − rn+1∥+ ∥rn+1 − rn∥
= l1∥rn − Tnrn∥+ (ln+1 + 1)∥rn − rn+1∥+ ∥Tn+1rn+1 − rn+1∥.

Taking limit n → ∞ and using (3.16) and (3.27),

lim
n→∞

∥Trn − rn∥ = 0. (3.28)

Now,

∥Tpn − pn∥ = ∥Tpn − Trn + Trn − rn + rn − pn∥
≤ ∥Tpn − Trn∥+ ∥Trn − rn∥+ ∥rn − pn∥
≤ l1∥pn − rn∥+ ∥Trn − rn∥+ ∥rn − pn∥
= (l1 + 1)∥pn − rn∥+ ∥Trn − rn∥.

Taking limit n → ∞ and using (3.24) and (3.28),

lim
n→∞

∥Tpn − pn∥ = 0. (3.29)

Step 4. Since PF (T )
⋂

EP (G,B)g : D → D is ρ−contraction, using Banach contraction principle, a
unique d0 ∈ F (T )

⋂
EP (G,B) exists such that d0 = PF (T )

⋂
EP (G,B)g(d0). It will be proved that

lim
n→∞

⟨g(d0)− d0, pn − d0⟩ ≤ 0. (3.30)

Boundedness of {pn} implies that a subsequence {pni} can be chosen such that

lim
n→∞

sup⟨g(d0)− d0, pn − d0⟩ = lim
i→∞

⟨g(d0)− d0, pni
− d0⟩. (3.31)

W.L.O.G., assume that pni
⇀ w. Due to convexity and closedness of D, it is weakly closed and

hence w ∈ D. Now, it will be proved that w ∈ F (T ).
∵ pni ⇀ w and limn→∞ ∥pn − Tpn∥ = 0, so by lemma (2.6), w ∈ F (T ).
Now, it will be proved that w ∈ EP (G,B).
∵ pni

⇀ w and limn→∞ ∥pn − rn∥ = 0 ⇒ rni
⇀ w.

∵ rn = Tµn
(pn − µnBpn)

∴ G(rn, q) + ⟨Bpn, q − rn⟩+ 1
µn

⟨q − rn, rn − pn⟩ ≥ 0, ∀q ∈ D.

∵ G(rn, q) +G(q, rn) ≤ 0
⇒ −G(q, rn)+⟨Bpn, q−rn⟩+ 1

µn
⟨q−rn, rn−pn⟩ ≥ G(rn, q)+⟨Bpn, q−rn⟩+ 1

µn
⟨q−rn, rn−pn⟩ ≥ 0

∴ ⟨Bpn, q − rn⟩+ 1
µn

⟨q − rn, rn − pn⟩ ≥ G(q, rn), ∀q ∈ D.
Replacing n by ni,

∴ ⟨Bpni
, q − rni

⟩+ 1

µni

⟨q − rni
, rni

− pni
⟩ ≥ G(q, rni

). (3.32)

Put rµ = µq + (1− µ)w, ∀µ ∈ (0, 1].
Since D is a convex set and q, w ∈ D, so rµ ∈ D and hence it must satisfy (3.32) i.e.,

⟨Bpni
, rµ − rni

⟩+ 1

µni

⟨rµ − rni
, rni

− pni
⟩ ≥ G(rµ, rni

)
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0 ≥ −⟨Bpni
, rµ − rni

⟩ − 1

µni

⟨rµ − rni
, rni

− pni
⟩+G(rµ, rni

)

⟨rµ − rni
, Brµ⟩ ≥ ⟨rµ − rni

, Brµ⟩ − ⟨Bpni
, rµ − rni

⟩ − 1

µni

⟨rµ − rni
, rni

− pni
⟩+G(rµ, rni

)

= ⟨rµ − rni
, Brµ⟩ − ⟨rµ − rni

, Bpni
⟩ − 1

µni

⟨rµ − rni
, rni

− pni
⟩+G(rµ, rni

)

= ⟨rµ − rni
, Brµ −Bpni

⟩ − ⟨rµ − rni
,
rni

− pni

µni

⟩+G(rµ, rni)

= ⟨rµ − rni , Brµ −Brni +Brni −Bpni⟩ − ⟨rµ − rni ,
rni

− pni

µni

⟩+G(rµ, rni)

= ⟨rµ − rni
, Brµ −Brni

⟩+ ⟨rµ − rni
, Brni

−Bpni
⟩

− ⟨rµ − rni
,
rni

− pni

µni

⟩+G(rµ, rni
)

∵ limn→∞ ∥rni − pni∥ = 0 ⇒ ∥Brni −Bpni∥ = 0.
∵ B is monotonic, so ⟨rµ − rni , Brµ −Brni⟩ ≥ 0,
∴ limn→∞⟨rµ − rni

, Brµ⟩ ≥ limn→∞ G(rµ, rni
).

It follows from (G4) that

G(rµ, w) ≤ lim
n→∞

G(rµ, rni
) ≤ lim

n→∞
⟨rµ − rni

, Brµ⟩ = ⟨rµ − w,Brµ⟩. (3.33)

Since rµ ∈ D and from (G1), (G4) and (3.33), we have

0 = G(rµ, rµ) = G(rµ, µq + (1− µ)w)

≤ G(rµ, µq) +G(rµ, (1− µ)w)

= µG(rµ, q) + (1− µ)G(rµ, w).

≤ µG(rµ, q) + (1− µ)⟨rµ − w,Brµ⟩. (3.34)

Now,

rµ − w = µq + (1− µ)w − w

= µq + w − µw − w

= µq − µw = µ(q − w).

From (3.34),

0 = G(rµ, rµ)

≤ µG(rµ, q) + (1− µ)⟨µ(q − w), Brµ⟩
= µG(rµ, q) + (1− µ)µ⟨q − w,Brµ⟩

0 ≤ G(rµ, q) + (1− µ)⟨q − w,Brµ⟩.

Taking µ → 0 and ∀q ∈ D,

0 ≤ G(w, q) + ⟨q − w,Bw⟩

∴ w ∈ EP (G,B)

∴ w ∈ F (T )
⋂

EP (G,B)
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From (3.31) and by using metric projection’s property,

lim
n→∞

sup⟨g(d0)− d0, pn − d0⟩ = lim
i→∞

⟨g(d0)− d0, pni
− d0⟩.

= ⟨g(d0)− d0, w − d0⟩ ≤ 0. (3.35)

Step 5. limn→∞ ∥pn − d0∥ = 0.

∥pn+1 − d0∥2 = ∥ξng(pn) + (1− ξn)T
nqn − d0∥2

= ∥ξng(pn)− ξnd0 + (1− ξn)T
nqn + ξnd0 − d0∥2

= ∥ξn(g(pn)− d0) + (1− ξn)T
nqn − (1− ξn)d0∥2

= ∥(1− ξn)(T
nqn − d0) + ξn(g(pn)− d0)∥2

≤ ∥(1− ξn)(T
nqn − d0)∥2 + 2⟨ξn(g(pn)− d0),

(1− ξn)(T
nqn − d0) + ξn(g(pn)− d0)⟩

= (1− ξn)
2∥Tnqn − d0∥2 + 2ξn⟨(g(pn)− d0), pn+1 − d0⟩

= (1− ξn)
2∥Tnqn − Tnd0∥2 + 2ξn⟨g(pn)− d0, pn+1 − d0⟩

≤ (1− ξn)
2l2n∥qn − d0∥2 + 2ξn⟨g(pn)− g(d0) + g(d0)− d0, pn+1 − d0⟩

≤ (1− ξn)
2l2n[∥pn − d0∥2 − ∥pn − rn∥2 − ∥rn − qn∥2 − µ2

n[∥Bpn −Bd0∥2

+ ∥Brn −Bd0∥2] + 2µn[⟨pn − rn, Bpn −Bd0⟩+ ⟨rn − qn, Brn −Bd0⟩]]
+ 2ξn⟨g(pn)− g(d0) + g(d0)− d0, pn+1 − d0⟩
= [(1− ξn)ln]

2∥pn − d0∥2 + [(1− ξn)ln]
2[2µn[⟨pn − rn, Bpn −Bd0⟩

+ ⟨rn − qn, Brn −Bd0⟩]− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2

+ ∥Brn −Bd0∥2]] + 2ξn⟨g(pn)− g(d0), pn+1 − d0⟩+ ⟨g(d0)− d0, pn+1 − d0⟩
≤ [(1− ξn)ln]

2∥pn − d0∥2 + [(1− ξn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥

+ ∥rn − qn∥.∥Brn −Bd0∥]− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2

+ ∥Brn −Bd0∥2]] + 2ξn∥g(pn)− g(d0)∥.∥pn+1 − d0∥+ 2ξn⟨g(d0)− d0, pn+1 − d0⟩
≤ [(1− ξn)ln]

2∥pn − d0∥2 + [(1− ξn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥

+ ∥rn − qn∥.∥Brn −Bd0∥]− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2

+ ∥Brn −Bd0∥2]] + 2ξnρ∥pn − d0∥.∥pn+1 − d0∥+ 2ξn⟨g(d0)− d0, pn+1 − d0⟩
≤ [(1− ξn)ln]

2∥pn − d0∥2 + [(1− ξn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥

+ ∥rn − qn∥.∥Brn −Bd0∥]− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2

+ ∥Brn −Bd0∥2]] + 2ξnρ[
∥pn − d0∥2 + ∥pn+1 − d0∥2

2
] + 2ξn⟨g(d0)− d0, pn+1 − d0⟩

= [(1− ξn)ln]
2∥pn − d0∥2 + ξnρ∥pn − d0∥2 + ξnρ∥pn+1 − d0∥2

+ [(1− ξn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥+ ∥rn − qn∥.∥Brn −Bd0∥]

− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2 + ∥Brn −Bd0∥2]]

+ 2ξn⟨g(d0)− d0, pn+1 − d0⟩
= [(1− ξn)(ln − 1) + (1− ξn)]

2∥pn − d0∥2 + ξnρ∥pn − d0∥2 + ξnρ∥pn+1 − d0∥2

+ [(1− ξn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥+ ∥rn − qn∥.∥Brn −Bd0∥]
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− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2 + ∥Bn −Bd0∥2]]

+ 2ξn⟨g(d0)− d0, pn+1 − d0⟩
= [(1− ξn)

2 + (1− ξn)
2(ln − 1)2 + 2(1− ξn)(ln − 1)(1− ξn) + ξnρ]∥pn − d0∥2

+ ξnρ∥pn+1 − d0∥2 + [(1− ξn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥

+ ∥rn − qn∥.∥Brn −Bd0∥]− ∥pn − rn∥2 − ∥rn − qn∥2

− µ2
n[∥Bpn −Bd0∥2 + ∥Brn −Bd0∥2]] + 2ξn⟨g(d0)− d0, pn+1 − d0⟩

= [1− (2− ρ)βn + β2
n + (1− βn)

2(ln − 1)2 + 2(1− βn)
2(ln − 1)]∥pn − d0∥2

+ βnρ∥pn+1 − d0∥2 + [(1− βn)ln]
2[2µn[∥pn − rn∥.∥Bpn −Bd0∥

+ ∥rn − qn∥.∥Brn −Bd0∥]− ∥pn − rn∥2 − ∥rn − qn∥2

− µ2
n[∥Bpn −Bd0∥2 + ∥Brn −Bd0∥2]] + 2ξn⟨g(d0)− d0, pn+1 − d0⟩.

∥pn+1 − d0∥2 − ξnρ∥pn+1 − d0∥2 ≤ [1− (2− ρ)ξn + ξ2n + (ln − 1)2 + 2(ln − 1)]∥pn − d0∥2

+ l2n[2µn[∥pn − rn∥.∥Bpn −Bd0∥+ ∥rn − qn∥.∥Brn −Bd0∥]
− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2

n[∥Bpn −Bd0∥2

+ ∥Brn −Bd0∥2]] + 2ξn⟨g(d0)− d0, pn+1 − d0⟩.

∥pn+1 − d0∥2 ≤ [
1− (2− ρ)ξn

1− ρξn
]∥pn − d0∥2 + [

ξ2n + (ln − 1)2 + 2(ln − 1)

1− ρξn
]∥pn − d0∥2

+
l2n

1− ρξn
[2µn[∥pn − rn∥.∥Bpn −Bd0∥+ ∥rn − qn∥.∥Brn −Bd0∥]

− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2 + ∥Brn −Bd0∥2]]

+ 2ξn⟨g(d0)− d0, pn+1 − d0⟩

≤ [1− (2− ρ)ξn
1− ρξn

]∥pn − r0∥2 + [
ξ2n + (ln − 1)2 + 2(ln − 1)

1− ρξn
]Ln

+
l2n

1− ρξn
[2µn[∥pn − rn∥.∥Bpn −Bd0∥+ ∥rn − qn∥.∥Brn −Bd0∥]

− ∥pn − rn∥2 − ∥rn − qn∥2 − µ2
n[∥Bpn −Bd0∥2 + ∥Brn −Bd0∥2]]

+
2ξn

1− ρξn
⟨g(r0)− d0, pn+1 − d0⟩.

where Ln = supn∈N∥pn − d0∥2

∴ ∥pn+1 − d0∥2 ≤ (1− an)∥pn − d0∥2 + anτn, (3.36)

where an = (2−ρ)ξn
1−ρξn

,

τn = [
ξ2n + (ln − 1)2 + 2(ln − 1)

(2− ρ)ξn
]Ln +

l2n
1− ρξn

[2µn[∥pn − rn∥.∥Bpn −Bd0∥

+ ∥rn − qn∥.∥Brn −Bd0∥]− ∥pn − rn∥2 − ∥rn − qn∥2

− µ2
n[∥Bpn −Bd0∥2 + ∥Brn −Bd0∥2]] +

2ξn
1− ρξn

⟨g(d0)− d0, pn+1 − d0⟩
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. ∵ limn→∞ an = 0,
∑∞

n=0 an = ∞ and limn→∞sup τn ≤ 0,
so, by using (3.36) and lemma (2.7),

lim
n→∞

∥pn − d0∥ = 0.

4 Application

Theorem 4.1. Let D ( ̸= ϕ) ⊂ H be closed and convex and let G : D ×D → R be a bifunction
satisfying (G1), (G2), (G3) and (G4). Let g : D → D be ρ-contraction and T : D → D be asymp-
totically nonexpansive as well as asymptotically regular mapping such that F (T )

⋂
EP (G) ̸= ϕ.

Let {ξn} ⊂ [0, 1] and {µn} ⊂ [0, 2β] satisfying

(i) limn→∞ ξn = 0,
∑∞

n=1 ξn = ∞,

(ii) 0 < a1 ≤ µn ≤ b1 ≤ 2β,

(iii) limn→∞(µn − µn+1) = 0,

(iv) limn→∞
ln−1
ξn

= 0.

If p1 ∈ D and sequence {pn} is defined in (3.1), then {pn} strongly converges to r = PF (T )
⋂

EP (G)g(r).

Proof. Putting B ≡ 0 in theorem 3.1, then G(rn, q) +
1
µn

⟨q − rn, rn − pn⟩ ≥ 0, ∀q ∈ D.
Then, the functions Tµn

pn and Tµn
rn exist and using theorem 3.1, we get the desired result.

Remark 1. If T which is asymptotically nonexpansive mapping is replaced by a nonexpansive
mapping then improved version of theorem by Takahashi and Takahashi [16] is obtained.

5 Numerical Example

The following example is given for the justification of the theorem 3.1.

Example 1. Let D = [0,∞) ⊂ H = R, G(p, q) = −2p2 + pq + q2 be a bifunction, gp = p
3 be

a contraction mapping, Bp = p
2 be a 1

2 -inverse stronge monotone and Tp = p
4 asymptotically

nonexpansive and asymptotically regular.
Then, F (T )

⋂
EP (G,B) = {0} ̸= ϕ. Taking µn = 1 and ξn = 1

4n , then by algorithm (3.1), the
sequence {pn} is given by

rn = pn

8 ,

qn = rn
8 ,

pn+1 = ξng(pn) + (1− ξn)T
nqn, n = 1, 2, 3, .......

(5.1)

As n → ∞, pn → 0.
Table 1 compares the algorithms (5.1) and (1.5) and it reveals that convergence of sequence {pn}
is faster by algorithm 5.1 than that by algorithm 1.5.
Figure 1 shows the convergence of sequence {pn} with different initial values.
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Table 1: Comparison of algorithms 5.1 and 1.5.
Number of iterations (n) pn using algorithm 5.1 pn using algorithm 1.5

1 90 90
2 11.7773 15.4688
3 0.7435 1.7847
4 0.0310 0.0756
5 0.0010 0.0024
6 0 0.0001

1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5

2

2.5

3

No. of iterations (n)

p
n

Figure 1: Graphical representation of n and pn for different initial values of pn

6 Conclusion

In this paper, asymptotically nonexpansive mapping is used to find out the common solution
of the fixed point and generalized equilibrium problem. After that, solution of the equilibrium
problem is determined as an application. Further, numerical comparison is done using algorithm
(1.5) and (5.1) which shows that the convergence by algorithm (5.1) is faster than algorithm
(1.5).
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