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Conformal bounds for the first eigenvalue of the

(p, q)-Laplacian system
Mohammad Javad Habibi Vosta Kolaei and Shahroud Azami

Abstract. Consider (M, g) as an m-dimensional compact connected Riemannian
manifold without boundary. In this paper, we investigate the first eigenvalue Ay p 4
of the (p, q)-Laplacian system on M. Also, in the case of p,q > n we will show that
for arbitrary large Aqp 4 there exists a Riemannian metric of volume one conformal
to the standard metric of S™.

Keywords. Eigenvalue, the (p, ¢)-Laplacian system, geometric estimate, Riemannian met-
rics.

1 Introduction

Finding bounds of the eigenvalue for the Laplacian on a given manifold is a key aspect in Rie-
mannian geometry. As an example, studying eigenvalues that appear as solutions of the Dirichlet
or Neumann boundary value problems for curvature functions, is interesting topic in geometric
analysis. In recent years, because of the theory of self-adjoint operators, the spectral properties
of linear Laplacian studied extensively. As an important example, mathematicians generally are
interested in the spectrum of the Laplacian on compact manifolds with or without boundary or
noncompact complete manifolds due to in these two cases the linear Laplacians can be uniquely
extended to self-adjoint operators (see [8, 9]).

Since the study of the properties of spectrum of Laplacian (specially in Dirichlet condition) in
infinitely stretched regions has applications in elasticity, electromagnetism and quantum physics,
it attracts attention of many mathematicians and physicists. Recently Mao has proved the exis-
tence of discrete spectrum of linear Laplacian on a class of 4-dimentional rotationally symmetric
quantum layers, which are noncompact noncomplete manifolds in [12].

Consider M as a compact, complete, simply connected Riemannian manifold. Let u : M —
R be a smooth function on M or u € WP (M) where W1P (M) is the Sobolev space. The p-
Laplacian of u for 1 < p < oo is defined as

Ayu = div(|Vul|P~?Vu) (1.1)
= |Vu|P2Au + (p — 2)|VulP~*(Hess u)(Vu, Vu),
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where
(Hessu) (X,Y)=V(Vu) (X,)Y)=X.(Yu) - (VxY).u XY €x(M).

Although the regularity theory of the p-Laplacian is very different from the usual Laplacian,
many of the estimates for the first eigenvalue of the Laplacian (for example for p = 2) can be
generalized to general p. As an important example in [13], you can find remarkable results in a
case of closed manifolds with bounded Ricci curvature from below by (m — 1) K where K > 0.
The special case K = 0 and general case K € R are studied in [16] and [15], respectively.

Consider ¢ as a Riemannian metric on M. The conformal class of g defined as

9] ={fglf € C= (M), f >0},

also
G (n) ={y € Diff(S") |v"can € [can]},

for arbitrary natural n, denote the group of conformal diffeomorphisms of (S", can). It was proved
before, for n big enough the set

In (M, [g]) = {¢: M — S§"|¢"can € [g]},

of conformal immersions from (M, g) to (S, can) is nonempty. The spectrum of eigenvalues of
geometric operators were studied before. As an example, for m-dimensional closed connected
Riemannian manifold M with metric g

Spec(g) ={0=2X0(9) <A (9) <A (9) <. <A (g) < ...},

where A (g) denotes the k-th eigenvalue of Laplace operator. Furthermore,

e (M, [g]) = ?él[p] Ak () = sup{ A (9) V (g)%}’

where g is the metric conformal to g and V' (§) is the volume element associated to §.

The conformal bound for the first eigenvalue of p-Laplacian system (1.1) was studied before
in [14].
Theorem 1.1 (Matei [14]). Let M be an m-dimensional compact manifold and 1 < p < m. If
g denotes the Riemannian metric on M and n € N then

¥

Ay (M) < m¥ (0 +1) 57V (M, [g) ™
where
Ve(M,[g]) = inf sup vol (M, (yo )" can).

$€In(M,[g]) yeG(n)

2 The (p,q)-Laplacian system

The (p, ¢)-elliptic quasilinear system is defined as

—Apu = +A|ul*|v|fv in M,
—Av = +A|u|*v|Pu in M, (2.1)
u=wv=0 (Dirichlet) or Vsu=Vsv=0 (Neumann) on OM,
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where § is the outward normal on M, p > 1, ¢ > 1 and «, 8 are real numbers such that

a+1 +1
+BT:

a>0,5>0, 1.

In this situation A is called an eigenvalue of system (2.1) and (u,v) are eigenfunctions correspond-
ing to A.

In the term of the first nontrivial eigenvalue of the (p, q)-elliptic quasilinear system (2.1),
the first Neumann eigenvalue is defined as

1 1 1
prna =inf{ <a; J v S 'W) C uwe W' (M)\{0),B=€ =0},
where

A= / o+ o]
M

and also

B:/ (ulalP~2 + fulJo]) |
M

&= / (v|v]?72 + |u|a|v\5u) .
M

N. Zographopoulos in [17] has discussed the existence and uniqueness of the solution of the
(p, q)-elliptic quasilinear system (2.1). This type of systems have been found in different cases
in physics. For example to the study of transport of electron temperature in a confined plasma
and also to the study of electromagnetic phenomena in nonhomogeneous super conductors, you
can see [3, 6]. Also for more details in electrochemistry and nuclear reaction, you can find useful
results in [4] or [5], respectively.

Let (M, g) be an m-dimensional compact Riemannian manifold. The first Dirichlet eigen-
value of the system (2.1) is defined as

. 1 a+1 B+1/
Mipq (M) = inf VulPdv + —— [ |Volidv]| !,
Lo (M) u}irfl#O{fMWI”‘*llvlﬂ“dv[ p /M| ufdv+ = M| ! v”

where
(u,v) € Wy (M) x Wy? (M) \ {0}.
As an example the second author has studied the first eigenvalue of the system (2.1) in [1]. In this

paper by inproving methods from Matei [14], we are going to study the first Dirichlet eigenvalue
of the system (2.1).

3 The first case, p,g <m

In this section we will prove that
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Theorem 3.1. Consider M as an m-dimensional compact Riemannian manifold and also 1 <
p,g < m. If M\ p 4 denotes the first eigenvalue of the (p,q)-Laplacian system (2.1) and p > g,
then for arbitrary natural n we get

e Ifp,q>2, then

=

Mg (M) < (n+1)37" m¥ (V¢ (M, [g]) " .

o If1<q,p<2, then

(SIS
o
S
)
~—
~—

3l

Mg (M) < (n+1)" 290D

e If1<q<2<p then
l( 2 ) q Y
Mg (M) < (n+ 120D m (Ve (M )

Before giving proof for this theorem, first of all, we consider two following lemmas.

Lemma 3.1 (Chebyshev’s inequality [2]). Consider {a;}?, and {b;}_, as two decreasing
real sequences, then

1 & 1 & 1 &

Lemma 3.2. Let ¢ : (M,g) — (S™,can) be a smooth map which its level sets are zero measure,
then there exist v,8 € G (n) and p > q such that

e Ifp,q>2, then

1,2 1 1
M 1) < 0+ 02 (S [ g 222 [ jagean).
p M q M
o If1 < p,q<2, then
_1 1 1
/\17p7q (M) < (”“‘ 1) zaty (M/ |d¢|PdU + BL/ |d77|qd11> .
p M q M

o If1<qg<2<p, then

1.2 1 1
Mpg (M) < (n+ UE(I) 7 <a+/ |dap|Tdv + Bi/ Iqud@) ’
p M q M

where n =00 ¢ and 1 =y o ¢.

Proof. For o, > 0 there exist 7,5 € G (n) and for ¢, = (yo¢), and 1; = (6 0 ¢), where
1 <i<n+1 we see

1 a+1/ < ,B—|—1/ .
A M S = dipdv_i'_i diq7
Lp,q( ) fM |1/1i|a+1|77i|’8+1d71[ D M| ¢| q ‘ 77|}
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where 7j; and 1); are the decreasing rearrangement of 1; and 1; respectively, then

Mg ) [ 1l < S8 [ a4 O [ Jai e

By taking summation from ¢ =1 to i = n + 1 from both sides we conclude that

n+1 n+1

i1 a+1 p+1 .
> (Mpa ) [ 1 i) <30 (U [ i+ 22 ] ).
i=1 M i=1 p M

or

n+1

n+1
1 a+l/ B+1 /
A < d;|Pdv + —— dz
Lo (M) < ST > i > | ]

First of all, let p,q > 2, then

S

ntl n+1 n+l 5
Do lddil? = (Jdl?)? (Z |d¢z|2> = |dy?,
i=1 i—1

and also

n+1 n+1 g n+1 3
St = 3 (a1’ (zw) g,
=1

Now by Chebyshev’s inequality we get

n+1 1 n+1
DT 2 e B
=1 =1

1 n+1 1 n+1
> j.|at+1 - - 1B+1
(m;w )(HI;W )
1 n+1 1 n+1
> Loplet) | [ L - 1q(B+1)
> (ki D) (5
n+1 n+1
1 B(at) Lm 2y $6+D)
= i i . Nl
(Zn+1(iw|> )(Znﬂ(m) (3.1

i=1 i=1

By Jensen’s inequality in (3.1) we conclude that
N U B iy 2 £(8+1)
St (S o) (3 )
o\ Bt et 5(atl) o\ EED 3(A+1)
(9 (Z w) (=7) (; m|>

i=1
= (n+ 1)*%(P(a+1)+q(/3+1)) )
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What we have done is dependent on two essential issues, first 27" 1|2 = 77 |2 = 1 and

also we know that the map = — z% for % > 1 is concave. Now under consideration p > g we

have

1 1 1
Mg (M) < (n+1)27 <O‘; M|dwclv+5+ /|d |qdv).

In the case that 1 < p,q < 2, since

p+1

pt1 at1 .
and also the maps x — 2 and x — x 2 are concave, by the similar way

n+1 1 n+1

Z |’(/v1i‘a+1|77i|ﬂ+1 > — Z |¢l|04+1|77 |ﬁ+1
i=1
n+1 n+1
> Jatl B+1
_<n+1 sz| >< +1Z\m\ >
n+1 1 n+1
(1) (a+1) 5 | (a+1)(B+1)

n+1 n+1
1 < oy EEL (o 1) 1 Loy L (B+1)
=(> (1sf?) ) (Im:1%) 2 :
— n+1 P n+1

And also by Jensen’s inequality, it concludes that
nt+l ntl G VY 1 L (B+1)
LRI LRI 72 212
S = (Soter) (S )

Pflasn) fua1  BEEEHD
(9 (Z w)
i=1
q+1 (B+1) /n+1 %(B"rl)
<12
x (n+1) <Z771 )

 (n 4 1) HEHD@D @D @)

Y

. P a
Since x — x2 and  — x2 are convex, we see

n+1 5 n+1 . » . n+1 5 % Y
DolddiP =" (Jdd)* < (n+1)' 72 (Z |d¢i|2> = (n+1)'7% |dyP?,
i=1 i=1 i=1

and

i=1

n+1 n+1 4 n+1 q
1o =3 001 < o (S0l ) = o
These together with p > ¢ conclude that

1 1 1
Mg (M) < (n+ 1) 390+D (M / v+ 251 / dn|qd”>'
p M q M
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In the case that 1 < ¢ < 2 < p, since x — 22 is convex, in the similar way
n+1 5 1 n+1
; | > e T > —y Z [ @ aga P
n+1 n+1
a+1 B+1
() ()
n+1 n+1
> p(at1) p(B+1)
> (lew ) ( L5
n+1
_ 5(a+1) 1 12\ 5(B+1)
- (Birane) (Eatomn)
and again by Jensen’s inequality
n+1
DI 2 (1) B
i=1
Furthermore, since z — x? is convex, we get
n+1 n+1 n+1 B n+1 %
. - q - 1—4
D ldilr <> fdahi| =D (ldial*)* < (Z |dwi|2> = (n+1)"7% |dy|?,
i=1 i=1 i=1 i=1
and
n+1 nt1 n+1 Z ,
o 2 - 1—4
SIS SITCTEERY D SIZTQ IURRO 2D
i=1 i=1 i=1
These together imply that
10,2 1 1
Mg (M) < (n+1)(7"70) <a 7 / g0 + 5L / Idnlq‘”’) '
p M q M
O

Proof of Theorem 3.1. For p,q > 2, by Lemma 3.2 we saw that

1, 1 1
Ay (M) < (n+1)¥7 (a; [ o+ 25 /Mldnq)

[ 1avira < ( / dwr”dv) :
[ e < ([ fania B

on the other side, 1) =y o ¢ : (M, g) — (S™, can) is a conformal immersion and since

d(rod) 2 _ |duf?

m m

and also

(70¢)" can =
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from [14] we conclude that

/ |d|Pdv = m% vol (M, (yo¢)" can)
M

% sup vol (M, (yoo)* can) ,
YEG(n)

<m

and in the similar way

/ ldn|%dv = m3 vol (M, (6 0 ¢)" can)
M

<m? sup vol (M, (6 0¢)" can).
0eG(n)

Now by taking ”inf” with respect to ¢ in the above inequality we get

1.2 [+ 1 D c P —+ 1 q c a
Mo (M) < (0 D[S0t (0 01, )+ 2t (v (01, ) |
Since p > q, we have
Mg (M) < (n+1)27" m¥ (Ve (M, [g]) "

Also for 1 < p,q < 2, in the similar context we get

Mopq (M) < (n 1)1 md (v (A [g]) "
and also for 1 < ¢ < 2 < p we find that

Mg (M) < (n+ D md (V2 (01, [g))

O

The similar problem was studied before in [11] for surfaces and also for upper dimension
manifold there are some results in [7] for p-Laplacian operator. Li and Yau [11], proved that
the upper bound for V¢ (M, [g]) just depend on the genus of M. They actually proved that for
orientable surface M (when m = 2) and for n > 2 we have

Ve (1, [g)) < x| E2),

and also for non-orientable surface M and n > 4 we get

Ve(M,[g]) < 12w

n ’

[T (M) + 3}
2
where 7 (M) is genus of M and [.] denotes the bracket function.

Remark 1. Consider M as a compact manifold and m > p > q. Let Ay, , denotes the first
eigenvalue of the (p, ¢)-Laplacian (2.1), if M is orientable and n > 2, then

o If p>¢q>2, then

(NS

Mg (M) < (n+1)2% (87) [M] :

2
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e If 1 <¢q<p<2, then
Mpg (M) <(n+ 1)*%q(q+1) (87‘()% [
o If1<q<2<p,then

M (M) = (-4 )50 gy [TAD 2975

2

Also if M is non-orientable and for n > 4,

e if p>q > 2, then

Nl

z [T(M)-i-?)}%.

P (247) 5

A pg (M) < (n+1)

o If 1 <g<p<2,then
_1 P M P
Mg (M) < (n+1)" 20D (24m)’ [W} g
e If1 <g<2<p,then

z [T(M)+3}%.

Mg (M) < (n+1)2(7=9) (247 2

4 The second case, p,q > m

Let r € [0, 7] be a geodesic distance and € > 0, then the radial function f. : S™ — R is defined as

4p
fe(r) = €= X(o,5 —duiz+en (T) + X(z—e,5+c) (),

3
where x is denoted as characteristic function. Now let

1 1 m—p
R, (U7U) = - [Oé + / fo2 |du‘pdvcan
fgm—1 f52 |'U/|a+1|’l)|f6+1dvcan p gm—1

1 m—p
+BL/ fe 2 |dv\qdvcan]
q  Jgm

Then
Mg () = inf {Re (u0) | (u,0) € Wo x W3\ {0} }.

U,
It seems clear that A p 4 (€) is a parametrization for the first eigenvalue of the (p, ¢)-Laplacian

system (2.1).

Theorem 4.1. Consider M as an m-dimensional compact manifold. If A1, , denotes the first
eigenvalue of the (p, q)-Laplacian system (2.1) and p > q > m then

limsup App 4 (€) €7 = oo.

e—0
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This theorem actually gives us the comparison between A1 , 4 (€) and Ay , 4 (S™, can).

Proof of Theorem 4.1. Consider the radial functions ., 7. : S™ — R as
1

ﬂf (T) = V S ‘ue (T, ) ‘pdvcanv
1

od(r) = v /Smf1 [ve (7, .) |9dvean,
where V' stands for vol (Sm_l, can). By taking derivative with respect to r we get

cp—1-r _ P p—2,, GUe
bue Ue = V s . |U’6‘ Ue (97“ dvcana
m—

and the similar context holds for v and ¢q. By Holder’s inequality we have
1 Ju

il =11 Z27€ g

v /gm—l el or [dvean

1 5 ou »
_ P €|p
! ( [ dvm) ( L% dvm) ,

1 ou
—/ P < - €
N S

af ™ ||

IN

IN

which concludes that

Pdvean < — |due|Pdvean.-

Since O‘T“ + % =1, Holder’s inequality implies that

a+1l +1

“p Tq
/ |u6|a+1|ve|ﬂ+1dvmg( / |ue|pdvm> ( / |ve|qdvm) ,
Sm Sm Sm

and again by Holder’s inequality we see

s
/ f€7|ﬂ€|a+1|@€|ﬁ+ldvcan _ V/ fe? |ﬂ€|a+1|56|5+1 sin ™ Ldr
Sm 0

™ m 1
:V/ f€2 (/ Ue pdvcan)
o { v Smfl‘ |

B+1

1 q
(V/ |v€|qdvc,m> sinrm_l]dr
§m—1
- at1
:/ |:fe7 </ |ue|pdvcan)
0 Sm—l

B+1

q
(/ |v6qdvcan> sinrm_l}dr
Sm,—l
™ m
Z/ fe (/ ue|a+1|v55+1dvcan) sinr™ Ldr
0 gm—1

> / £ 1 e P dvgan.
Sm

a+1

(4.1)
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From (4.1), we get
nrE T o m-p 1
Je ? |a,e‘pdvcan = V/ fe? |ﬂ’€|psinrm* dr
0

Snl
™ m—p
</ [/ |du|? den}f Z ginr™ tdr
0 S§m— 1

m—p
:/ fe ? lduc|Pdvean,
Sm

and in the similar way
m=p _ m—p
/ f€ 2 |U6|qdvcan S / fe 2 |d'U€|qd’Ucan,
Ssm Sm

If S7* and S™ denote the upper and lower hemispheres centered at zo and —zg respectively, then

1 1 m—p 1
T v+ T [ )
Sm

AM,pyg (€) > ™
Jom f |20 P+ dvcan

. + —
= mm{)‘l,p,q7 Al,p,q}7
where A] , and A} , - mean that taking above integrals on upper and lower hemispheres respec-

tively. Without loss of generality, let
)\valI( ) > )\+,p,q( )

which means
1 1 m— 1
o+ / fe—ﬂ | |Pdvean + —— B+ / fe |v |4 dvcan}

Mg (€) 2 m
me fe |as‘a+1|@e|6+ldvcan

Now consider two functions a. € WP (M) and ¢, € W14 (M) as

{ﬂe 0,5 — €,
Ae = — s T s
e (5 —¢) (5 5]
and
C_{ve [07%_67
‘ v (5—¢ (5-¢3],
pi_ ]and (%—e,g] we have b, =d. =0

also let b, = 4. — a. and d. = v —c.. Obviously, on [0, 5
and a. = ¢ = 0 respectively. From above definitions we see

| ” = Jacl? + [bc]”,
AR ALE SUAL
[@e|*t < 2% (Jae|* ! + [oe|]**)
|56|ﬁ+1 < 9P (|CE‘B+1 + |d€|5+1) ]

And also from definition of f, () and substituting in formulae of \; , , we get

2~ (ath) P 1 1
O w B Oy L
A p sm q s
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1 1
+ ot / |bL1Pdvean + ﬂi/ |d;|qdvcan},
sm q s

p +
where
A= / £ |0 fed P dvean + / Y|P dvgan + / 1521+ e P dvpan
sm sm s
+/ |b6|a+1‘d6‘beta+ldvcan.

sy

Now let
A=1,

so obviously,

P 1 1
>‘17P7q (6) 2 2—(a+/3) [e_% ax / |a/e‘pd’ucan + & / |Cle|qdvcan (42)
D Jsp q Jsr

1 1
+ <O‘ + / 16 P dvean + Bi/ |d;|qdvcan) }
p st q st

m

We consider two different cases, on the one hand,

1 1
lim sup [ﬂ/ laL|Pdvean + p+ /
€e—0 p S q S

|C/5|qdvcan:| > 0,
m
+

m
+

then

1 1
A17107(1 (6) -6% > 27(a+ﬁ)67% <a a / ‘aé|pdvcan + B%/ |C/g|qdvcan> )
S s

m
+

which concludes that

ik

limsup A1 p 4 (€) .€m = o0.

e—0

On the other hand,

1 1
lim [&/ lal[Pdvearn + BL/ |cé\qdvc,m} =0,
e—0 p ST q ST

then we choose the sequence ¢, — 0 in the case that a., + ¢, — @ + ¢ where a and c are real
constants. Now since

m . m
lim [ f |ac, |* e, | dven = lim / £2 (lae, % oo, 1P+ = 1a]*+ e P+Y) dvean

m
+ (|a|a+1|0‘ﬂ+1) nlgl;o . fe2 dvean =0,
+

and for p,q > m, {f., } is uniformly bounded, thus

m
lim fe2 dvegn = 0.
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By substituting above formulaes in (4.2) we get

9—(@+8) roy 4+ 1 +1
AMpg () > B [ » / |b,e‘pdvcan + 5T/ |d/e|qdvcan]
s s7
9—(a+B) 3 1 1
=z /2 <M|b;|p + B—Fd;q) sinr™ tdr
ff_e Dsinrm™=ldr Jz—e, p q
2 n

m— atl w% b’ pdfr_i_ B+1 7(% dl qdr

> 9=(a+5) (sin (f—en)) St T J5-c, 1]
2 [2 . Ddr
2 n

3

where
B = ‘ae|a+1|de|ﬂ+ldvcan+/ |be|a+1|ce|5+1dvcan
+ / |b6|a+1‘d6‘6+1dvcam
s
and

D= |a6‘a+1|de|ﬁ+1 + ‘be|a+1|ce‘ﬁ+l + |b6|a+1‘d6|5+1~

i o 1.p
Consider a., € Wy (—¢,¢) as

ae, () = a., (m—l— g — Gn) .

The similar way holds for b., € Wy'? (—€,, €,) and &, , de, € Wy'? (—€, €), and also these functions
are even, so

jus 1 jus
CEL [ Ibipdr + 5L [ Jde|dr et [ g pdy 4 BEL S g ady

%_en _ 0
J£_., Ddr Jy" Ddr
I A M LA
" Ddr

> M op,g (—€n, €n)
= Egp)\lﬁpﬁq (—1, 1) 5

and
T m—1
AM.p.gq (6) > 2_(a+ﬁ)-€r_zp (sin (5 - fn)) A,p.g (‘17 1),

which concludes finally

ik

limsup A1 p.q (€) €
e—0

= Q.
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For € > 0, let f. € C™ (S™) be a radial function suth that f. < f.. Also on [z
we get

felr)=fe(r) =1,

and

Furthermore

N m T .
vol (Sm, fecan) = fe2 dvean = / fe2 sin ™ L drdvegn
Sm, Sm

1 us
2

T4

2

+5
>V / sinr™ Ldr

> eV[sm (f - e) }mil,

where V' = vol (S™,can). If 4. and 9. denote the eigenfunctions for Ay p 4 (S", fecan>, and

at, a_, v}, v denote the positive and the negative parts of @ and 0. respectively. For the

p-Laplacian (1.1) it was proved before in [14] that

- dur|P € d can - |du € d can
o () B B
me |ue |pfe dVean me |u6 ‘pfe dvcan

Corollary 4.2. Let p > ¢ > m and M\, 4 denotes the first eigenvalue for the (p, q)-Laplacian
system (2.1) then for A1 p q arbitrary large, there exists the Riemannian metric with volume one
on S™ conformal to the standard metric can.

Proof. By expanding (4.3) on the (p, ¢)-Laplacian system (2.1) we have

1 a+1
f \u |a-~_1‘v+|’8+1f62 dvean p

1
+ﬂi/ |d +| fe dvcan:|
q sm

1 1
- [ [ PR dvean
Jom |G [T [PHL 2 dvggn & P Jom

1
ik / oo T dvm}
q

Alpg (Sm,fécan) = / |dﬂj\pﬂ?dvcan
Sm

Let ¢t € R such that

then

M.p.q (Sm, fecan) = — [ / |oiu6|pf6 dvcan

me |a6‘a+1|1}6|5+1f62 AVean p
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1 ~m=—p
e U
q Jsm

1 1 m—p
> ™ [a+ / ‘dae|pfe 2Pd'Ucam
fgm ae|a+1|7~)e‘ﬂ+1f 2 dvcan p sm

1 m—p
e U
q Jsm

= Mg (€).

Above inequalities with the Theorem 4.1 and p > g together give us

3t

limsup A1 p.q (Sm, fécan) vol (Sm, fecan> "> V. lim SUp A1 pq (€) €W = 00.
e—0 e—0

Now set

2

he = vol (Sm, ﬂcan) fe,
then we get
vol (8™, hecan) = 1,

and

limsup A1 .4 (S, hecan) = cc.
e—0

O

Remark 2. Someone may consider the situation ¢ < m < p, in this case we just take the radial
function f. : S™ — R as

4q
felr) = €m0 X0, g —quig+em (1) + X(5-c54) (1)

and then

1 1 a=m
R (u’v) = ™ =2 / f€ 2 |du|pd’0can
me—l f€2 |u‘a+1|v|ﬁ+ldvcan p §m—1
1 q=—m
+Bi/ fe? |dv|qdvcan],
q §m—1
where

A p.q (€) = inf {Re (u,v) | (u,v) € Wol’p X Wol’q \ {0}}

u,v

Now by the definition of @, and ¥, in the Theorem 4.1 and by Hélder’s inequality we see

m m
/ f62 |ﬂ€|a+1dvcan :/ f62 |Ue|a+1dvcana
sm sm

and

g—m g=m
/ £ Pdvgan < / £ dufPdvean,
Sm Nid
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also the same way holds for v and g. These together give us

1 1 —m
M (€) 2 —— [ v
me f€2 |’U’€|a+1|ﬁe|6+1dvcan p sm

1 a=—m
™
¢ Jom

> min{)\fpyq, )\ip’q}.

So by the same way as Theorem 4.1 we get

3le

limsup A1 p 4 (€) €
e—0

= Q.

It means that the same context as Corollary 4.2 holds in the case ¢ < m < p.

5 The (p,q)-Laplacian equation, a new characterization

One may consider the (p, ¢)-Laplacian equation as
Apu+ Agu = div ((|[VuP~ + [Vul|?"?) Vu),
for 1 < g < p < oo and also
we Wy? (M)n Wy (M).
Also it can be written as
—Apu — Agu = MulP~?u, (5.1)

where for arbitrary v € WO1 N VVO1 9 it is equivalent to

/\Vu\p_2Vqud,u+/ V|12 VuVudv
M M

= )\/ |u|P~2uvdy,
M

and A is called its eigenvalue associated to the eigenvector w. Similar to the previous one, in this
case the first Dirichlet eigenvalue of the (p, ¢)-Laplacian equation (5.1) is defined as

1
fM |u|Pdv

Theorem 5.1. Consider M as an m-dimensional compact manifold and 1 < ¢ < p < m. If
)‘Enq denotes the first eigenvalue of the (p, q)-Laplacian equation (5.1), then

D .
Mg () = i {

[VulPdv + [ |Vul%dv ) [u € WyP (M)N W, * (M) \ {0} }.
(f oo [ o) }

p_ P
m

AP, (M) < (n+ D)/ [ (v (M1, [g)))?

1,p,q

+miE (V2 (M, [g)* |.

Before giving the proof for this theorem we consider the following lemma.



Conformal bounds and the first eigenvalues 387

Lemma 5.1. Consider ¢ as same as Lemma 3.2. If )‘lpq denotes the first eigenvalue of the
(p, q)-Laplacian equation (5.1), then

Aﬁp,q (M) < (n+ UH_E' [/M |dip[Pdv + /M ‘d¢|qdv},
where 1) =y o ¢ and v € G (n).
Proof. From the definition of AP 'p.q (M) We see

fM |de;|Pdv + fM |dep; | Tdv
M) <
0 = Jos [ilPdo ’

D
)‘l,p,q

thus

"i [y dbilPdv + [, |d1/)1-|qdv.
fM |¢i|pdv

1pq

First, let p > g > 2, then

n+1 n+1 n+1
D ldwilP = (ldil?) <<Z|dwi|2> = |dyp|P.

(M)
s

i=1 i=1 i=1
Also in the similar way for ¢ we have

n+1

> ldi|? < Jdu7.

i=1
. 1 P
Since 317 |41]? = 1 and the map « — 2% is concave we get

n+1 v n+1 v
$ > (e 118 (zw) i1t

i=1

and

AP (M) < (n+ 1)k / dy|Pdo + / dv[7dv].

Now let 1 < ¢ < p < 2, since |1;] < 1 and also |¢;]? < |[¢;|P and

n+1 n+1

1wl = [ Spars [ 3 wiran

we conclude that

n+1 n+1 » N n+1
Z |dap;|P = Z (|di|*)® < (n+ 'z (Z |d¢z‘|2> =(n+1)' \d¢|p

=1 i=1 i=1

(NS

similarly,

(SIS

n+1 n+1 4 Y n+1 Y
D ldyilt = (ldgi*)? < (n+1)'72 (Z |dwi|2> = (n+1)'"% [dy|",

=1 i=1 i=1
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which finally give us

AP (M) < (n+1) / |dw|pdv+/ dv[vdv].
O

Proof of Theorem 5.1. Consider ¢ : (M,g) — (S™,can) as a conformal immersion. From
Lemma 5.1 there exists v € G (n) such that

A O0) < (e )5 [ [ Javprao s [ Javpan]

By Holder’s inequality we have

d|Pdv < dp|™dv )
Aﬁ¢|v_(ﬁﬁw|v),

also the similar context holds for ¢q. Since yo ¢ : (M, g) — (S™,can) is a conformal immersion
and

3t

o 2
(vo6)" can = LA,

we have

/M |d (v 0 ¢) [Pdv = m%vol (M, (yo¢)" can)

<m? sup vol (M, (yo¢) can) ,
YEG(n)

also the similar context holds for ¢q. Therefore, these together and by taking inf respect to ¢ we
find that

AP q (M) < (n+ 1)/ [ (V2 (L [g))) 7 +m® (V2 (L [g)) |.
O

Remark 3. It seems clear that under consideration p > ¢, the (p, ¢)-Laplacian equation (5.1)
turns into the known p-Laplacian system (1.1) which was studied extensively in [14]. So by
the similar way of Matei [14] and Theorem 4.1, for an m-dimensional compact manifold M and
p > q>m we get

lim sup AP pog (€) €m = 00,
e—0
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