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Dynamics for a viscoelastic wave equation with
nonlocal nonlinear dissipation and logarithmic
nonlinearity: blow-up solutions, lifespan estimates

and asymptotic stability

Amir Peyravi

Abstract. This paper investigates the instability of a class of wave equations with
a non-local nonlinear damping term

vee — A+ (g% Av) (1) + o ([ Vol3)é(ve) = [o]P~*vIn vl

where (z,t) € Q@ x (0,T), @ C R", o represents the nonlocal coefficient and ¢ is
the nonlinear damping term. By considering suitable assumptions on the functions
o and ¢, the exponents p and k, the relaxation function g and the initial data,
and by making use of differential inequality technique, we establish the occurrence
of finite time blow up of solutions at low and arbitrary high positive initial energy
levels. Moreover, lower bounds for the lifespan of solutions are derived in both cases.
Asymptotic stability for the solution energy is also investigated by employing the
energy perturbation method. This work extends and complements some previous
results in the literature.

Keywords. Viscoelastic wave equations, blow-up, asymptotic stability, nonlocal damping,
logarithmic nonlinearity

1 Introduction

In this article, we investigate the wave equation
vt = Av+ (g% Av)(t) + o ([ VelB)o(vr) = F(v), (a,t) € 2 x (0,T), (1.1)
subject to the boundary and initial conditions

v(z,t) =0, (z,t)el x(0,T), (1.2)

v(z,0) =vo(z), w(z,0)=v1(z), x€Q, (1.3)

where © is a bounded domain in R™ with a smooth boundary T', T > 0, f(v) = |[v[P~2v1In |v|*,

p > 2, ¢(s) = kos|s |°‘+krlswitha>0 ko >0,k >0,k>0,0(s) = s (6 > 0) is a nonlocal
coefficient, and (g * Av)(t) = [ g(t — s)Av(s)ds.
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Consider the problem (1.1) - (1.3) with g = 0, o = 1 and the source nonlinearity characterized
by f(v) = |v[P~2v. In this case, the equation (1.1) simplifies to a damped nonlinear wave equation
that has been the subject of extensive study. For kg = 0 and k; = 1, Levine [25] demonstrated
a blow-up phenomenon associated with negative initial energy in the abstract version of (1.1)-
(1.3). The author employed a methodology that utilized convexity arguments, later termed the
concavity method (see also [26]). Following Levine’s work, Pucci and Serrin [44] established
the global nonexistence of solutions with positive initial energy for abstract evolution equations
with linear damping effects. Georgiev and Todorova [11] extended Levine’s results to the case of
nonlinear damping (i.e. when kg = 1 and k; = 0). They investigated the interactions between
the nonlinear damping term and the source term to obtain their influence on global behavior
and finite-time blow-up. Todorova [48] further generalized these findings, achieving results on
global existence and finite-time blow-up in the entire space R™ when the data are of compact
support and the initial energy is sufficiently negative. Levine and Todorova [27] also studied the
existence of solutions and finite-time blow-up behavior for cases with positive initial energy in
the whole space R™. It is noteworthy that the absence of the source term ensures global existence
in time for arbitrary initial data, as demonstrated in the works by Harraux and Zuazua [17] and
Kopackova [19]. In the case where o = 0, meaning the damping term is absent, numerous studies
have explored how the source term can lead to the existence of blow-up solutions, including the
contributions of Payne and Sattinger [41], Shatah and Strauss [45], Antonini and Merle [3], along
with the studies by Merle and Zagg [32, 33, 34, 35] and the references therein.

In recent years, a considerable amount of researches have been carried out on nonlinear wave
equations that incorporate logarithmic nonlinearities. Notably, among the pioneering studies in
this field are the works of Bialynicki-Birula and Myslinski [5, 6], where the authors investigated
the model represented by

v — Av 4+ v =evln|v|, (z,t) € 2 x(0,T),
’U(I,O) = UO(‘T)7 ’L}t(I,O) = 1)1(17)7 (S Q? (14)
v(z,t) =0, x €90 x(0,T),

where Q = [a,b] and € € [0,1]. It is pertinent to note that models similar to (1.4) are often
applied in quantum mechanics (for further information, see [49]). In the work of Cazenave and
Haraux [8], the authors conducted an investigation of problem (1.4) in R? with a focus on global
solutions. In a separate study, Gorka [12] utilized the Galerkin method to prove the existence of
weak solutions to (1.4). Subsequently, Bartkowski and Gorka [4] studied existence of classical and
weak solutions to (1.4) within the one-dimensional case. A generalized form of (1.4) is presented
by Hiramatsu et al. [18], wherein the authors considered the equation

Vi — Av 4 v + vy + |[v[Pv = vin v’ (1.5)

With the given initial and boundary conditions, numerical analysis was conducted on problem
(1.5). Furthermore, Han [16] studied the existence of global weak solutions to (1.5) in R3. Di et
al. [22] investigated the existence and uniqueness of weak solutions for the equation

vie — Avg — Av = [p[P2vIn|v], p>2. (1.6)

In addition, an investigation was conducted to determine the polynomial and exponential energy
decay rates of the solutions energy. This was done under appropriate conditions on the initial
data. Moreover, the authors proved blow-up properties of the solutions through the use of
integral-differential inequalities, the concavity method, and energy perturbation technique. In
relation to this, some references can be made to other researches. For instance, in [52], the
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authors obtained estimates for the blow-up time bounds for the solutions of (1.6) with arbitrary
initial energy. In another study [15], a generalized form of (1.6)

vy — Av + (g% Av)(t) — Av, = [v|P 2ol |v], p> 2,

investigated. The authors obtained blow-up solutions for weak solutions with positive initial
energy. Later, Liao [28] reviewed these results under arbitrary initial energy and proved that
how solutions blow up with arbitrary and positive initial energy in finite time. Several investiga-
tions have been conducted pertaining to nonlinear wave equations that involve logarithmic-type
nonlinearities. Although it is impractical to discuss each one in this particular context, certain
recent analyses in this field are noteworthy. Specifically, concerning wave equations that involve
logarithmic nonlinearity, the works [14, 2, 9, 21, 42, 43, 40, 13, 29, 31] warrant attention.

Wave equations with nonlocal effects have attracted significant attention from researchers in
recent years. As one of the pioneering studies in this area, Lange-Menzala [23] investigated the
decay rates of global solutions of the equation

vie + A% + M (|| Vol]2)v = 0, (1.7)

where M(s) > 0 and the term M(||Vv]||2)v; is recognized as a nonlocal Kuramoto-Shivashinsky
dissipative term. In fact, the authors proved the existence of global classical solutions by using
Fourier transform and showed that how the solutions decay with a rate of =Y. After that,
Cavalcanti et al. [7] extended (1.7) to

v + A% — (g% A%0)(t) + M (||Vv|l2)v: = 0.

The authors established existence of weak and strong solutions and obtained a decay rate for
weak solutions. Regarding the nonlocal terms with weakly nonlinear dissipative mechanisms,
Narciso in [37] considered the equation

v + A% 4 1 (0) o[ Tve + 1z (v)|v]Pv = h,

where v > 0, p > 0, h is a function in L2, [;(v) = M(||Vv|3) and la(v) = N(||v||Zi§), in which
M and N are functions of class C*, with M(s) > 0 and N(s) > 0. The author, while proving the
well-posedness of the associated problem, under suitable conditions on the functions and initial
data, investigated the stability and asymptotic behavior of the solutions. In another recent
study conducted by the same author [38], the well-posedness and stability of a wave equation of

Kirchhoff type with nonlocal terms in the form
ve — ¢(|[Vol|3) Av + o (|[Vol[3)g(ve) + f(v) = h,

are investigated where f and g are nonlinear functions and ¢ and o defined on Rf{. Recently,
Narciso et al. [39] considered the eqaution

vee + A% — M(||[Vo[3)Av + [ Av|[3 v *v; = 0,
and showed that for regular initial data the energy associated with the corresponding problem
goes to zero when time goes to infinity. In this connection, we can also remember the work by

Zhang and Li [51] in which the authors considered the equation

v — Av + ||Vv||§l|vt\m_2vt = |v|p_2v7 p,m > 2,
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and obtained stability of solutions under appropriate conditions. Then, by providing sufficient
conditions on the initial data, they showed that the solutions blow up in the case p > [ 4+ mp. Li
et al. [20], considered a viscoelastic wave equation in the form

vt — v+ (g + Av)(t) + N([Vol3)er = F(v), (L8)

in which f is a function with polynomial structure and N is the non-local weak damping coeffi-
cient. After proving the existence of strong and local weak solutions by constructing a second-
order differential inequality under appropriate conditions on the initial data and the function g,
the authors proved that the solutions blow up with positive initial energy in a finite time and
obtained an upper bound for the lifespan. In a recent research, the authors in [50] studied the
equation (1.8) with g = 0 and f(v) = [v|[P~2vIn|v|. After proving the well-posedness of the local
and global solutions, the asymptotic algebraical and exponential stability of the solutions were
investigated. Also, the non-existence of arbitrary solutions proved in the case where the initial
energy of the solutions considered to be negative. There exists a multitude of comprehensive
explorations pertaining to wave equations that are accompanied by nonlocal damping terms. For
instance, in the case of nonlocal weak damping terms, one can reference the work of [24], where
N(||lve]|3)vs is exemplified. In the instance of non-local strong damping, reference may be made
to the study conducted by [30], where N(||Vv|3)Av; is examined. Furthermore, for non-local
strong damping of the form (||Avl[|3 + |vel3)) Avy, one may consider [46], while for nonlocal
damping terms in the form N (||Vol||3)(—Awv;)?, references may be made to both [10] and [47].

Taking into consideration the prior researches conducted on the impact of nonlocal damping
terms in hyperbolic equations, this article aims to study the problem (1.1) - (1.3) in terms of
solution instability. Specifically, our investigation focuses on the instability of solutions with low
and high positive initial energy levels. By imposing certain conditions on the exponents p and «,
the function g, and the initial data, we prove finite-time blow-up of solutions with positive initial
energy. Additionally, we will provide estimates for the lower bound of the blow-up time in both
cases for the initial energy. It is noteworthy to mention that when ky = 0 and k7 > 0, indicating a
nonlocal linear damping effect, the non-existence of global solutions can be obtained by following
the procedure presented in [20], alongside obtaining an upper bound for the blow-up time. The
results of our work extend and complement some recent studies. For instance, the case of g =0
and ¢(v;) = vy was investigated in [50] where the non-existence of global solutions obtained
for negative initial energy. Similarly, [20] studied (1.8) with a nonlinear source with polynomial
structure, where the existence of blow-up solutions proved in the case that ¢(v;) = v;. In addition,
in [51], the stability and instability of the solutions, when g = 0 are considered.

In the present article, the definitions, lemmas, and necessary material required to prove
the theorems and lemmas throughout the article are presented in section 2. Subsequently, in
section 3, an analysis of the blowing up solutions at low initial energy is conducted. In section 4,
non-existence of global solutions is derived under arbitrary high positive initial energy. Finally,
section 5 provides a comprehensive analysis of asymptotic stability, offering insights into the
general decay rates for solution energy.

2 DMaterial and assumptions

In this section, we will present the notations, definitions, lemmas and generally what we need in
this article. We use (.,.) to show the inner production in L?:

(u,v)z/ﬂu(m(x)dx, ||u||§:/Q|u(x)|2daj, w v € L2(Q).
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LP(Q) is the p—Lebesgue integrable functions with the norm |.||,. H'(Q) = W12(Q), H}(Q) =
W,y 2(2) and
(w,0) g = (Vu, Vo), ullgg = [Vull2, w0 € Hy().

C, shows the best constant of the following embedding([1]):

s, n>3,
Hy(Q) = LI(Q), 2<q<q  g= {ioi h— 19 (2.1)

For the functions g and the exponent p, we assume:

(A1) g:R* — RT is a function in C*(0, +00) is so that
+o0
g(0) >0, 1- / g(s)ds =1>0, g'(t) <0, Vt>0.
0

(A2) 2<p<+ooifn:1,2,and2<p<%fornZ?).

Definition 1 (Weak Solution). Suppose (vg,v1) € HE(Q) x L2(R2). v(z,t) is the weak so-
lution of problem (1.1)-(1.3) on © x (0,T), whenever v € C([0,T]; H}(Q) x L*()), v €
C([0,T); HA(Q) x L2(9)) N L*+2(2 x (0,T)) and

(ve, ) + /Ot (Vo(s), V)ds — /Ot (/Osg(s — 7)Vo(r)dr, V(p) ds

+-/g G(HVWKSN@)(¢@&(8D,w)d8==(v17w)4-]€ (Io(s)[P~20(s) In [o(s) [, o) ds.
satisfies for every ¢ € H(Q).

Existence of weak solutions can be obtained by adopting the arguments in [38], [29] and [20].
Hear, we omit the proof.

Definition 2 (Energy Functional). The energy functional corresponding to the problem (1.1)-
(1.3) defined as

Bl(t) = B() = 5 [ Jufde+ Tul(0). Vo e HY(@),

6l =70 = 3 (1= [ ate)as) 1901+ 3009000 — 1 [ joPmlotias + Kol

(goVu)(t) = /0 g(t —s) /Q |Vo(t, x) — Vo(s, x)|*dzds.

Lemma 2.1 ([36]). For differentiable functions g = g(t) and v = v(.,t) we have

/wm@*wwM=—
Q
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Lemma 2.2. For each v € H}(Q), the energy of the problem (1.1)-(1.3) is decreasing in time
and

B() = EO)+ 5 [ (o o Vo)(sds =5 [ g(a)[Vu(s) s
(2.2)

ko [ IV 3 k1 [ IV o) B
Proof. The result is obtained by multiplying (1.1) by v; and then integrating over 2 x (0,¢). O

Lemma 2.3 ([15] - Lemma 2.1). For every ¢ > 0,

S

0<Ins< s—, s> 1.
€g
Lemma 2.4. Suppose that
By, =Q(v,) V= (W ) o 0<y<y (2.3)
’ k(p+2)Ch 7 ’

where Q(v) = 547 — pijgijjvp‘”, and
7= {n—2 Py =2 (2.4)

Then
(a) If E(0) < E, and ||[Vug||2 > v,, then for every t > 0: ||Vo(t)||2 > ;.
(b) If E(0) < E, and ||Vuoll2 < 7,, then for every t > 0: [|[Vo(t)]2 < ;.

Proof. (a) Using the definition of the energy functional, (A7), Lemma 2.3 and (2.1), for each
0 <7< g%, we have

1 k 1
E(t) = J(t) *IIWIIQ (9o Vo)(t) + Z;IIWH? - Zg/ﬂlvlplnlv\kdfﬂ

k K
> L vz - / ol In o] do — f/ (ol In o] do
{zeQ:|v[<1} {zeQ:|v[>1}

k

!
27||Vv||§ — 7/ [v]P In|v| dx (2.5)
2 P J{ze:|v|>1}

¢ k
> IVll3 - fllvllﬁiﬁ

Z*IIWIIQ - *Cfg’iﬁllwll’z’” =Q0v(®)),

where v(t) = ||Vo(t)|2. By differentiating @ with respect to v, we get

k(p + _
Q') =ty - D) ])Cﬁiﬁv”“ g
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Now, it is clear that Q'(v;) = 0 and Q" (;) = ¢(2—p—7) < 0. Therefore, ) obtains its maximum

value at v = 7,. Also, @ is increasing on (0,7,) and decreasing on (v,, +00), Q(7) MR NNS

and

oax Q) =Q(y) = E.

Now, suppose that ) = inf{t > 0 : ||[Vu(t)[]2 = 7,}. Using the continuity of the mapping
t = [[Vo(t)[|2 we will have [|[Vu(t))|l2 = ;. Therefore, using (2.5) and Lemma 2.2, we obtain

E, > B(0) = B(t) = Q(IVo(t)]2) = Q() = E,,

which is clearly a contradiction.
(b) The proof is similar to part (a). O
Finally, we present the following lemma which will be used throughout the proofs. By the

assumption (Ag) we have:

Lemma 2.5 ([36]-Lemma 2.3). Suppose that (2.1) holds. There exists a constant C > 1 such
that for every 2 < s < q:

lollg < Cllvllg +1V0l3), v € Hy(9).

3 Blow up for low initial energy

In this section, we study the blow-up solutions of the problem (1.1)-(1.3) for low positive initial
energy. Our main results reads as follows.

Theorem 3.1. Assume that vo € HE(2), v1 € L*(Q) and the assumptions (A1) — (Ag) hold. If
IVuollz > 7,,0 < g < 7%, and the memory kernel, the initial energy and the exponents p,a and 0
satisfy

1
(L) > ——— suchthat0</<;<1—%.
(A=r)p—1)
~ ~ 2
(L2) E(0) < gFE, where 0 < ¢ <1 and E, = 21)2‘87’7’1)2 ((((1 — K)p — 1)2 — 1) .
p+yj—a—2

Ls) p—2>a>0and0 <0<
(L) P

then the solution of problem (1.1)-(1.3) blows up in a finite time. Furthermore, the blow-up time
T* satisfies the estimate
™ > / , 3.1
w0y Boy + By + Bay®

where W(0) = [, [uol? In|ug|dz and Bo, B1, B2, & and ¢ are positive constants which will be
determined in the proof.

Proof. On contrary, suppose that v is a global solution of problem (1.1)-(1.3). Define

Z(t)=& - E(t), Yt>0, &€ (0,q4F,).
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First, we show EJ < E,. Using the definition of (), we have

_ f(p+3—2)72
20p+yg)

g =

On the other hand

E] — 7732 (g((l _

2p%(1 = k)?

<

p(1—K) 2

—-E,

by, ((1 —R)p 1)
-2

K)p — 1)2 - 1)
= gﬁ (; —

(55)

p(1 — k)

1

)

Considering that E(0) < &, < E,, Z(0) > 0 and using the Lemma 2.2, we have Z’(t) > 0. So,
using (A1), from the Lemma 2.4 - (a), we get

sj—[;||vt|3+§(1—/otg<> ) 190l + 5ao Vo)) + ol

1 1 k
SEJ—[HW% EIVol3 + 2 (g0 Vo)t + pzwng}

¢ k ota ot
<FE ||VU||2 E, - 573 = _ECerj 5 7 <0.
Hence,
0< Z(0) / |v\pln|v| dx < —/ |v[P T dz.
Define
U(t) = Z'75(t) + e(v,vy),
where

(p+)1—-0)—-a—-2 p-2

O<§<min{

Using (1.1) and (1.2) we obtain

(p+)(a+1)

)

V() =(1 =) Z75(t)Z'(t) +ellve]l3 — el Voll3

—EkOHVvH%‘g/th|vt|“dac—5k1||Vv||§9/m)tdgg
Q Q

t
+€/ \v\pln|v|kd3:+6// g(t — s)Vou(t).Vu(s)dsdx.
Q o Jo

For the last term on the right side of (3.4), for every § > 0, we have

[ [ st vt Tutyaas

=/Q/Otg<t—s><w<s>—
= ([ g(s)ds - 5) IVl

46

2p

b

Vv(t)).Vv(t)dsdx—l—/O g(s)ds||Vu(t)||3

> ( / gls)ds - 5) Vel - 5 ( / tg(s)ds) (g0 Vo)(t)

—Lgovu)e).

(3.4)
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Then, by the energy functional, (3.4) and (3.5), for every 0 < k < 1 — ]%7 we have

W) 20— 92702 0) +e (14 L5 Julg

te K(l;”)p - 1> <1 - /Otg(s)ds) - 5] IVoll3

+e <(12“)p - 145€> (g0 Vo)(t) + %(1 = R)|[v? (3.6)
+ EH/Q [P In |v|*dx — ep(1 — K)E, + ep(1 — k) Z(t)

—5k0||Vv||%9/vvt|vt|o‘dx—5k:1||Vv||§9/vvtd;n,
Q Q

Using Young’s inequality, for every é; > 0 and J2 > 0, we have

a+2

oIS+ 2 s g3
a+2 +2 1 Ut a+2s

07
/th‘”t|adf<
Q
/vvtdx< o]l + ||”tH2
Q

Also, according to the Lemma 2.2 we have ko||Vvl|3?[v,[|213 < Z/(t) and k|| Vo[ ||ve|13 < Z'(2).

Therefore, considering (3.7), the inequality (3.6) will be as follows

V) >(1—=¢)Z(t)Z'(t) + ¢ (1 + (1_;)10) l|lvel|3 + 6&/9 |v[P In |v|*dz

re[(052 ) (1 /Otg(sms) - 8|17

t+e ((1_2’”””9 - 14‘(5£) (g0 Vo)(t) + %(1 —w)oll? (3.8)

koo 2 at? k10
|| vllais + 7II [

~ep(1— R)E, — e[Vl (

+ep(l— k) Z(E) — ¢ Kgi;) TR 4 252] 7).

_ot2

Suppose that §, °77 = K1 Z75(t) and ;' = K2 Z~S(t). Then, 6972 = K~ (et zsle+1)(#) and
5o = K51 Z¢(t). Moreover, by choosing § = 2(11:ﬁ)p and using the conditions (A1) and (Ly), for
the coefficient of the fourth term on the right side of (3.8), we get

(S52) o o) i

(1—k)p 1-¢
><21>€2(1_K)p.a4>0.
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Thus, we obtain

W) 2 1o (S55) - 5] 2020+ (140 B o

ke
+ apel|Vvl|2 + ;(1 = &)|lvl5 + 6&/ |o[P In [v|*dz + ep(1 — k) Z(t)
Q

ek
—ep(l — k)& — (a _|_02

ek _
- (54) & QIR eI,

—(a+1 a @
),q 25D ()| Vo3 |lv]| 313

Now, we estimate the eighth term on the right side of (3.9). Using the condition (Lg) and (3.2),
we have

A )IIVvll OII’UH’“2

a+2
OOl
s N\ S S(at1) (3.10)
<105 (5) 7 wulhol e ([ 1o olas
p Q
+2+¢(p+ 1
< GVl ol Y,

(p=o=zpaed2)y /) sletl) .
where C7 = || p(p+7) (@) . Similarly, for the ninth term, we get
24<(p+
Z5 )|Vl [vlI3 < Col| Vol3flollp 5", (3.11)

ey
account, from (3.10) we obtain

N
where Cy = |Q|p¥ra2 (i) . By using Young’s inequality, taking (3.3) and Lemma 2.5 into

«@ a+2 a+1
Z@AD (1) ||V | 22 |0)| 232 < O || V|32 o||o 2 P et

a+2 P+
at24+¢(p+g)(at1)
< GOVl +Ci(1 =)o, (3.12)
< Oy (0 +C(1 - 0))|[Vo]2 + C1C(1 — 0)|v][22,

By (3.3) it is not difficult to see that w < p+J. Thus, by the similar way in (3.12), from
(3.11) we get

24 (p+
ZS ()| Vol[3|o]l3 < Col| Vo3 v 2t P+

p+J
2+s(p+3)
< Co0)| V0|3 + Co(1 = O) 0],y " (3.13)
< Oy (9 +C(1- 6))||Vv||2 + CC(1 — 9)\|v||§i§.

Therefore, from (3.12),(3.13) and using the fact that [, |ul? In |u|*dz > pZ(0), the estimate (3.9)
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becomes as

v(t) > {1 DS <0‘ 1 ;) Ky — /cz] () Z'(t) + ¢ (1 + ﬂ;)p) [[oe13

ke
+ page|| Vo2 + ;(1 — K)|[v]|5 4+ expZ(0) + ep(1 — k) Z(t) — ep(1 — K)E,
(3.14)

v 2
e X2 ) | 1vol

(1—p)ae— (0+C(1—9)) <

—(a+1)
—eC(1-6) (kocl’cl + klc? > [v]|PE2.

koCyiCy Y . k1021621>

a+2 P+
where 0 < p < 11is an arbitrary constant. Using the Lemma 2.4 - (a) and (Lz), for each u € [g,1),

we have )
padIVollg - p(1 - K)E,

> pary; —p(1 - k)E,
> py? [(u_;)p - 1) (- 2(11_/{”);7} —pq(1 - K)E,

— (- ((((l—ﬁ)p—l) —1>7]2

(3.15)

2(1 —k)p
> 0.

Since v is global, there exists a constant C > 0 such that HU||§I§ < C for all t > 0. Then, we
choose K7 and K5 so large that

a+2

.1
—(a+1) k 02K2_1) =0 (3 6)

—(at+1) —1
bi=(1—pac— (0+C(1-0)) (’%Cl’cl + ok ) 0,
lipZ(O) — CC’(]_ _ 9) <k0C1§i2 ! 2

Now, we choose € small enough so that

2(a+2)(1—5)

0<e< . 3.17
S 2at DKL+ (ot 2)Ks (8:17)

Therefore, using (3.15)-(3.17), the inequality (3.14) can be summarized as follows
V'(t) > Ko([lvell3 + IVoll3 + lvllf + Z(1)), vt >0, (3.18)

in which (1 wp K
K)p
—5 p(l—li) (1—%),()}.

Choosing ¢ small enough so that ¥(0) > 0, according to (3.18), we can say that for every t > 0,
U(t) > 0. On the other hand, using Holder and Young inequalities, we have

Ky zgmin{l—i—

1 1 1
(v, o) 775 < lolly™ [Joello

< Q 2pp£1772§) %—@ i
<19 [ollp™ [lvell2 (3.19)

p—2 1 1 1 n2
< Q0= | —|lv]lp~* + —]jv 1§>
<& (m lollp™ & lleellz™ J
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where 71,72 > 0 and n;* + 75! = 1. By choosing 7o = 2(1 — <), we have n; = 2(1 —¢)/(1 — 2).
It is also clear from (3.3) that 1%% < p. Therefore, using the Lemma 2.5, the estimate (3.19)
will be in the form

(ol = gy (@ 201007 + el
3.20
e ) ] . (3.20)
= 20—q) (1 =29)(IVoll3 + llvlB) + llvellz) -

which yields

g (t)=(Z"°(t)+ E(v,vt))%‘
<275 (Z() + 75| (v,0)| 77 (3.21)
< Ky (Z08) + Vol + ol + wll3), V>0,

where

1 p—2

< eT=5 Q2209

Ki=27— (14 ————(1+C(1 -2 .
! <+ 2(1-5) (+ ( g))>

Therefore, by combining the inequalities (3.18) and (3.21) we arrive at the following differential
inequality

s

W (1) < (1),

0
which shows that 1 blows up at a finite time 7™ and
Ki(1-5)

0<Tr < - :
KosW1=<(0)

Now, by (3.21) we have

lim (Z(t) + [ Vo3 + [[v]l} + [|ve][3) = +oo.
t—T*

This contradicts the assumption that v is global in time.

To prove (3.1), by the Lemma 2.4-(a) and definition of the solution energy, we have

1 14 V4
];/Q [v|P In |v|Fdz + E, > §||Vv||§ > 57]2
Thus, we get
/\ WP p@)ds > 2 (L2 B h (3.22)
v v ui — — — = . .
0 E\27 ) T kp+y)

Next, we define the function W as follows:

W(t):/ o (®)[7 In [v(t)|dz.
Q
By differentiating W with respect to t, we have

W' (t) :p/§2|v|p_2vvt ln|v|da?+/9|v\p_zvvtdx. (3.23)
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Now, we consider the following two cases:

Case I: n = 1,2. For the logarithmic integral in (3.23), considering that for every z > 1,
In(z) < x, and also using (3.22), we get

v|¥ v In jvldx
P24, In |v|d
Q
g/ (0[P~ o] In o] d
Q

-/ ol ol + ol x| o |
{zeQ : |v|<1} {zeQ : |v|>1}

1 (3.24)
< [ luldat [ o] da
e(p—1) Jo (z€Q : u|>1}
o) e o
<1 4+ (14— v Pde + = | |v|*Pdx
e(p—1) 2 e(p—1) Q‘tl 2 Q| |
p
< dl/ || In |v|dx + dg/ lve|?dx + d3 </ |Vv|2dx> ,
Q Q Q
in which
k|Q2 1 1 Csp
1:M, d2:<1+>’ d3:ﬁ_
plyie(p—1) 2 e(p—1) 2
For the second term on the right side of (3.23), we have
—2 “1 1 2(p—1) 1 2
[P vode < [ [wlP ude < = o]*PTde + = | |vg|?dx
Q 0 2 Ja 2 Ja
(3.25)

p—1
<d, </ |Vv|2dx) +d5/ lv¢|2de,
Q Q

2(p—1)
where dy = —22=1 and d5 = 3.

Case II: n > 3. Using Young’s inequality, we obtain

1 1
W'(t) < g/ |U|2(”_1)|1n|v\|2dm+ 5/ [v|>P=Ydz + (p—;—) / v |*dev. (3.26)
) Q Q

To estimate the first integral on the right side of (3.26), by Lemma 2.3, for each 7 > 0, we have
2(p—1) 2
|v] | In |v||"da
Q

-/ o0 ol Pdz + [ o2 n o] *d
{zeQ : [v|<1} {zeQ : |v|>1}
o 1 e
-1 e o de
{z€Q : |v|>1}

|Q‘ 1 / 2(p—1+47)
—_—+ — Tdzx.
e?(p—1)2 + eT Jo vl v

(3.27)

IN
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According to (Ay), 7 can be chosen as 7 = —"5 + 1 — p. With this choice of 7, using (2.1) and
also applying (3.22), the inequality (3.27) will be as follows:

Q 1 on
/"U‘Q(p 1)‘111\11” dz %/ |U|Pln|v|dx+—/ lv|7"-2 dx
Q T plyzer(p—1)% Jg et Jg

e (3.28)
Sdﬁ/ [v|? In |v|dx + dr (/ |V112da:> ’
Q Q
where
k190 (p + 9) (n=2)Ch

Coplyzet(p—1)¥’ T e(2(n—1)—p(n—2))°

For the second integral in (3.26), according to (As), the estimate obtained in (3.25) can be used.
On the other hand, using definition of the solution energy and (3.22), we arrive at the following
two estimates for |lv||2 and [|[Vo||2:

2k E
/ EARARS dg/ [vf? 1n |v|dx, dg = ) <1 + (p—’—]Q)j) ,
Q Q

14
2k ( ?r] )E (3:29)
/ Vol2dz < d9/ WP Infolde,  do = — <1 + p‘72ﬁ> :
Q Q pl b3
Therefore, using the estimates (3.24) - (3.29), we have
£ ¢
W' (t) < BoW (t) + B (W(t)) + B (W(t)) : (3.30)
where in each of the two cases, £ = p — 1 and for the first case
¢=p Bo = p(dy + dadg) + dsds, By = dydf ™, Ba = pdsd,
and for the second case
__n _ P p+1 L e 1=
C—n_27 ﬁo—2d6+( 5 )d& ﬁ1—2d4dg , B2 = d7d .
It is clear from the Theorem 3.1 that
lim W(t) = +o0.
t—=T*"
By integrating (3.30) over (0,t), (0 <t < T*) we have
/
wo) Boy+ Brys + Bayt
The proof is completed when we let ¢t — T*~. O

4 Blow up for high initial energy

In this section we investigate the blow up property of solutions at arbitrary high positive initial
energy. The main result reads from the following theorem.
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Theorem 4.1 (Blow up when E(0) > 0). Assume that the conditions (A1)-(Az2) hold. If

—a -2
(Hl)P—2>a>Oand0<0<%’
Hy)¢>—L1  where0<¢<1—2,
( 2) (p(17<)71)2 »
Zep(v(z,O),vt(x,O)) e - -
(1) 0 < b < ZRTETg R (5 1) (- ) — gty

where C, is the best constant of the embedding inequality [[v]|2 < Cil[v]| g, € € (0,1) is the first
positive root of the equation

a(at2)

2a+1)(p(e") 7T +a+2 p(a+2)
Cu(1 =) (p(en) ™" \/(p“;“) —1) (- ) - s

=)

, (4.1)

where p(e) is given in (4.10),
(Hy) the initial energy and the initial values vo € HE(Q) and vy € L*() satisfy

(’U(Q?,O),Ut(.lf,())) _g > E(O)
PG{1 ~€) 2\/(;;(125*) - 1) (0 —e)— 2p(111£€*)

where £ is a positive constant determined in (4.14). Then solution of (1.1)-(1.3) blows up at a
finite time T*. Furthermore, the lifespan T satisfies the following estimate

+oo d
T > / i : (4.2)
w(0) @0 + a1y + azys

>0,

where W(0) = 3|v1]13 4+ 3| Vvo||3 and the positive constants ag, a1, ap and ¢ will be determined
in the proof.

Proof. We assume that v is a global solution of the problem (1.1)-(1.3). Let

w(t) = / v(x, t)vg(x, t)de — &, t>0,
Q
where £ > 0 is a constant which will be determined later. Then, by the boundary condition (1.2),

we easily obtain

d

%w(t) =||ve]|3 = | Vol|2 + /Q/o g(t — s)Vu(t).Vu(s)dsdx W)

kaHV’uHEG/ \vt|avtvdx7k1||Vv||§0/vvtder/ [v|P In |v|*da.
Q Q Q

For any 0 < e < 1, we get
/ /g(t—s)Vv(t).Vv(s)dmds
0 Ja
= ||Vv||§/0 g(s)ds +/0 /Qg(t — 5)Vo(t).(Vo(s) — Vu(t))dzds (4.4)

¢
p(1—e) 0

> (1= =g ) 190l [ atsias = 202D g0 v
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By Young’s inequality, we have

koet 20
kol [Vol|3” /\vflavtvdfv< IIV 13 loll63

—at2 Sy ] o
+koey ( e IVt @

182
[ Vo120 /Q vode < P22 |TulF o3 + —nv 127 o2,

for any e1,e2 > 0. Hence, from (4.3)-(4.5) and using the energy identity, we obtain

d k(1—¢)
> _ P A TPNTY
o) 2 (1+50- ) ulf +< [ ool + H= Dy

+ [(m; o _ 1) ‘- Qpl(l_i)] IVol2 = p(1 — O E(®)

k‘oEOH_Q

-2 fa+1
O IV ol — hoey (S5 ) IVl
k‘1€2

= - IVollsllvlls - 7W 137 1velI3-

Using Young’s inequality, Lemma 2.5 and the assumption (H;), we have

a+2
Vol [[01553 < O1IVoll3 + (1= O)lvllazs
a+2

<OIVol3+Ci(t =)ol *
< 0 Voll3 + O = o) (IVull3 + [lvll})
= (0+C.CA=0) Vol + A= 0)|v]?,

(4.7)

where C; = |Q|P<1 ol Similarly,

_2
Vol [o]13 < 01 Vol + (1= O)lvll;™

< 0|[Voll5 +Ca(1 =)o)l 7 (4.8)
< 0| Voll5 4+ CoC (1 = ) ([Voll5 + [lv]?)
— (04 CaC(1 = 0))[Voll3 +CC(1 - 0) o2,
where Cy =

—2
Qo . Thus, by Lemma 2.2, letting e = €972 and using the fact that 2 In |z| >
y g 1 g
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—é0n0<x<1,f0rany0<e<1—%,weget

d o+ 1 —aif 1 —(a+2)
— — R S E(t
7 [w(t) ( 261 261 (t)

> (1 + g(l — e)) l|loe||? + e/ﬂ [o|P In |v|*dz — p(1 — €)E(t)

+ KW;G) - 1) (- 2;(1_2)} IV7ol13
+ [ o - g (S 4 @) gy

P o+2 2
(4.9)
a+2 k0(9+C1C(1 *0)) k1(9+C20(1 70)) 2
— €] + Vollz
a4+ 2 2

L p1 - o)

p
> (1+20-9) Jul} -
k(1 —¢
A VolZ + (‘p) - a?”wo,cl,cg)) ol

(M2 1) e-amaucenc )10,

where
Qi(C,C1,C2) = C(1-9) <§1+k02 C22kl> ,
ko(6+CiC(1—0))  ki(6+CC(1—0
Q2<0’617C2) = O( alJré )) + 1( 22 ( ))7
and ’ | o
= (5=~ - o=t
v(e)—( 5 1) (L —e¢) Tl

We see that y(e) = v(0) = (5 —1) ¢ — 12—;4 as € — 0%, By the assumption (Hy) we have

1 1

- (p(1 <) — 1) SRR

which means that v(0) > 0. Now, to use the intermediate value theorem, we consider two

possibilities for £ and 1— 2. (i): 1~ 2 < /. In this case, y(¢) = —15f <O ase— (1 - %) . (ii):

0<1-— %. In this case we also have y(e) — f% < 0 when € — ¢~. We set ¢ = min {E, 1- % .

Hence, there exists a proper ey € (0,¢') C (0,1) such that y(e) > 0 on (0,€9) and v(&) = 0.
Next, we let

g1 =p(e) :== mln{<Ql(C7C1,Cg)) 7<2Q2(C,01,CQ)> }, Ve € (0,¢€). (4.10)

By (4.10) it is clear that

ple) — p(ep) >0 as e— ¢, and ple) — 0 as e—0T. (4.11)
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Therefore, by (4.10), from (4.9) we arrive at

d k|2
o0 = a0B0] = (14 50 - 9) Il + 2wl - E2L - g0
> (1421 - ) el + Loz~ U0 - e
) * km'p (4.12)
> 510 (1 501 -9) (o) = T2~ p(1 — E()
>p(e) <(v,vt) - (;il% - (A}Q(G)E(t)) , Ve e (0,¢),
where
2 1 _at2 ] —(a 1-
o0 =2 9 = T (000) 4 5(000) T w0 =2 )
Hence, from (4.11) and (4.13), when € — 0" we have
o(e) — 2 C”Y*(O)’ wi(€) — 400, wale) — 2\’}%,
and if € — ¢, , we deduce that
P =0, wn(e) — S (ple0) T 4 S (ple0)) T, wale) — +oc,
Thus, there exists a constant €* € (0, €g) such that wy(e*) = wa(€*). Then, taking £ to be
e k||
=—_ 4.14
$ el )
from (4.12) we obtain
(000~ wa)BW)) 2 0le) ((0,00) ~ €~ n(e) E(D) )

= o) (w(t) — wa() EW))-

Let H(t) = w(t) — wa(e*)E(t). Then, by (Hs) it holds that w(0) > 0 and hence from (Hy) we
deduce that H(0) = w(0) — wa(e*)E(0) > 0. Therefore, by (4.15) we get

H(t) > e?“IUH(0),  Vt>0. (4.16)

At this point we consider the following two cases:

Case I: E(t) > 0 for all ¢ > 0. Then, (4.16) results
(0,00) > €+ wy(e)E(t) + e? I H(0) > eV H(0), V> 0.

Hence we get

2H(0) [ v
25 2 ple™)t > )
o0 2 ol + 05 (¢ 1), w0, (4.17)
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which shows that the solutions grows exponentially when ¢ — +o00. On the other hand, we
estimate the norm ||v||2 from above. Since, v is global we have

o0 < [[Vo)||2 < oy, vt > 0,

where oy and o7 are some positive constants. Then,

t
[o(®)ll2 < [lvoll2 +/0 [[v ()2

t
< flvollz + €T / ()| os2dls
0
o at1 z
< lfoolls + |7 o5 ( / e |zi§d5>

o 4.18)
20 a-+2 at+2 (
S|Wﬂ2+ﬁﬂ%ﬁaﬁﬁé</’”:“ ”2”W(”a+2 )

)E(t))a%

< ol + o s (2
]{?00’0

E<o>)

< llopllz + |07 155 (
kooo

Obviously, the inequality (4.18) contradicts with (4.17).

Case II: There exists ¢ > 0 such that F(¢') < 0. Due to Lemma 2.2, E(t) < 0 for all ¢ > ¢'.
Then, by recalling the inequality (2.5) with ¢t =¢ and 0 < 7 < 7*, we have

Vot)|z > P > | ———— =7,
o> (22) "> () o

P+ p+7

Moreover,

p—a—2<p+j—a—2
Pty

0<o<
Hence, by the fact that E(t') < 0 < ¢E, together with (H;) and (Hs), all assumptions stated in

Theorem 3.1 have been fulfilled. Therefore, the solutions blow up at a finite time.

To prove (4.2), we define

W) = Ll + ;(1— [ atsras) 1wl

+ Xgovu)t /||w 2 / 6 (v (s)) dads.

[\')

By definition of the energy functional we have

Wit /|U|P1n|v| dx——||v||p+E /Hw 2 / 6 (v (s)) dads.
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Then, from the Lemma 2.2, we get
W (t / [v|P~2vv, In Jv|*da 4+ E'(t) + ||Vo(t)||3 /d)vt
< / [v|P~ 2o, In |v|*da.
Q
Next, we consider the following two cases:

Case I: n = 1,2. Similar to the proof lines of (3.24), we obtain

k|Q b
/ vug|v|P~2 In |v|*Fda < k9 + kdg/ lvg|?dzx + d3 (/ |V1)2dac>
Q e(p—1) Q 0

< e(ﬁl?ll) + 2kdaW(E) + k @)p dy (W(t))p.

Case II: n > 3. Similar to proof lines in (3.27) and (3.28), we get

/ |v|P~ 20wy In [v|Fda
Q

k|9 k "
< 33(p—1)° +% 2(n—1 |v|" da:—l— |'Ut\ dx
_ 2 Cn 2
k| k (n s 2 2
§W+?€ Z(n—l) /|V’U| dx /|Ut‘ dz

E|Q| k (2\m2 e
<——=+=|- t EW(t).
_262(p1)2+2(€) d= (W) + k()

Therefore, by the estimates (4.20)-(4.21), we arrive at

W (1) < ap + Ay W(t) + as (W(t))c,

where for the first case

k| 2\?
C =D, Qg = e(p_|l)a a1 = 2kd2a ay =k (€> d3a

and for the second case

n k|| k (2\"2
= =7 =k =—(Z d-.
¢ n—9 Qo 2¢2(p — 1)2 i ] P2 =3 (Z) 7

n

(4.19)

(4.20)

(4.21)

(4.22)

From the first part of Theorem, we know that ||Vo(t)|2 — +oo as ¢ — T*~. Moreover, by

definition of W we have W(t) > £||Vu(t)||3. Hence,
lim W(t) = +oc.
t—T*=

Then, an integration of (4.22) over (0,¢)(0 < t < T*) yields

/W(t) dy
<t
w() @0+ a1y + agys

Letting t — T*~ completes the proof.
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5 Asymptotic stability

In this section, we obtain the solution energy decay rates for the problem (1.1) - (1.3). First, we

make the following assumptions on the function g, initial energy and the exponent a:

(S1) There exists a non-increasing and differentiable function ¢ : Ry — R such that

+oo
g'(t) < —=C(t)g(t), vt>0, /0 ¢(s)ds = +o0.

o p+?*2 o 2 ﬁ
(S2) 0 < E(0) < min{ E,, (p=2)¢ <8k( et ) =2 (p) , with 0 <

—1)chh

2p p+7

(S3) 0<a<a*= {”_2’

Lemma 5.1. Under the conditions of Lemma 2.4 - (b) solutions of problem (1.1)
bounded in time.

Proof. Define the functional

IM(w:I(t):(l— /Otg<s>ds) IV0]3 + (g0 Vo)t /|u\p1n|u| da.

Then

s = (252) (1= [ tg(s)ds) IVl + (g0 Vo)(O)] + ol + 2 161

By using (A1) and Lemma 2.3, we have

Hﬂ@)zEHVvﬁ——/1 WFIHWde—l/ (of? Ino|Fda
{zeQ:|v|<1} {zeQ:|v|>1}

zmvm@—/‘ (o] In [o[*da
{zeQ:|v|>1}

k
> 0ol - & / [o[P+da
€] J{ze:|v|>1}

k +
> (|Vol3 ~ ;JIIUHZ+§~

- (1.3) are

(5.1)
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Then, by Lemma 2.4 - (b), we get

I[v](t) > £|Vo]3 - *CWIIWIIS*J

p+J
k 2]
> Cpﬂ sz _ pt+i—2
Z i A vl | RCUT [Voll3
k 2]
> CSI;W%< orrr ~ 5 ) (5:2)
Je p+I
4y il
= C”ﬂHWHQ -
s R\ ke T ke O
Y14
= Vo3 > 0.
e(p+7)

Considering (5.1) and (5.2), we have J[v](t) > 0 for each ¢ > 0 and hence by definition of the
energy functional, for each ¢ > 0, we get E[v](t) > 0. Therefore, for each t > 0, we obtain

lvell3 < 2E(2) < 2E(0), )
V0l < =520 < ~ 5570 g
ol < 2 E) < 2 E(0), o
(90 Vo)1) < L3 B(0) < L5 E(0)

In fact, (5.3) shows that how the solutions are bounded with respect to time. 0

Lemma 5.2. Under the assumptions (A1), (A2), (S2), and (S3), there ewist positive constants
Bi, 1 =0,1,2,3 such that

d
(o) < - B(t) + Bollvell3 + Bi(g o Vo)(t)
+ BallVoll3 [lvell3 + Bsl|Vol3llve [513, Ve > 0.

Proof. Using (1.1) and with the boundary and initial conditions (1.2)-(1.3) we have

d t
G o) =l = (90l + [ (e —s) [ To(s).Tu(t)dads
0 Q
+/ |v|p1n|v\’“dx—k1||Vv||§9/vvtdxds (5.4)
Q Q

—k0||Vv||§9/ vue|vg|*dads.
Q

Using Young’s inequality, for the second integral on the right side of (5.4), for every € > 0, we
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obtain

/Otg(t =) /Q Vu(s). Vo(t)deds

:(/09< ) Iweli+ [ votn /Ogt—s o(s) = Vo(t))dsda

s(w/otg() ) IVl + o (/Ogt—s ols) = Ve(n)ds) o

< (e [ o)) IVl + - ol oo 00

So, using (5.4), (5.5) and the energy identity, we get

d

3, 5 1 ¢ 9
2 — (1= —2
T (v,v)) < — E(t) + 2Hvtllg 5 <1 /Og(s)ds 6) [Vvll3

1 1 k p—1 .
+ (ot + 5) wovoro + Ko+ (22 [P mpltas

fk0||Vv||§9/ vvt|vt|ada:dsfk1||Vv||§9/vvtd:cds.
Q Q

Using (Az) and (5.3), for the fifth term on the right side of (5.6), we have

2p i
P < (P P < P E 2
ol < cpIvelg < o (25 20) Il

Also, for the sixth term, using the Lemma 2.3 and (5.3), we obtain

/ |v\p1n|v|kdx:k:/ |v|pln\v\dx—|—k/ [v|P In |v|dx
Q {zeQ : |v|<1} {z€Q : |v|>1}

k
<k [vP In |v|dx < —/ |v[P T da
{zeQ : |v|>1} €] J{zeQ : |v|>1}

<2 [ orrds < Zopively”
€] Ja

pty—2
k 2

, 2p
< 2 p+J 2-
< Lo (C2p0) T Ivel:

For the seventh term, using Young’s inequality, (S3) and (5.3), for every £; > 0, we have

||Vv||§9/9vvt|vt|adx

a+2
El a+2 o+ 1

7.1 20

< S IVl ol + e Tl

EQH 0 atl -8 0
< S CeRIVelg P + e S 3

a+26

Etlx+2 2p 2
< ot ——=E( Vo3
— Oé+2 a+2 (p72)€ ( ) || U||2

a+1

-2 20 42
1
+ e "IVl lvella -

a+2

(5.9)
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Similarly, for the last term on the right hand side of (5.9), for any €5 > 0, we have

€ 1
IVolB? [ wode < 2BV + o Vol
Q €2

2 0 1 (5.10)
2 pe d 2 20 2
< = _ B

=3P ((p—2)£E(O)> 19013+ 5 903 ],

where B is the optimal constant of Poincaré’s inequality. Now, by choosing 0 < ¢ < % in (5.6)
and using the inequalities (5.7) - (5.10), the following estimate can be found for (5.6):

p—2
d 3 9 -k 2p oz
— <—E({t)+ = — 4+ =CP E(0
% (0,0 <~ (&) + Sl + ( L+ 20y (2P 0)
k(p — 1) 2 H
p—- + p a+2 2
—|—ij( EO) +eMTPAL + ey ||| VY
e i\ -2t P by Vel (5.11)
1 1 k1
+(lalh + 3) 00 To)0) + S IT01 ol
ko(oz + 1) —z—ﬁ
Tat2 O FIVoll3? oIt
where
k 2p 5 k1 2p o
Ay = —2_Cot? E(0 Ay = = B? E(0)) .
1 a4+ 2 a+2 (p_2)€ () ) 2 2 (p_2)€ ()
Now, according to the condition (S3), we have
¢k 2 i ¢ kp-1) 2 g
—— 4 e P_po)) <o, -4+ VDewn (22 _pg)) T <o
8+p20p((p2)€ © <P Ts Tt T e\ oo © =
Therefore, 1 and €5 can be chosen so small such that
¢ k 7 2p pz;z k(p — 1) p+7 2p p+%_2 a+2A A
_Z—&-Pcp (p—2)€E(O) + I Cerj (p_2)€E(0) + &7 1+e2M2 <0.
_oa+t2
Hence, choosing By = %, B = 4—1€||g||1 + %, By = 2% and (B3 = %61 **1 completes the
proof. U

Now, we are in a position to state and proof our main stability result.

Theorem 5.1. Suppose that the conditions (A1)-(As) and (S1)-(S3) hold. Then, there exist the
constants K >0 and k > 0 such that

E(t) < KE(0)e "o ¢)ds — yp > 0.
Proof. According to (5.3), there are positive constants such as K7 and K5 such that
K, <||[Vo@)]2° < Ky, Vt>0. (5.12)
For any n > 0, define

G,(t) = E(t) + n/gzvvtdx.
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It is easy to see that for sufficiently small selection of 7, there exist constants Li, Lo > 0 such
that
L E(t) < Gy(t) < LaE(t), vt > 0. (5.13)
Then, by the Lemma 5.2, we have
Gl (1) <E'(t) = nEE(t) + nolleul + na(g 0 Vo) 1) )
+ 082 Voll3 [[vel3 +nBal| Vol 01533, Ve > 0.
By using the Lemma 2.2 and (5.12), the inequality (5.14) can be written as
/ Bo B2 Bs /
G (t)<([1—-mn + =4+ =) E () —nE®X) +nbi(ge Vv)(t), Vt>O0. (5.15)
K kiKy k1 ko
In (5.15), we choose 7 such that 1 — 7 (klﬁfﬁ + % + %3]) > 0. So, we get
G (t) < —nE(t) +npi(go Vu)(t), Vt>0. (5.16)

Multiplying ¢ on the both sides of (5.16) and using (S;) and taking the Lemma 2.2 into account,

we have
C(H)G,(t) < —nC(t)E(t) +npic(t) (g o Vo)(t)
< —nC(t)E(t) —nbi(g o Vu)(t)
< —nC()E(t) — 2nB1E'(t), ¥Vt >0.

The inequality (5.17) can also be rewritten as
L(t) < (1)Gy(t) = ¢ E(), V=0,
where
L(t) = () Gy (1) + 2051 E(?).
Considering (5.13) and the fact that {(t) < {(0), we have
L(t) < (L26(0) + 2n1) E(1).

Therefore, since ¢'(t) < 0, by (5.20), from the inequality (5.18), we get

, n¢(t)
C0 < ~120) + 25, <

By integrating the sides of (5.21) over (0,t), we obtain

L(t) < £(0) exp (—M /0 t<(s)ds) ,

Consequently,

(£2¢(0) +2nf1) E(0)

o >
Be) < 201 P < L2¢(0) + 206 /o C()ds ), ¥E20.

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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6 Conclusion

In this work, an investigation has been carried out on the non-existence and asymptotic stability
of global solutions to the problem (1.1) - (1.3). By imposing appropriate conditions on the param-
eters, initial data and the positivity of the initial energy of the model, it has been demonstrated
that how the solutions blow up at a finite time. Upon examining the blow-up characteristics of
the solutions, the obtained results reveal the predominance of the logarithmic nonlinear source
effect over the non-local nonlinear damping effect, under the assumptions (Ls) and (H;) which
are crucial conditions. Furthermore, some estimates obtained for the upper and lower bounds of
the blow-up time. Also, in this work, the stability of the global solutions has been established
by determining the general decay rates of the solutions, which are proportional to the decay
rates of the function g, without interactions between the nonlinearities. The results obtained in
this study improve and generalize some recent studies in the literature. For example, in [50] the
problem (1.1) - (1.3) considered with the non-local linear damping effect and in the absence of
the memory kernel g, that is, an equation in the form

vt — Av + o (|| V||2)vy = [v[P 20 In |v]*.

The authors studied blow-up properties of solutions when E(0) < 0. As another example, we can
refer to [20], where the considered nonlinear source has a polynomial structure, and the existence
of blowing up solutions has been studied only in the case that the model under consideration is
affected by the weak non-local linear damping effect.
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