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On the well-posedness and stability analysis of

standing waves for a 1D-Benney-Roskes system

José R. Quintero

Abstract. In this paper, we revisit the well-posedness for the Benney-Roskes
system (also known as Zakharov-Rubenchik systems) for N = 1,2,3, and establish
the nonlinear orbital stability of ground state standing waves in the case N = 1,
by using the variational approach induced by the Hamiltonian structure and the
Liapunov method.
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1 Introduction

In this work we consider the following system of differential equations

i) + €02 = —a1 AL+ (oY) + W(p+ DI.p)) ¥,
8tp+026zp - —Ai@—ag@—Daz(W)P)a (1]‘)
Orp+020.0 = —5m=p— [V

which describes the interaction of high-frequency and low-frequency waves in plasmas and mag-
netohydrodynamics, where we are using the notation x = (x,y,z) for N = 3, x = (z,z) for
N=2 A =8+ 85 for N =3, and A; = 92 for N = 2. The model was first derived for
D. Benney and G. Roskes in the context of gravity waves [1] and also for A. Rubenchik and V.
Zakharov in the context of the interaction of spectral narrow high frequency wave packet of small
amplitude with low-frequency acoustic type oscillations [19]. The system of differential equations
(1.1) is written in nondimensional form according to the parameters and rescaling used by T.
Passot, C. Sulem and P. Sulem [17], G. Ponce and J. Saut [18], J. Ghidaglia and J. Saut [6],
and J. Cordero [4], after considering a reference frame moving with the group velocity. In the
Benney-Roskes system, the function 1) = 1(x,t) € C denotes the complex amplitude of the high
frequency, p = p(x,t) € R denotes the density fluctuation and ¢ = p(x,t) € R is the hydro-
dynamic potential. The parameter o measures the self-interaction of the carrying wave, D is a

proportional constant to the Doppler shift «, € denotes the constant dispersion, W = Cb;z > 0,

&3
and M = % > 0 is the Mach number due to the group velocity v, (only in the direction of the

z-axis) and cg is the sound velocity. Constants 01,0 (05 = 1) are parameters depending on the
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group velocity. For more details on the physical background and a complete description of the
system, we refer to the following works [19, 10, 11].

Regarding the well posedness problem in the case N = 2,3 and s > %, G. Ponce and J-C.
Saut in [18] established a local well posedness results for the system (1.1) in the space H*(RY) x
Hs 2 (RY) x H st+3 (RN), after reducing the system to a nonlinear Schrédinger equation coupled
with two wave equations and using smoothing effects associated to the Schrodinger group. They
also obtained existence of a global weak solution for initial data in H(R™) x L2(RY) x HY(RY),
by using that the Hamiltonian and the charge are conserved quantities on solutions for the system
(1.1) and the positiveness of a special quadratic form. It is important to point out that G. Ponce
and J. C. Saut obtained only weak global solutions because their energy space included the
norm ||| g1 (ryy, but the conserved quantities control only [|Ve|[z2@~). Local well-posedness
of the Benney-Roskes (Zakharov-Rubenchik) system was also obtained by C. Obrecht in [15], for
s > 2 in the elliptic case (eo; > 0), using an energy method as done by H. Schochet and M.
Weinstein in [20] on the nonlinear Schrédinger limit of the Zakharov system. In this previous
two works, the Benney-Roskes system is rewritten as a dispersive perturbation of a symmetric
nonlinear hyperbolic system. On the other hand, H. Luong, N. Mauser and J. C. Saut in [13]
used the Schochet-Weinstein method to prove a local existence for the Benney-Roskes (Zakharov-
Rubenchik) system, keeping a small parameter which is relevant for deep water waves. They also
studied the Cauchy problem in the background of a line solitary wave, in order to establish the
transverse stability /instability of the one-dimensional solitary wave (line solitary).

On the other hand, in the case N = 1, F. Linares and C. Matheus [12] and F. Oliveira
[16] established well-posedness for a modified system in the variable (¢, p,u) where u = ¢,. In
Oliveira’s work, the global well posedness result for the modified system was obtained in the space
H?(R) x H(R) x H'(R), which is only contained in the energy space H'(R) x L?(R) x L*(R),
and in F. Linares and C. Matheus work, the local well posedness result was obtained in the space
H¥(R) x H"(R) x H*(R), where

1 1 1 1
—§<k—l§1, 0§l+§§2k, §<k—s§17 O§s+§§2k‘.

Moreover, F. Linares and C. Matheus in [12] obtained a global well posedness result for the
modified system in the space H*(R) x H"(R) x H'(R), where 0 < k =+ 1, which includes the
energy space. It is important to mention that those two results are not applicable to our system
for N =1 in the sense that the last component u should have the mean zero property to make
possible to recover the original ¢ as ¢ = 9 'u, something that was no included in the functional
space for well posedness.

Regarding the stability of standing waves for the system (1.1) in the case N = 2,3, J.
Cordero and J. Quintero in [5] established the instability of ground state standing waves of the
form (e™'u(x,t), p(x), p(x)) for the Benney-Roskes system. On the other hand, in the case of the
stability of standing waves for the modified system (1.1) (u = ¢,) for N = 1, F. Oliveira showed
the orbital stability of the standing wave solutions for the modified system using the method of
Liapunov, but in a smaller than the energy space. In this case, the stability result seems to be
incomplete, since the norm Ng used to measure the deviation of a solution from the orbit of a
standing wave only controls the first of three components.

In this work, we establish the existence of global solutions for the system (1.1) using the
appropriate energy space dictated by the Hamiltonian energy. In contrast with the existence
results given by F. Oliveira for N = 1 (for the modified system) and G. Ponce and J-C. Saut for



stable ground states 143

N = 2,3, we did not modify the Benney-Roskes system by taking the ¢-derivative in the last two
nonlinear transport equations, reducing the system to a nonlinear Schrodinger equation coupled
with two wave equations. Instated of this approach, we derive the whole group for the system
and without modifying the variables, we proceed to analyze the well-posedness of the Cauchy
problem. In the case N = 1, we prove that the standing waves of the Benney-Roskes system are
orbitally stable, by using the Lyapunov method, as done by M. Weinstein in [23] in the case of the
nonlinear Schrodinger equation (NLS) and the generalization of the Kortewegde Vries equation
(GKdV).

As happens for the NLS, the Benney-Roskes system has phase and translation symmetries,
meaning that if ¥ = (¢(¢,-), p(t,-), ¢(t,)) is solution, so is W, 5, (¢, ) = (eY(t,- + x0), p(t,- +
x0), ¢(t, - + x0)), for any zp and v € [0,27). Due to this fact, orbital stability means stability
modulo these symmetries. In order to be more precise, we define the orbit of a function x as

Gy = {Xy20 * (x0,7) ER X [0,2m)}. (1.2)

In this context, a ground state is orbitally stable, if for an initial data being near the ground state
orbit, the solution remains near the ground state orbit at all later times. In order to measure the
deviation of the solution ®(¢,-) from the orbit Gy, we use the following metric:

dp(®(t,), Gv) = inf Ng(Py.a0 (L), V) (1.3)

where the infimum is taken over all 2o € R and « € [0, 27) and a metric Ng defined in the space
Xi1.

' 2

This paper is organized as follows. In section 2, we revisit the well posedness associated with
the Benney-Roskes system (1.1) analyzing the complete group in the energy space H!(RY) x
L?(RY) x H;{(RYN), where the (quotient) space Hy(RY) is given by

Hy(RY) = {f € S'RY) : ||f|

m.@®@y) = |[Vafllgs-1@yy < +00},

identifying the constant functions with the zero function. In section 3, we present some prelimi-
naries related with the existence of standing waves for the system (1.1) of the form

Uy, o(z,t) = (eiwte%(mﬂt)u(m —ct), —M*u?(x — ct), O) ,

where u is a real positive function. Following M. Weinstein approach in [23], we study the
deviation from a solution ®(t,-) and ¥, . using an appropriate action functional F,, . which is
conserved in time. Using that the minimum in (1.3) is attained, this defines zq(t) and ~o(t),
choice which is clever in the analysis. The stability is based on a suitable lower bound on the
second variation of the energy functional F ..

2 Local and global well posedness

In this section, we describe completely the group (T'(t)):cr associated with the linear part of
the Benney-Roskes system (1.1). We recall the Benney-Roskes system (1.1) can be written for
= (¢,p, )" as

0, = BU + C(7),
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where the operator B is given by

i€d? +io AL 0 0
B= 0 *02(92 *Al — 83
0 *ﬁ 70‘28z

with domain Dom(B) = H?(RY) x HY(RY) x Hy(RYN) c HY(RYN) x L?(RY) x H{(RY), and the
nonlinear term C is given by

—i(o|Y|? + Wpp + WD)
C(W) = fDa‘zd(}||z2b|2) . 2.1)

We start the discussion by describing the group associated with the linear system
OV = BW. (2.2)

We note that the system (2.2) can be uncoupled in a linear like Schrodinger equation and a 2 x 2
linear system. By taking the Fourier transform in the last two equations, we get that

P\ (—iowen el )(ﬁ) _ (ﬁ)
o (@)‘( — L —imen ) () TAOG)

where we are using the following notation: & = (¢£1,&x) € RV 71 xR, and [£]2 = |&1]? + € |? (for
N =1, we use {n§ = &). On the other hand, we know that if A is a 2 x 2 matrix of the form

a b
A= (e 2
then its eigenvalues are distinct for a # 0 and that the exponential of A has the form

4 cosh(v/be) b%

et =e .
Cismlj/(;éﬁ) cosh(v/bc)

In particular, we also have that

sinh (tv/bc)
A _ ta cosh(tv/bc) b=

=e . c
c% cosh(tv/bc)

In our case, we have that
. 1 .
a=—ioxy, b= c=—-—— \/F:ZE.
So, replacing these into the exponential matrix and using that
cosh(ia) = cos(a), sinh(ia) = isin(«),

we get that

g sk )
tAE) — p—io2dnt COS.<Mt MI¢]sin ( 37t
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Before we go further, we use the notation Vy = (9;, 9,,0,)" for N = 3, Vx = (9;,0,)" for N =2
and V4 = 0, for N = 1. Now, for r,s € R, we set the space

Xpo o= H'(RY) x H*72(RN) x H,, 1 (RV).
We see that the group (T'(t))ier defined in X, ; associated with the linear system (2.2) has the

form ‘ ) )
e ilelEn P +orl&a )t 0 )]__

T(t) = F ! < . e (2.3)

where F and F~! stand for the Fourier transform and its inverse, respectively.

Hereafter for a generic space H, we say that a triplet ¥ = (1, p, )t € C°(Ry; H) is a mild
solution of the system (1.1) with initial data $o = (1o, po, o)t € H, if ¥ satisfies the fixed point
integral equation A(¥) = ¥, where the functional operator A is given by

Ao =109+ [ Tt = y)C(W) ) dy. (2.4

Now, for a given ¥ = (1, p, p)t, we set

QuO@)(E) = e ClenFrnl& g (2.5)
Qa(t)()() = 7" cos (5' ) )+ Me~io2657]¢] sin (5' ) a0, (26
sin Iglt)
I — _efiangt ( 720251\{1‘/ cos |£|
Q(0)(E)(E) o (5¢) 2. (2.7

From this notation, we see that

T = (F (@®) .7 (@0®), 7 (e:0)(@))

Now, if we set ®(¥) = (01,0, 03)" and set Uy (¢) and Us(t) in terms of the Fourier transform as

T1(0)F (&) = eBemt f(€) = e~ iclen+al&lP) flg) (A, ,, = 02 + 1A )
o M sin (£t R
Ta(6) £ (€) = |§(|M ) (©),

then we see directly that

01(0) = Us 000 i [ Ur(t = )16, 9)6) s
O2(t) = U3()pol- — (0,02t)) — Ua(t)(Vx - Vi) (- — (0, 72t))

- / t (DUt = 9)0.(101%) = Valt = 5)(Vc - Vo)) (- = (0, 02(t = ), ) s,
O3(t) = ~Ua(t)po(- — (0, 0t)) + Us(t)po(- — (0, oat))

+ / (DUs(t — )0 (162) — U(t — $)(6P)) (- — (0, 0n(t — 5)). ) ds,
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where are using that f(f(ar))(f) = ¢~V f(¢£) and that L is given by

L, p, ) = o[> + Wpp + WD, p1p.

Now, a direct computation shows that

T2(8) fl]2 < [l f]l2,
IVxUa () fll2 < M| fl2,
U@ fll2 < [1f]]2,

where || - ||]2 = || - ||z2. The first result is related with the group estimate,

Lemma 2.1. Let r,s € R and t € R be given, then T(t) is a linear bounded operator from X,
to X, s. Moreover, there is K > 0 (independent of t) such that we have

IT)Vlx,. < K|¥]x,..-

r,s —

Proof. Let r € R. Then we see that

|7 @@y

Hr

= [ R O Pl < KW, -

On the other hand, we also have that

2

|7 @@,y <00 [ a6t (RO + PREP) de

< aon) (Il + ol )

< Ko(M)|| Y]

2
RO

In a similar fashion, we have that

[vaF @ @) ., < Ks(a)]v]

Hs—% Xor,st

O

In order to perform the computations for the group (T'(t));>0, we introduce the following
notation (see Constantin [3], Ponce-Saut [18] and Ghidaglia-Saut [9]):

1
2

Hf”lz"L%Li = sup (/ |f(X,t)|2 dth> ) (28)
pezN \JQ,x[0,7]
3
fllirz e = > (/ |f(X»t)|2dth> ) (2.9)
HELN Q. x[0,T]
1
2
Wlaegz = | X [ IsoPaxar) (2.10)
HEZN Q. x[0,T]
2\ 2

[N

T
M= | X { ] (/Q f<x7t>|2dx> at| | . (2.11)

nEZN
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2

llgszsz = | 3 s | lexopax) (2.12)

pELN tel0,T

where (@), is a family of unit cubes parallel to the coordinates axis with disjoint interiors
covering R™.

From works by P. Constantin [3], P. Sélin [21], T. Kato [7], L. Vega [22], C. Kenig, G. Ponce
and L. Vega [8]-[9], we have the following estimates

10O 13 22 < Il (2.13)
1 t
swp |12 [ Urtt = )1 (9)ds| < Cllfll e (2.14)
0<t<T 0 2
t
v [tne-aseas|  <Clflyigen, (215
0 101212
) t
sup |74 [0t = )7 ds| < ISy e (2.16)
0<t<T 0 2

1 ~ o~
where I2 f = [¢|2f, J = (14 |£]%)2 and C is a positive constant independent of 7.

Hereafter, K is a generic constant independent of functions or the time variable, and so it
could be up dated at any step. From these estimates, we have that

Lemma 2.2. Let N = 2,3 and r > §. For U = (¢, p,)! € C([0,T); X,) with |||¥|||r < oo, we
have that

Jrts /0 Uy (t — s)L(D)(s) ds

/OUl(t—S)L(‘I’)(S)dS < KT ([[e@IF+ e ®17) , (2.17)

Hr

where X, :== X, and

< KT (INe@IZ + N @llz) (2.18)

le L3 L2

1
1@[llr = sup [(t)]x, + [T 29[l 2 12
0<t<T

Proof. The first remark is that

177+ 24

19 L2L2 ™ Z |10z

— 1
la|=r+3

lﬁ"L%Lia

for r + % € N. To simplify the computations, we only consider the case N = 3 and r =2+ % As
pointed out in Ponce-Saut’s paper, the general case follows by inequalities involving fractional
derivatives. Now, assuming the proper conditions on f and g, a direct computation shows that

1 1 1 1
2 2 2 2
ol ez < sup 0 s o115 55 1591115

Now, for n € C([0,T]; H') we have that

1
105nlli2 2.2 < KT2 sup ()]l (2.19)
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From previous estimates, for n € C([0,7]; H') and p € C([0,T]; H™) we have that
105 0kl 2.2 < KT sup |[p(t)][grm sup [[n(t)]]z-
" 0<t<T 0<t<T
On the other hand, we have that

_1
1T E el r 0z < KT sup llnll, s sup [[0]lz
0<t<T 0<t<T

1
In "2 ()l 22z < KT sup |[n(t)]l2 sup [[¢(@)]] .1
0<t<T 0<t<T

> 10'00™ |l 2.2 < KT sup [In(t)]|g sup |[(8)][mm)
L e 0<t<T 0<t<T
o<l +|ml<r—3

From these facts and (2.14), we see in the case r — 3 € N (the other case can be treated using
interpolation) that

/0 UL (t — s)n(s)i(s) ds

w ‘ 7 /Ot Ur(t = s)n(s)i(s) ds

<O )|l 12 22
< |l E (e

>

0<|l|+|m|<r—3

< KT sup |[n@)ll,.—y sup [[@t)]|a-
0<t<T 0<t<T

2

1
nrzrz |lnJ" = (w)Hl}LL%Li

|3lnam¢||liL§L§

Using this estimate, we have that

H"™2

/0 Ui(t — s)L(T)(s) ds

3
gKT( sup [[6()[%, + sup [Ip(B)]]y %
<t<T 0<t<T

Hr 0

sup [[¢[|g- + sup [|0:0(t)l], -1 sup |¢(t)||Hr)
0<t<T 0<t<T 0<t<T
< KT ([[[e@)|l7 + e ®]7) -

On the other hand, using the estimate (2.15) and following similar estimates, we have that

ol
<72 L)l rzr2

190 L3 L2

Jr+ /Ot Ur(t — 8)L(W)(s) ds

< KT (@7 + 11 @lilz) - (2.20)
O

In order to finish the nonlinear estimates, we need to establish analogous estimates to those
obtained by G. Ponce and J. C. Saut in Lemma 2.3 of [18] for N = 3. We point out that Lemma
2.3 in [18] holds for N = 2,3 with the power & instead of 3. We obtain such estimates by
adapting Lemma 2.3 in [18] in order to include the effect of the transport group.

Theorem 2.1. Let N = 2,3. Then we have the following estimates:

U2 f (- + (0, —02t)|liz pge 12 < K(1+T)N|f]]2, (2.21)
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[T (- + (0, —0s) 2 22 < KT +T)V|f]la, (2.22)
0260, £ + (0, =028) i 112 < K1+ )1 f]le, (2.23)
t
\vx [ valt = )1+ (0, 0a(t = 5)),9) ds < KO+ TN flrnss,  (2:24)
0 2L L2
t
] ULt — 5)f(- + (0. ~0a(t — 5)).5) ds <K+ flloryie.  (2:25)
0 lﬁL%"Li

Proof. We first establish the estimate (2.21). We note that

/ U4(6)F(x + (0, —oat))|? dx < / U5(6) £ ()2 dy

n Q;A,‘F(O,G’Qt)
> /Q UL £ ()2 dy,

where for each p > 0, the sum has N(7') summands and |J, Q, C (1 + |02|T)Q,, with SQ,
denoting a cube with the same center of ¢, and size 8 > 0. Then, adding up on p, we conclude
that

[ FC+ (0 —out) iz 22 < OO+ T)E Ul 2
< CA+T)N|fll 2wy

where we are using estimate (2-15) in [18] to get the last conclusion. In a similar fashion, we get
estimates (2.22) and (2.23). On the other hand, to get the estimate (2.24), we set the function

U(X7t):/o Us(t — s)f(x+ (0, —oa(t — s), 8) ds.

We see directly that v satisfies the equation

S

MA — 8;) v = f(x,1)

Vgt + 2090, — (
with conditions v(x,0) = v4(x,0) = v,(x,0) = 0 (recall that 03 = 1). From this fact, we see that
w(z,y,2,t) = v(x,y, 2 + oat, t) satisfies the wave equation

1 _
Wy — MAU) = f(x,1),

with conditions w(x, 0) = wy(x,0) = 0 and f(x,t) = f(z,y, z+0at,t). Using the energy estimates
for w (see estimate (2-24) in [18]), we have that

T
sup |[0jw(-,t)||r2(Q,) + sup [[Ow(-,t)|lr2(q,) < K/ I1fC Dl e2(aemyq,) dt. (2.26)
tef0.7] te[0.7] 0

Form this, we conclude that

sup [[0j0(,1)[|L2(q,) < sup [|9w(-t)|[L2(q,)
te[0,T) t€[0,T]

T
SK/O [fCs et mm)Q,) dt
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T
<K / [T O T ——

Adding on u, we get the desired estimate

since for any cube @, we are adding (1 + MT)N (1 + |o2|T)Y cubes in RY. To get the estimate
(2.25), we follow a similar argument as above. In fact, we set

Vx/o Ua(t —s)f(- + (0, —09t),s)ds

< KA+ D) flliz zy 22,

12LPL2

t
vi(x,t) = / Us(t — 8)f(x+ (0, —oa(t — 5), 8) ds.
0
From the definition of v and w above, we see that
Ow(x,t) = Oww(x,y, z + oot,t) + 020,v(x,y, 2 + oat, t) = v1(z,y, 2 + oat, t).
Using the estimate (2.26), we conclude that

sup |[|vi (-, )[[z2(@,) = sup [[xw(-,1)[[12(q,)
te[0,T] te[0,T]

T
SK/O 1fCs e mm@,) dt

T
<K / [T s

Adding on u, we get the desired estimate

On the other hand, a direct computation shows that

< K(1+ T)NHleﬁLlTL;"(»

liL;"Li

/0 Uyt — s)f(- + (0, —o2t), s) ds

1
gllizryrz <T2lgllzrzr2

2
1 1
sup |[g(®)[],~—3 < sup ||J7"2g(t)|[72 =[J""2glliz g2,

If we set the functions

g1(t,s) = 0:(10P)(- = (0.02t)).5). ga(t,5) = (V- Vil [9P) (- = (0,021). ),

then from previous facts, if |||¥|||r < oo we obtain the following estimates,

ol
SKQ+ )T 2 gslliz . r2

2LPL2

¢
Jr3 / Us(t — 8)g1(t — s,s)ds
0

1 1
S KT+ )T ([0l 112 (2.27)
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< K@A+T)N||J 2 g4

12ZLFLEZ

SKT?(L+ NI (6P e pae.  (2:28)

¢
Jr3 / Us(t — s)g2(t — s,s)ds
0

where g3 = 9, (|1|?) and g4 = Vs - Va([v]?).

120502

Now, we are in position to establish the local existence and uniqueness result for the Cauchy
problem associated to the system (1.1) in the space X,..

Theorem 2.2. Letr >0 for N =1 andr > % for N =2,3. For a given Vo = (1o, po, po)" € X,
there exist T(||Uol|x,) > 0 and a unique solution U (t) of the integral equation (2.4) such that
U e C([0,T); X,) with

Moreover, the mapping Uo — U from X, in the class C([0,T]; X,.) is locally Lipschitz.

1
Jrta H L, <00
1o L2.L2

Proof. We first consider N = 1. In this case, the existence result follows by the work of F. Linares
and C. Matheus in [12]. The only remark is that the variable u, = ¢ and the coefficients w, v,
B, v and 6 in F. Linares and C. Matheus work are related with the coefficients ¢, o, W, D, M
and o9 in the present work in the following way:

v v B 1 ~y
w €, 0 02, ) 2 Wv 0 M2’ 20 )

under the restrictions: w > 0, 3 < 0,v < 0,0 < 0,7 > 0. If we choose ®¢ = (19, po, v0)t € X, for
r > 0 and define By = v, and ug = J,p. From Theorem 1.2 in F. Linares and C. Matheus work
n [12], there is a unique local (which is in fact global) solution (B, p,u) € H” x H™"2 x H"" 2,
Moreover, since ug has the mean zero property, so does u, because we have that

[ty = [ wdz =0

In this case, we are allowed to define ¢(t) = 9, 'u(t) in such a way that u(t) = ¢.(t). So, we
have that (v, p, p)¢ € X, with ¢ = B.

Now in the case N = 2,3, for ¢ > 0 and T > 0, we define,
X8 = {qf RV x [0,T] > CxRxR| ¥ e C(0,T];X,), [[[®]r < a}.

For a given ¥, € X,., we consider the operator
t
A(D)(t) =T ()% + / T(t — s)C(T)(s) ds.
0

defined in X$. We will see that A defines a contraction in the closed ball X for appropriate
values of a,T > 0, therefore A has a fixed point ¥ € X, which is the solution of the integral
equation (2.4).

First, we set the notation w;(t) := (A(¥)(¢)); for 1 < j < 3. We note that

t

wi(t) = Uy (6o — z/ Ur(t — ) L(W)(1) dl.

0



152 J. Quintero

From the estimate (2.17), we have that
lwr ()] < Kol + KT(|1|7 +[119]]]7)-

Moreover, from the estimates (2.13), (2.18) and (2.20), we have that

t
41 r+1
17 w1 (8) e .12 < K [tbol | + |17 / U (t = DL(D) (1) diflye 12,12 (2.29)
1
< Kllollar + KT= (J[€@)I[F + 1€ @)]]7) - (2.30)

To illustrate the estimates for ||wa(t) 1 and |lws(t)||m , ,, we consider the case N = 3 to
T2

s
simplify the computations and we only consider the case r + % € N (we use an interpolation
1

argument in the other case). In this case, for 0 < a + 8 <r — 5 we need to compute terms like

||3f¢(t)af1/;(t)”%2@“,) < ||3§31/’(t)||%4(<;)“) 51740,
< K207,

1
< K||JT24(8)|2 su |2 ,
< KN A0, s WO,

where we are using the Holder inequality, the Rellich-Kondrachov Compactness theorem with
p=2and N = 3, and the estimates (2.19). Moreover, we also have that

ey
H 2

4l - r+di - ral
18] 2 @) () 72(q,) + 101D 2 Z2q,) < 117 +2(w)(t)||%2(Qu)oilt1£TIW)(t)
In other words, we have that

110772 ([]?)

1
Zrjrz < Koignglw(t)llHP% 172 (1) iz 2.2 < KI[19]]17

which implies that )
17772 ([ )]
From the semigroup and the estimates (2.27) and (2.28), we have that

zrzrz < K[|%||[7-

1
s @l —y < K (llpoll ooy + ol +THA+T)VI9B)

2

In a similar fashion, we see that

@]y < K (Ilpoll oy + ol +THA+DV[]]) -

Putting together previous estimates, we conclude for ¥ € X7 that
1
A7 < K[| Wollx- + KT[[[[F + K (T2 (1 + )N + T)|[|¥]|[7
If we choose 2K ||Uyl|x, = a and take T' > 0 small enough such that
2K (Ta? + (T?(1+T)N +T)a) < 1,

we have that A(X$) C X&. Now, from the same arguments as above, we have for ¥, Ve X7
that
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11 A®) — AD)|l|z
< K@+ T+ +7) (G + 12l + DB+ 19]]) (119 = &]l7,
meaning that if we choose T' > 0 small enough such that
2K(T+T2(1+T)N +T)(a® + d®) < 1,

then A is a contraction on X, as desired. O

2.1 Conserved quantities and global solutions

In this section, we discuss properties of the Benney-Roskes system that will be used in the stability
analysis. The first remark is that there exists a Hamiltonian structure which provides relevant
information to determine the stability of standing waves. In this case, the Hamiltonian structure
is given by

) ) -0 0
Wl lp|=T”|p], T=10 0 &, (2.31)
@ @ 0 —% 0
where the Hamiltonian H is defined as
v 1 2 2, 014 2
H o | =5 [ (oVeoP +eoulP + Zlul* + Wplyl
RN
®
w w
+Woapd. o + ?|V<p|2 + 537 Ip|* + DW|¢|28Z<p> dx. (2.32)

We note that the Hamiltonian is conserved in time on solutions ¥ since,
d
S W) = (#(9), ) = (H'(V), TH'(V)) =0,
using that J is a skew-adjoint operator.

We use the conserved integrals Iy, I and I3, to construct a Lyapunov function.

Proposition 2.1. The Benny-Roskes system (1.1) has the following conserved quantities with
respect to time,

n(t) = / (VL0 el + Zpsl* + Wl + Wospdp
]RN

w
2M?

+%|W)I2 + lol” + DW|«/)|262¢) dx,
R = [ ofx
I(t) = /R ) (wpazgo 200 - azww) dx,

w
1) = [ (c1IT20 + 002 + FIul! + W(p-+ DOl + 5 V6P
RN

w
2M?

Fonralol? = P00 - 0.00) ) i
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Proof. The first quantity corresponds to the Hamiltonian H. For the second one, we note directly

that
d

24— 7y N —_
G [k [ b+ v dx =0

On the other hand, I is a combination of I; and I5. So, we only need to establish the result for

I3. First, a direct computation shows that

d

G | wod—oiyax=2i [ (W, + Do)l ax

On the other hand, we also have that

d
7 PO, pdx = / (p= + Do) |9]? dx,
RN RN

which implies that
d

dt (7/}827/} azquj - 22’W8250p) dx = 0,

or also that

d
o (Wpaz<p +35 (¢8z¢ 8zw¢)> dx =0
dt Jgn
So, we also have that I3(t) = I3(0). O

Remark 1. On the global existence result.

As we mention above, G. Ponce and J. C. Saut in [18] obtained weak global solutions due
to the fact that their energy space included the norm ||y|| H1(RN), but the conserved quantities
control only the term |[V||y2@n~). The first remark is that we have the following estimate:

/ €l0.1p]? dx — io’z/ (1/)321/3 - 8%/)1/3) dx > —CI5(0).
RN RN

In fact, from Young’s inequality, we have for any a > 0 that

ioa [ | (w0 —0.03) dx

o 1
< loal (5 011 + 55 0.l

If we take € > % and use that [|[¢(t)]13 = |[¥(0)||3 = I2(0), then we get the conclusion with

C= @ From this and previous conserved quantities, we see that

€ o w
L (#V20 + §10.02 + F1ul! + o+ Do)l + VP

w
2M2 |P|2> dx < 14(0) + 01]2(0)

On the other hand, for 8 > 0, 8 > 0 and v > 0 we also have that

W 174 D
Wip+ Do)l < Lo + Dol + (/3 )w

If we choose >0 and 6 > 0 such 8 = ﬁ and 0 = %7 then we have that
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2, € 2 g ,  D? 4
[ (vser+ Siop+ (5 - (war+ 22 ) o

w w
+?|V¢Sﬂ|2 + Z|8z<ﬁ|2 +

w
4M?

|p|2> dx < I,(0) + C1 15(0).

Clearly, in the case § > WM? + %27 we have that

19[1%, , < C(e,W,M,D,01,0)(14(0) + C112(0)),

[N

which implies the existence of global solutions. In particular, for N = 1, F. Linares and C.
Matheus in [12] obtained global solutions under Oliveira’s assumption in [16]: w > 4e.

We will establish the existence of global solutions for the Benney-Roskes system (1.1), by
imposing the minimum set of restrictions on the parameters, as done by G. Ponce and J. C. Saut
n [18]. Hereafter, we define the quadratic form

_ 9 2 W o W,
C(p,q,7) = 5P + o2 + 57 + Wpq + DWpr + Woaqr. (2.33)
We note that under the assumption that the quadratic form C' given by (2.33) is positive definite,
we have for any local solution ¥ that

Collw (D)%,

< Li(t) = 11(0),

Nf=

which using the Theorem 4.2 in Ponce-Saut’s paper [18], guarantees the following result.

Theorem 2.3. Assume that € > 0, 01 > 0 and 0 > 0 and that the quadratic form C given
by (2.33) is positive definite. Then, for <w0,p07%) € HYRYN)) x L2(RN)) x L2(RY) with

Tj

1< j <N, there is a global solution (¥ (t), p(t), o(t)) such that

v(t) € L¥((0,00): B (®V)), p0), 220 € L((0,00); L*(BY)
¥ (000), 2 € I(0.00)5 T RY))

3 Stability of standing waves

In this section we establish the existence and orbital stability of nontrivial standing waves to the
system (1.1) for N = 1, which takes the form,

0 + €020 = (o|y|* + W(p + Doyp)) ¥,
6tp+026wp = —6%(,0— D81(|¢|2)7 (31)
Opp+ 0200 = —ﬁp— |2,

For this system, we look for solutions of the form
Y(x,t) = eme%(‘”*“)u(x —ct), plz,t)=—M*u*(x—ct) @(z,t)=0, (3.2)

where w > Z—i and ¢ € R. We see directly that D = M?(02 — ¢) and that u satisfies the cubic
Schrédinger equation

2
€0%u — <w - 4€> u+ (M*W —o)|ul*u=0, wuecH(R)\{0}. (3.3)
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From the work by K. McLeod and J. Serrin in [14], we have the following result related with
the decaying positive solutions for (3.3) and also the uniqueness of the positive ground state in
H(R).

Theorem 3.1. Lete >0, w > £ E! D=M*o,—c), E=1 (w - Z—i) and MW > o. Then the
triplet U, . = (¢, p, ) with

P(x,t) = wi o3z (v—ct) u(z —ct), plx,t) = —M>*u*(x —ct) o(x,t)=0

is a standing wave to the 1D-Benney-Roskes system (3.1), where u is the unique positive solution
(3.3), which is even and exponential decreasing for x > 0. Moreover, u is given by

Uy o(T) = %sech (\/Em) (3.4)

As we discuss above, the Benny-Roskes system has the phase and translation symmetries.
So, the orbit G,, associated with a ground state ¥, = (¢, p, ¢) reduces, due to the uniqueness,
to the set

G = {(e7(- + o), p(- + 20), 0 (- + m0)) : (w0,7) € R x [0,2m)},
= {( w)’Y,JCo : (mOv ) €Rx [0,271')}.

In particular, we have that if U(z,t) = (¢¥(x,t), p(z,t), o(z,t)) is a solution for the system (3.1),
then for (z9,7) € R x [0,27) the function ¥, ,(¢,-) is also a solution. Finally, we define the
distance between ®(¢,-) and the orbit of the ground state G, as

d (I)’\I/"J = inf N T 7\110.)7
B@V) = il N(@ (1), V)

where the metric N : Xy 1 x X; 1 — R is given by

Np(¥, V) = \/||1// =Vl + EllY = dlle2w) + lo = plle2) + e — Gall 2wy,

4e
norm in the space X; 1.
’2

with £ = % (w — ﬁ) We note that the norm defined by the metric Ng is equivalent to the

Definition 1. (Orbital Stability) We say that standing wave U, ., of (3.1) with frequency

wo > Z—i and wave speed ¢y € R is orbitally stable in the following sense: for given 1 > 0, there
exists 0(n) > 0 such that if ¥o € X, 1 satisfies that

NE(\I]07 \I,wo,co) < 6(7’]),

then the Cauchy problem associated with the system (3.1) has a unique weak solution ¥(¢) €
c (R, XL%) such that ¥(0) = o and for all ¢ € R

dE(\II(tv ')7 \Ilwoyco) <.

Before going further, we consider the linear operators Ly and L_ corresponding to the real
part and imaginary part, respectively, of the Nonlinear Schrodinger type system (3.1) linearized
operator about the ground state u,

1
+=-02, +EI+ %(a — M*W)u?, L_=-0?, +FI+ E(a — M*W)u?
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We point out that this linear operator are related with the second variation of the action functional
associated with the standing waves,

Foel®) = oo (1(®) + wha(®) — cIy(®)), (33

which according with Proposition (2.1) is a conserved quantity in time on solutions for the Benny-
Roskes system. As done in the case of the NLS in [23], F,, . will be estimated in terms of pg and
will be used to measure the deviation of ¥(-,¢) from the ground state orbit. We write

W(t7 ) = q)mo’v(t’ ) - \I/w,c(t, ) = (Ul (t, ')7 U2(t7 '), US(tv ))7 (3'6)

Then, if AF,, .(t) denotes the deviation of ¥(-,t) from the orbit of the ground state orbit of ¥, .,
then

where we are using that F, . is conserved in time on solutions and the scale invariance. So, the
main goal is to establish for some positive constants A, B, C' that

AR 2 AW, , (1= BIWE s, - eI, ).

where [W(t, )%, = llvr(, )3 + [lva(t, )72 + W5t )l

’2

Lemma 3.1. Letw > —i and ¥(t,-) € Xy 1 be a solution of the Benny-Roskes system with initial
condition ¥y € Xl,% Then for ¢ > 0 large enough there are positive constants Ay, As, As and
Ay such that,

AFuo(t) > = ((Lyha,ha) 4+ (L_ha, he)) + Arl|va||72 + Aal|vs][7-

= Asllorllfn — Aallol[ze, (3.7)

[\3\)—!

where hy = N(v1) and he = S(vy).

Proof. As done by M. Weinstein in [23] (see also the work by F. Oliveira [16]), to estimate the
deviation of a solution ¥(¢,-) and the ground state orbit of ¥, ., we consider the perturbation
variable W(t, ) = Wy 4 (8, ) — Uy c(t, ) = (v1(¢, ), va(t, ), vs(t, ). Now, we may assume without
losing generality that vy (t,) can be replaced by e™tezc(*=<ty (¢, .), since the deviation depends
on the ||vy(¢,)||z: and that

wtose(z=ct)y, (¢ (t, )||H1 ~ |1 (t, >||H1’

for ¢ > 0 large enough. From this fact, we may assume that

lle

ep(t, T + o) = e TN (uy (t,x) + u(x — ct)),
p(t,x + o) = va(t, x) — M*u?(z — ct),
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o(t,x + x0) = v3(t, x).

The first observation is that

1 2 1
Foe(Wye) = 5 /]R (6(1/)2 + (w — Ze) u? + 3 (J — M2W) u4) dx.

Now, a direct computation shows that
/ 2 /12 ! "2 ic / — C / C.y
|9 (t, @ + 20)|” = [V1 |7 + 2hju + (u')” + 2*6(1’1“1 —o1vy) — thU + Ehzu
c? 2 2
+ @(|U1| + 2hiu + (u)?),

[(t, z + z0)|* = [ur]* + ut + 4h3u® + 4|u1|?hiu + 2Jv1|*u® + 4hyu?,
p(t,x + x0)|? = |va|* — 2M>vou? + M*u?,
(p")(t, @ + 20) = vpv§ — MuPvg,

(p 4+ DY (t, z + z0) = va|v1|? 4 2h1vou 4+ vou? — M |vy |2u? — 2M?hyu® — M?u?
+ D(|v1 |20} + 2hyuvl + uvl),

%(@W YY) = 2%(‘“”2 + 2hiu + u?) + ;(WT{ — V[T7) — hott + .

Now, using previous formulas and that D = M?(o3 — ¢), we see that

1 c?
Fue(Waoq(t, ) = (elvr? + i (w = = + (0 = WM?)u? | +
2 R 46

2hy <—eu” + (w - i) u+ (00— WMQ)uB') + <e(u’)2 + (w - 62) u? + 1(a - WMQ)U4>

4e 2
w W WD
+ 7(1}3)2 + 517 v3 + %|U1\4 + 20h3u? + 20 |v1 [P hyu + szug + DW |vg |20}

+ 2DW hyuvh + Wlvg [Pog + 2Wh1UU2) dx. (3.8)

Using that AF, o(t) = Fue(Uug o (t, 7)) — Fu,e(Pu,c) and the equation for u, we get that

1 2 2
AFo () = 5/]1@ (1057 + @ (w - WM2)u2>

1 2 4 W W 7\2 W 2
5 (WM —o)u' + = K+ (05)? + - UQ)dx. (3.9)

where the function K is defined as,

20 M? SoM? 8o M?
K:U§+M2(U§)2+07|v1|4+ UW h2u? + UW |v1[2hyu 4 4Dvguy

+ 4M?D|v; |20y + 8M? Dhyuvh 4+ 4M?|vy [*vg + 8M?hiuve.  (3.10)

Now, we see directly that,

4DM?
(vg + 2Dvh + 4M?hyu + 2M?|vq |*)? + (mvé s B NP

M? —4D?
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N (o, M, W, D)(Ju1|* 4+ 4u?h? + 4|v1|2hyu), (3.11)

~ 2DM? 2 IVE
- W

(M?—4D?)—2M?(M*—3D*)W)
(M2—-4D?)

where N (o, M, W, D) = (o . On the other hand, we also have that,

v 2 02
/ (MF - % <w -t (0 — WM2)u2))dm = (Lihi,h) + (L_ha, hy)
R

2A(WM? — o)
€

+ / w?h?de. (3.12)
R

Putting this estimates together, we conclude that,

1 N
AFuelt) = 3 ((Lhi, by) + (L bz, h2)) - ZA(‘U1|4+4|U1|2h1u) da

2 1 w
= MQ_ - N M D 212 - M2— 4 2 a2 .
+ [ (BUVME =) = N(o. MW D))t + 5 (WA = a)ut 4 () + 03 d

Now, for M2 —4D? > 0 and WM? — ¢ > 0, we have that,

(3M2W — 20)(M? — 4D?) + 2M2D*W

(WMQ—U)—N(U»M»WD): (M2_4D2)

> 0.

From these fact and the Young inequality, we conclude for positive constants As, A4 such that

W
[oallZ + - llvsllZe

AF, .(t) >
’ ( ) - 4e
—A3H’U1H4—A4||’U1||3H1,

w
((Lyhy, ha) + (L-hg, ha)) + m|

N |

where we are using that H' — L* and H' — L. O

From the work by J. Bona in [2], it is possible to obtain the following technical result,
Lemma 3.2. If o = zo(t) and 0 = (t) are chosen to minimize
N(\I/zo(t),'yo(t); \Ilw)y (313)
then there are positive constants D1, Do and D3 such that,

(Lyh1,h1) 4 (L_ha, ha) > Di||vi]|3 — Dallvil|3 — Ds|lul[ 3, (3.14)

[t as= [ o)

Proof. That the minimum is attained at finite values zp and 7 and that W(¢,-) as defined in
(3.6) has a continuous H! norm can be obtained by performing the approach used by J. Bona in
[2]. We note that the minimization of (3.13) over z( and 7 implies that

in the case

/ (B(MP*W — o)u*u'hy (¢, ) + M*u’¢h(t, x)) da =0, (3.15)
R

/ u3ho(t, ) dx = 0, (3.16)
R
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after differentiating with respect to zy and -y, respectively.

Now, from the fact that L_ is non-degenerate and that L_u = 0 where u > 0 is the
ground state of L_, we have that L_ is a non-negative operator. If we consider the infimum
of (L_v,v)/(v,v) subject to (3.16), we have that is non zero. In fact, if this were zero, then
it is attained at u, contradicting the restriction (3.16), meaning that the minimum is positive.
Therefore, there is a positive constant Az > 0 such that for any v € H*,

(L_v,v) > As(v,v).

Taking § > 0 in such a way that A3 > 3§(M2W — o)||u||?, we have that

(1+0)(L_v,v) > §|[v'[|22 + (A3 + 6w)||v|[22 — 30(M>W — o) /u2v2 dx,
> 6|V |72 + (As + 0w — B6(M?W — o) ||ul[7 ) [v]|Z.-
In other words, there is Ay > 0 such that
(L—v,v) = Aol[v[[F:.

On the other hand, From Lemma 4.2 in the work by M. Weinstein [23], L, has exactly one neg-
ative eigenvalue, but (3.15) is not enough to assure the positivity of (L4 z, z). From Proposition
3.1 in the work by M. Weinstein in [23], we have that (Lyz,2) > 0 for any z € H' such that
(z,u) = 0 and that
inf (L f,f)=0.
(f,u):O( +£, 1)

So, to obtain a lower bound on (L4 f, f), it is necessary to assume that the perturbed solution
have the same square integral as the first component of the ground state,

[t ar= [ uwyas

In this setting, we have that
1 2 2 1 2
Ror,w) = (hyyu) = =5 ([[llze +[helllz2) = =S llvrl[z..

In this case, we assume that ||u||z2 = 1 and decompose hy = Rv; € H* by hy = fi + fo in such
a way that (fa,u) = 0, meaning that

1
fi=(h1,u)u = —§||U1|||2L2U7
1
fa =hy — (hy,u)u = hy + §HU1|||%2U~

Moreover, we also have that

(Lyhi,ha) = (Lyf1, f1) + 2(Ly f1, f2) + (L f2, f2)

From the discussion above, we have that (L4 fo, f2) > 0. Now, if we consider the infimun of
(L4 fa, f2)/(f2, f2) subject to (3.15), we see that, if this were zero, it is attained at cu’, but this
contradicts (3.15), since the second component of W, is —M?u? and (3.15) reads

Oz/R(S(M W —o)u*(u')? + Mu?*(—M?u?)) do = 3(M W—U)/Ru (u')? da.
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As a consequence of this, we have that

(Lt fa, f2) = C3(fa, fo) = C3((f, f) — (f1, f))
1
> G (Il - gllnlls).
(L fur ) = (1B + [hal32)2 (L w) = — 5 (MW — o)l ful o[,

(L fis f2) = =5 (IRl + fhal B) (L fo,0)

—Cyllvi]|Z2llvrllm = —Callvr |3

\%

From this estimates, we have that
(Lyhi,ha) > Dillhal[Fn — Dallvl[3n — Ds|lor] |7

for some positive constants Dy, Do, D3 > 0. So, we have shown that the estimate (3.14) holds,
under the assumption ||¢||z2 = ||ul|z2. O

Now, we are in position to establish the stability result to the standing waves.

Theorem 3.2. Let w > Z—i, M? > 4D? and M?W > o. Then for ¢ > 0 large enough, the

standing wave ¥, .(t,x) = (Y(t,z), p(t, z), o(t,x)) where
Y(x,t) = ewte;%(””*d)uw,c(x —ct), pz,t)= —MQUZ,C(x —ct) p(z,t)=0,
is orbitally stable, u,, . is the unique positive solution (3.3).

Proof. From estimates (3.7) and (3.14), in the case ||¢|2 = ||u]|r2, we have the estimate

AFoo(t) 2 5 (Ao + Dy)llur[f + Aullval[f2 + As|lvs][7

— (D2 + Ag)|[v1 ][5 — (Ds + As)l[on |-

N

Moreover, we also have for some positive constants A, B, C' that

AFualt) 2 AW, , (1= BIWGE ), , - CIWEIIR, ) (3D

|

since we have that

IW(E,)II%

o = lollin + lvelZe + 511, ol < [1T(E)]1x

1,

[N
ol

Now, let 7 > 0 be given. To remove the restriction on the L? norm, we take a ground state W,z
for ¢ near ¢ in such a way that [|[¥y, . — W, zl|gr < 5 and that [[¢||z2 = |Juwz|[z2. In fact, a
direct computation shows that

2 w
el 2 = V2T 5 / sech®(y) dy,
o R

which implies that

2
[voellis _ V¥~ &
[l 21172 =

v
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So, for §(n) > 0 small enough, we can choose ¢ near ¢ such that

2
||uw70||%2 _ Wk
[I[17 o2
4e
meaning that ||ug, |32 = ||¢|[32. Therefore, we have that

||‘Ijzo,vo(t, ) - \I/w,CHHl < H‘ijo,vo(t’ ) - \I/w,EHHl + ||\Dw76 - \I’w,CHHl,

which implies that the estimate (3.17) holds also in this case using the continuity of F,, . and
using the estimate of the deviation from ¥(¢,-) and ¥, ;. So, under previous estimates we have
that

A]:w,C(t) > V(dE((I)(t7 ')7 Qw)),
where v(y) = Ay?(1 — By — Cy?).

We see directly that the function v is such that v(0) =0, v(y) > 0 for 0 < y < 1 and v is
an increasing function near zero. Now, by the continuity in X 1,1 of . near ¥, ., we have for
this n > 0, that there exists § > 0 such that

dp(®0,G,) <6 = AF,.(0) <v(n).
which implies for all ¢ > 0 that
v(n) > A]:w,C(O) = A]:wm(t) > v(de(®(t,),G.)),

where we are using that AF,, .(t) is conserved in time. From this estimate and the properties of
the function v near zero, we conclude for all ¢ > 0 that

dE(\I/(t’ ')7 gw)) <,

as desired. O
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