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Second-order noncanonical mixed type difference
equations of unstable type: new oscillation

criteria

P. Ganesan, G. Palani, John R. Graef, and E. Thandapani

Abstract. This paper is concerned with the oscillatory properties of the second-
order noncanonical difference equation with a deviating argument of the form

A(anAyn) = AdnYo(n)-

The authors first transform the noncanonical equation into canonical form so that the
discrete Kneser theorem can be applied to classify the nonoscillatory solutions into
two types. Some new monotonic properties of the nonoscillatory solutions are then
obtained, and they are used to eliminate certain type of nonoscillatory solutions.
This leads to the development of new oscillation criteria for the equation. The
results obtained are new and complement those currently existing in the literature.
Examples to illustrate the importance of the main results are also presented.

Keywords. Second-order difference equation, noncanonical form, delay and advanced ar-
guments, oscillation

1 Introduction

Consider the second-order noncanonical difference equation with a deviating argument of the
form
A(anAyn) = AdnYo(n), N € N(”O)v (E)

where N(ng) = {no,no + 1,...} and ng is a nonnegative integer. We shall assume that
(Hy) {an} and {q,} are sequences of positive real numbers;

(H2) {o(n)} is an increasing sequence of integers such that o(n) — co as n — oo.
By a solution of equation (E), we mean a real sequence {y,, } defined and satisfying equation

(E) for n € N(ng) and with sup{|ys| : s > n} > 0 for n € N(ng). Such a solution {y,} is called
oscillatory if for any ny € N(ng), there are integers no, n3 > ny such that y,,yn, < 0, and
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is called nonoscillatory otherwise. The equation is said to be oscillatory if all its solutions are
oscillatory.

Equation (E) is in noncanonical form since we are assuming that

oo

1
A=) — with A, <oo. (1.1)

a
s=n S

The determination of oscillation criteria for difference equations of different forms and orders
continues to be an area of great interest in recent years; see, for example, the monographs [1, 2, 3],
the papers [4, 6, 10, 11, 12, 13, 14], and the references cited therein. In dynamical models,
deviation and oscillation scenarios are often formulated by means of external sources and/or
nonlinear diffusion, perturbing the natural evolution of related systems; see, for example, [7, 9].
The determination of oscillation criteria for difference equations of different forms has also been
an active area of research; see [5] and the references contained within.

While it is known that the equation

A%Yn_1 = quyn

possesses positive decreasing and positive increasing solutions, the situation is quite different for
the equation with deviating arguments

A2yn = qnYs(n)- (1.2)

For example, Lalli and Zhang [8] showed that if o(n) = n — k, where k is a positive integer, the

condition
n—1

lim sup Z (s+1—-Fk)gs >1 (1.3)

n—oo s=n—k
eliminates positive decreasing solutions. However, (1.2) does not possess positive increasing
solution if o(n) = n 4+ m, where m is a positive integer, and

n+m—1
lim sup Z (n+m—s)gs > 1. (1.4)
n—oo
s=n

A review of the literature reveals that there are very few results ensuring that (1.2) is
oscillatory, (see, for example [6, 8, 10, 12, 11, 14, 13]), but this type of equation has been well
studied in the literature in the case where {¢,} is negative; see for example, the monographs
[1, 2, 3] and their numerous references. The aim of this paper is to obtain corresponding results
for the second-order noncanonical functional difference equation (E) that are new and complement
existing ones in the literature.

Our paper is organized as follows. First, in Section 2, we transform equation (E) into a
canonical type equation so that we can directly use the discrete Kneser theorem [2] to obtain
the structure of the nonoscillatory solutions. This is an essential step in obtaining our oscillation
criteria. Second, we obtain new monotonic properties of the nonoscillatory solutions of the
transformed equation (equation (E.) below). Using these properties, we are then able to eliminate
the existence of positive decreasing solutions of (E.) if it has a delay argument, and eliminate
the positive increasing solutions of (E.) in case it has an advanced argument. In Section 3, we
combine the results to get oscillation of all solutions of equation (E) if it involves both delayed and
advanced arguments. Examples are presented in Section 4 to show the importance and novelty
of our main results. It should be noted that the research in this paper is partially inspired by the
recent results in a very nice paper by Baculikovd and Dzurina [4] on differential equations.
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2 Preliminary Results

For the sake of convenience, we define

n—1
1
by, = anAnAn+la Qn = An+1an0(n)’ By = Z b7’
S=ngo S
and
2y =

We begin with the following theorem.

Theorem 2.1. The noncanonical operator Dy, = A(a,Ay,) can be written in the equivalent

canonical form as
1 Yn
Dy, = A A Al AL =— ) |. 2.1
Yn An+1 (an n4in41 (An>) ( )

Proof. A direct computation shows that

A (anAnAnHA (i”)) = A(AnanAyp +yn) = Ans1AlanAys).

n

Furthermore,

> 1 > 1 1 1
— = = Al-) = lim — — — = oo,
anAnAn-i-l Z (An> n—oo An Ang

n=ng n=ng

Hence, the right hand side of (2.1) is in canonical form, and this completes the proof of the
theorem. O

From the above theorem, the following observations and results are immediate. The non-
canonical equation (E) can be rewritten in equivalent canonical form as

A (anAnAnHA (i")) = Aps14nYo(n)-

Theorem 2.2. The noncanonical difference equation (E) possesses a solution {y,} if and only
if the canonical equation

A(bnAZn) = ana(n) (Ec)

has the solution {z,} = {Zn}

Corollary 2.3. The noncanonical difference equation (E) has an eventually positive solution if
and only if the canonical equation (E.) has an eventually positive solution.

Corollary 2.3 simplifies the investigation of the noncanonical equation (E) since for (E.), we
use the discrete Kneser’s theorem (see [6, Theorem 1.8.11]) that any eventually positive solution
of (E.) satisfies one of the following conditions:

So t bpAzy, <0, A(byAzy) >0,
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Syt bpAzy >0, A(byAzy) >0
for n > n; € N(ng).
If we let S denote the set of all positive solutions of (E.), then it has the decomposition
S = SyU Ss.
Next, we have some useful auxiliary results regarding the monotonic properties of nonoscil-

latory solutions of (E.).

Lemma 2.1. Let o(n) = n—k, where k is a positive integer, and assume that {z,} is a positive
solution of (E.) belongs to Sy. If there exists a constant 6 € (0,1) such that

n+k
B, <Z Q3> >4, forn > ng, (2.2)

then { B,z } is decreasing.

Proof. Assume that {z,} is a positive solution of (E..) belonging to the class Sy. Since b, Az, < 0,
z, is decreasing. Therefore, a summation of (E.) from n — k to n gives

> Qs>,
=n—k

_bnkaankr > Zn—k (

S

that is,
n+k
*BnbnAZn Z Zn—i—an (Z Qe) Z §Zn,+1

by (2.2). This implies

B&—l
A(B’2,) = 241 ABS + BS Az, < 7 (02n41 + BubnAzn) <0,

n

from which we conclude that the sequence {B?z,} is decreasing. This completes the proof. [

Theorem 2.4. Let o(n) =n — k, where k is a positive integer, and assume that (2.2) holds. If

. 1 (<& Q
limsup B? . Z " <Z Bfl) > 1, (2.3)
t=s

n—o00 s
s=n—k

then So = 0.

Proof. Assume, to the contrary, that (E.) has an eventually positive solution {z,} belonging to
the class Sp. Summing (E,) from j to n and applying the monotonicity of {BSz,} gives

n
_bJAZj 2 Bfkkzn,k Z B5S .
s—k

s=j

Summing again form j to n, we obtain

5 t
52 B (D).
s=j ¢ \t=s ~t—k
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Taking j = n — k gives

n 1 n
Zn—k Z Bgsznfk Z Fg (Z B?tk> )

s=n—~k t=s

which contradicts (2.3), and so Sy is empty. This proves the theorem. O

Next, we investigate the monotonic properties of possible positive increasing solutions of
(Ee)-

Lemma 2.2. Let o(n) = n+ 1 with | a positive integer, and assume that {z,} is a positive
solution of (E.) that belongs to the class Sa. If there exists a constant oo € (0,1) such that

n—1
B, ( Z Qs> > a, forn > ng, (2.4)

s=n—I

h Zn . .
then @ 18 tncreasing.

n

Proof. Assume that {z,} is a positive solution of (E.) belonging to S3. Then b,Az, > 0, and
2z, is increasing. Summing (E.) from n to n 4+ — 1 and then using the monotonicity of { Bz, }

from Lemma 2.1, we obtain
n+l—1
bn+lAZn/+l Z Zn+1 ( Z Qs)
s=n

and hence in view of (2.4)

BubpAzy > 20 B

n—1
Z Qs] > Ay

s=n—I1

Therefore,

o — o Z 0.
ByBf, bnBnBj

( Zn ) B&Az, — 2z, ABY _ Bpbpzn, — azy,
A = >
By

hat 4 22
We see that Ba

n

} is increasing and this finishes the proof. O

Theorem 2.5. Let o(n) =n+1, | be a positive integer, and (2.4) hold. If

n+l—1 s
1
limsup —— g — & > 1, 2.5
m sup By, = b <t§_n:Qt t+l> (2.5)

then Sy = 0.

Proof. Assume, to the contrary, that (E.) has a positive solution {z,} belonging to S3. Summing

z
(E.) from n to j — 1 and then using the fact that —7; is increasing gives
n

j—1
Zn+l
bjAz; > 22D QuBly.

n+l g—n
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Summing again from n to j — 1,

zj =2 ;T;H Z (Z Q: taﬂ) -

Letting j =n 4+,

. n+li—1 s—1
+1
Zntl 2 BT; Z (Z Q¢ t+l>

ntl s—=n

which clearly contradicts condition (2.5). Therefore, the class Sy is empty, and this proves the
theorem. O

Next, we present a new monotonic property for the first differences of nonoscillatory solutions
of (E.). This will lead to another result similar to those given in Theorems 2.4 and 2.5.

Lemma 2.3. Let o(n) =n — k, where k is a positive integer and let {z,} be a positive solution
of (E.) that belongs to (So). If there exists a constant v € (0,1) such that

Qn[Bn+1 - Bn—k]Bnbn Z v, fOT n Z no, (26)
then {—BJ)b,Az,} is decreasing.

Proof. Assume that {z,} is a positive solution of (E.) in Sy. Since —b,Az, is positive and
decreasing,

Zn—k > Z AZS > Azn n Z biZ Azn+1bn+1(Bn+1 Bn k) (27)

s=n—k s=n—k
Using (2.7) in (E.), we obtain
AlbaAzn) > Qu(=Ans1bnsr) (Bust — Bu i),
which in view of (2.6) implies
A(bpAzy)Bpby, > y(—Azpt1bnt1)- (2.8)

Applying the discrete Mean-Value theorem, we have

B!
A(=BlbuAz,) < —— [~bus1A2011 — AlbnAz,)Baby] <0

n

by (2.8). Hence, {—B]b,Az,} is decreasing and this proves the lemma. O

As indicated above, here is another result ensuring that the class Sy is empty.
Theorem 2.6. Let o(n) =n — k with k a positive integer and let (2.6) hold. If
lim sup B, Z Qs( 1 ;jg) >1—, (2.9)
s=n—Fk

then the class Sy is empty.
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Proof. Let {z,} be a positive solution of (E.) that belongs to (Sp). By Lemma 2.3, —B}b, Az,
is positive and decreasing, so

n—k
BYb
Zek > Y —AzTht

t=s—k ngt
n—k 1
> =Nz, an k bn_k Z B'ybt
t=s—k
n—=k 1
> _Azn an n k
* tszk B’:YHbt
BI=Y - BT}
> —Azn,kBg_kbn,k( - ’“f a=k), (2.10)
Summing (E,.) from n — k to n and then using (2.10), we see that
by n— _
—bn—kAZn—k > Z QsZs—k > _Azn kK~ _ b Z Qs ( n— k+1 ;7]2/) )
s=n—k s=n—~k
which contradicts (2.9) and proves that Sy is empty. O

Lemma 2.4. Let o(n) = n+1, [ be a positive integer, and let {z,} be a positive solution of (E.)
belonging to Sa. If there exists a constant d € (0,1) such that

Qn(Bn+17l - BnJrl)Bnbn > da fOT' n = no, (211)

bnlAz, | . . .
then i 8 an increasing sequence.
n

Proof. Let {z,} be a positive solution of (E.) in (S2). Since b, Az, is positive and increasing, it
is not difficult to see that

n+l—1 n+l—1 1

Znar > > Az >baAzy Y 5 = bz (Bost = Bu). (2.12)
Substituting (2.12) into (E.) gives
A(byAzy) > Qubp Az, (Bryr — Bn). (2.13)
In view of (2.11), we have
A(bnAz)Brby > dbnAz,. (2.14)

A bnAzy, BiA(b,Azy) — by Az, A(BY)
Bl )~ Bipd '

n—"n+1

By the discrete Mean Value Theorem, we have

1
d d—1
A (By) < dBiT -
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and using this we see that

A 1
A (b" Z") > [BpbnA(bnAzy) — dbyAzy] > 0

B ) 7 by Bite
bz, ) . . . .
by (2.14). Hence, we conclude that i is increasing. This completes the proof. O

Our last result of this type gives conditions under which Sy = (.

Theorem 2.7. Let o(n) =n+1, | be a positive integer, and condition (2.11) hold. If

n+i—1
hmsup Z Qs Bijrrld B}lﬁ) >1+d, (2.15)

n—oo n+l s=n

then the class So is empty.

YAR :
Proof. Let {z,} be a positive solution of (E.) belonging to (S2). Since { de } is increasing,
we have "
+i-1 s+l—1 d d
Zsql 2 SZ A thbt Aznsibns © Bitd _ Az (B;-—::l Brlzil)
S d d = d
t=n-+1 B B t=n-+1 by Bl I+d

Summing (E.) from n to n + 1 — 1 and using the above estimate, we obtain

n+l—1 AZ n+l—1
+l +l d+1 d+1
bnt1Azpy1 > Z Qszst1 = 1n+ 0B - Z Qs (BEH — Byiy)
s=n n+l s=n
which contradicts (2.15) and proves that So is empty. O

3 Oscillation Theorems

In view of the results in Section 2, we might expect that all solutions will be oscillatory for
equations that contain both a delay and an advanced argument. In the following theorems we
show that this can in fact happen. We consider the equation

A(anAyn) = qdnYn—k +pnyn+l7 n < N(nO)a (31)
where {a,} and {g,} satisfy condition (H;) and
(H3) {pn} is a positive real sequence and [ and k are positive integers.

Using Theorem 2.1, we can transform the noncanonical equation (3.1) into a canonical type
equation
A(bnAzn) = Qnzn—k + szn—i-h n > N(”O) (32)

where {b,,}, {Qn}, and {z,} are as defined earlier and

Q:z = An+1pnAn+l-
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Theorem 3.1. Let conditions (2.2) and (2.3) hold and assume there exists a constant 8 € (0,1)
such that

B, < i Q:) > B, forn € N(ng). (3.3)

s=n—I
If
1 n-+l—1 1 s
limsup —— ) » (Z Q;BfH) > 1, (3.4)
n—oo B, = Vs \( o

then equation (3.1) is oscillatory.

Proof. Let {y,} be an eventually positive solution of (3.1). Then by Theorem 2.2, {z,} is a
positive solution of (3.2) such that z, € Sy or Sy for all n € N(nq).

Suppose z,, is in the class Sp. It is not difficult to see that (3.2) implies

As in the proof of Theorem 2.4, it can be shown that (2.3) guarantees that Sy = 0.

Now assume that z, € Ss. From (3.2) we see that
A(bpAzy) > QFzpti-

Then, as we did in the proof of Theorem 2.5, we see that Ss = (). This shows that {z,} must be
oscillatory, and by the transformation {y,} = {A4,z2,}, it is not difficult to see that {y,} is also
oscillatory. This completes the proof of the theorem. O

Theorem 3.2. Let conditions (2.6) and (2.9) hold and assume that there is a constant dy € (0, 1)
such that
BnQZ(Bn-&-l - Bn)bn Z do, fOT n Z no.

If
n+l—1
. —d 1+d 1+d
limsup B, 17 > Q: (Bs+z ‘- Bn+z°) > 1+ do,
sS=n

then equation (3.1) is oscillatory.

Since the proof is similar to that of Theorem 3.1, we omit the details.

4 Examples

In this section we present some examples to illustrate the applicability of our main results.
Example 1. Consider the second-order noncanonical delay difference equation
A(n(n+1)Ay,) =a(n+1)(n —2)yp—2, n >3, (4.1)

where a > 0 is a constant. Here a, = n(n+ 1), ¢, = a(n+ 1)(n — 2), and o(n) = n — 2. Simple
calculation shows that

1
A,=—,b,=1, B, ~n, Q,=a,
n
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and the transformed equation is
A%z, = azp_o, n >3,

which is clearly in canonical form. Choosing é = %, and a = 0.17, we see that conditions (2.2)

and (2.3) hold. Therefore, by Theorem 2.4 the class Sy is empty. In other words every bounded
solution of (4.1) is oscillatory if @ = 0.17.

Example 2. Consider the second-order noncanonical advanced difference equation
A(nn+ DAy,) =aln+2)(n+ 1)ynpye, n > 1, (4.2)

where a > 0 is a constant. Here we have a,, = n(n+1), ¢, = a(n+2)(n+1), and o(n) =n+ 2.
Some simple computations show that

1
An:77 bnzla an’nﬂ Qn:a7
n

and the transformed equation is
A%z, = azpi2, n > 1,

which is clearly a canonical type equation. Choosing § = % and a = 0.34, we see that conditions
(2.4) and (2.5) hold. Therefore, by Theorem 2.5, the class Sy is empty. In other words, every

unbounded solution of (4.2) is oscillatory if a = 0.34.
Example 3. Consider the second-order mixed type difference equation
A(n(n+1)Ay,) =an+1)(n—2)yp—2 +dn+1)(n+ 2)ypi2, n >3, (4.3)
where a > 0 and d > 0 are constants. The transformed equation is
A2z, = az,_ o+ dzpya, n >3,

which is in canonical form. Choosing § = § = %7 a = 0.17, and d = 0.34, all conditions of
Theorem 3.1 hold. Thus, equation (4.3) is oscillatory if @ = 0.17 and d = 0.34.

5 Conclusions

In this paper, by using a canonical transform method, we converted equation (E) into canonical
form. Then, we derived some new monotonic properties of nonoscillatory solutions of the trans-
formed equation. Next, we then used these properties and the summation averaging method to
eliminate certain types of nonoscillatory solutions. In this way we obtained oscillation results
for mixed type difference equations. The results established in this paper are new and comple-
ment existing results in the literature. Moreover, no currently known results apply to equations
(4.1)—(4.3) since these equations are in noncanonical form.
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