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Recent advances in metallic Riemannian

geometry: a comprehensive review
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Abstract. Metallic structures, introduced by V. de Spinadel in 2002, opened a new
avenue in differential geometry. Building upon this concept, C. E. Hretcanu and M.
Crasmareanu laid the foundation for metallic Riemannian manifolds in 2013. The
field’s rich potential and diverse applications have since attracted significant research
efforts, leading to a wealth of valuable insights. This review delves into the latest
advances in metallic Riemannian geometry, a rapidly progressing area within the
broader field of differential geometry.
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1 Introduction

In the realm of differential geometry, Riemannian manifolds have become a focal point of research
in recent years. These curved spaces take centre stage when imbued with an intriguing structure
inspired by the concept of metallic means. Spinadel [64] introduced this notion in 2002, gener-
alizing the well-known golden ratio and encompassing a broader family of proportions like the
silver, bronze, and copper mean. This extension allows mathematicians to explore the geometric
properties of Riemannian manifolds with a richer and more nuanced perspective. Goldberg and
Yano defined a broader category called polynomial structures [41]. Within this category, there’s
a specific type called a metallic structure. This metallic structure can be seen as a more general
version of a special kind of polynomial structure, known as a golden structure. Within the field of
differential geometry, the concept of a metallic structure applied to differentiable manifolds finds
its origins in the work of Hretcanu and Crasmareanu [48]. Their research extended the previously
established theory of golden structures. Ozkan and Yilmaz in [60] explored metallic structures
using almost product structures. Building on the concept of metallic Riemannian structures,
Gezer and Karaman [37] dive into their integrability conditions and curvature properties. Their
analysis hinges on the application of a specifically chosen operator. Blaga and Hretcanu (2018) in-
troduced the notion of metallic conjugate connections within the framework of metallic structures
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[10]. These connections represent a generalization of golden conjugate connections. Researchers
have explored various forms of metallic structures (see [11, 12]).

Submanifolds occupy a particularly fascinating niche within the field of differential geome-
try. The fact that a submanifold of a Riemannian manifold is always a Riemannian one is widely
recognized. The incorporation of a metallic structure on an ambient Riemannian manifold serves
as a significant tool for deriving the geometric properties of its submanifolds. This approach has
become a powerful technique in the investigation of submanifold geometry within Riemannian
contexts. Employing a methodology similar to that used in the context of golden Riemannian
manifolds, Hretcanu and Crasmareanu laid the groundwork for studying the differential geom-
etry of metallic Riemannian manifolds in [48], particularly invariant submanifolds, which were
characterized here. Blaga and Hretcanu in [9] investigated a specific type of submanifold within
metallic Riemannian manifolds called an invariant submanifold and proved that Nijenhuis tensor
of the tensor field of the induced structure is identically zero on an invariant submanifold of
locally decomposable metallic Riemannian manifolds, maintaining the property of the ambient
manifold’s locally decomposability. This submanifold was further extended to slant, semi-slant,
hemi-slant, and bi-slant submanifolds, respectively, in metallic and golden Riemannian manifolds
[9, 44, 43] by the same authors. Furthermore, in metallic Riemannian manifolds, the study of
totally umbilical semi-invariant submanifolds was carried out in [40].

The warped products can be thought of as a natural extension of cartesian products. Begin-
ning with the research of Nash, this idea entered the field of mathematics. Nash established an
embedding theorem, according to which any Riemannian manifold can be isometrically embed-
ded into a FEuclidean space. Moreover, Nash’s theorem demonstrates that every warped product
M X y My can be embedded in a Euclidean space as a Riemannian submanifold [58]. First, Bishop
and Neill [8] created the idea of the warped product in Riemannian manifolds, which led to the
creation of a broad class of complete manifolds with negative curvature. A surface of revolution
gave rise to the idea of the warped product. From the definition of the warped product, Nolker
[59] developed the idea of multiple warped products. A bi-warped product is a specific instance of
a multiply-warped product. In addition to differential geometry, the warped product is a crucial
concept in mathematical physics, specifically in general relativity. Warped products include the
Robertson-Walker model, the Kruscal model, the Schwarzschild solution, and the static model.
The warped products can be used to express a large number of accurate solutions to modified
field equations and Einstein field equations. Inspired by all this, the study of warped product
submanifolds in metallic Riemannian manifolds is carried out in [46] by Blaga and Hretcanu.
Furthermore, the same authors have studied warped product pointwise bi-slant submanifolds as
well as warped product pointwise semi-slant or hemi-slant submanifolds within metallic Rieman-
nian manifolds in [45]. The study of warped product lightlike submanifolds induced in metallic
semi-Riemannian manifolds is done by Shanker and Yadav in [63].

On the other hand, it is widely understood in Riemannian geometry that the metric induced
on a submanifold of a Riemannian manifold remains Riemannian. However, the induced metric
of the semi-Riemannian metric of the ambient manifold is not consistently non-degenerate in the
semi-Riemannian situation. The preceding instance yields a fascinating class of submanifolds
known as lightlike submanifolds. The methods used to study the geometry of submanifolds in
the Riemannian situation are inapplicable in the semi-Riemannian case due to the degeneracy
of the induced metric on lightlike submanifolds. As a result, the classical theory fails when at-
tempting to define any induced object on a lightlike submanifold. The primary challenge stems
from the nonzero intersection between the tangent bundle and the normal bundle of a lightlike
submanifold. To overcome the challenges encountered when researching lightlike submanifolds,
Duggal and Bejancu [31] devised a non-degenerate distribution known as the screen distribution



Advances in metallic Riemannian geometry 3

to create a lightlike transversal vector bundle that does not intersect with its lightlike tangent
bundle. It is commonly recognized that numerous significant characterizations in lightlike geom-
etry can be obtained by selecting an appropriate screen distribution. This discovery sparked a
wave of research, with mathematicians delving into various lightlike submanifolds within diverse
manifold types. Their efforts yielded significant geometric insights and classifications. In 2018
Acet initiated the study of lightlike hypersurfaces in metallic semi-Riemannian manifolds [1].
The notion of lightlike submanifolds in metallic semi-Riemannian manifolds is introduced in [72].
Later different types of lightlike submanifolds induced in metallic semi-Riemannian manifolds are
studied (see [33, 2, 54] etc).

Furthermore, a central challenge in submanifold geometry is to establish an optimal inequal-
ity between the intrinsic and extrinsic invariants of a submanifold. In 1993, the first author
introduced a groundbreaking concept called Chen invariants (or d-invariants) [18]. These invari-
ants provided a powerful tool for analyzing the relationship between a submanifold’s internal
properties (intrinsic) and its interaction with the larger space (extrinsic). Chen’s work achieved
this by establishing an optimal inequality. This breakthrough paved the way for a whole new area
of differential geometry, sparking extensive research into Chen invariants and related inequalities
for various submanifolds in diverse ambient spaces. Inspired by this, the second author with
Uddin in [25] has explored Chen-type Inequalities for slant submanifolds in metallic Riemannian
space forms. The Chen-Ricci inequality for isotropic submanifolds in locally metallic product
space forms was proven by Li et al. in [53]. Moreover, the Chen-type inequality in metallic-like
statistical manifolds was examined by Bahadir in [5].

In submanifold geometry, a paradigm shift occurred with the replacement of the classical
Gauss curvature by the Casorati curvature. This substitution provided the foundation for the
establishment of optimal inequalities for submanifolds in diverse ambient spaces, using the power
of Casorati curvatures [14]. Casorati favoured this curvature above the conventional Gauss cur-
vature as it more closely matches the perception of curvature because both principal curvatures
of a surface in E? are zero if and only if the Casorati curvature vanishes. Numerous scholars
have employed the Casorati curvature technique extensively to generate optimal inequalities for
submanifolds in metallic Riemannian manifolds. In [22], Choudhary and Blaga examined sharp
inequalities using generalized normalized §-Casorati curvatures in a metallic Riemannian space.

Wintgen is credited with discovering the Wintgen inequality [70]. This inequality is a signifi-
cant result in differential geometry because it relates the inherent properties (intrinsic invariants)
of a surface M? in a 4-dimensional Euclidean space E? to extrinsic invariants.

Given recent advances in metallic differential geometry, this paper provides an extensive
overview of the most important recent developments in the subject. The reader can explore the
most recent studies, examining how these results shed light on the complex connection between
metallic structures and multiple geometric features. With the help of this critical examination,
researchers should be able to grasp the fundamental concepts guiding the fascinating new devel-
opments in metallic differential geometry.

2 Preliminaries

2.1 Metallic Riemannian manifolds

Consider (M, g) as an m-dimensional Riemannian manifold. A (1,1)-tensor field F on M is called
a polynomial structure [41] if it satisfies the condition B(F') = 0, where

B(X):=X"+a, X" '+ +aX +ail,
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with any real numbers a1, az, - - - , a,, where I is the identity transformation on I'(T'M). One can
observe that

e Fis an almost complex structure when B(X) = X2 + 1,

e Fis an almost product structure when B(X) = X2 — 1.

Again, suppose that (M, g) is an m-dimensional Riemannian manifold. Then for any integer
D, q, the (1,1)-tensor field ¢ on M is called a metallic structure [48] if

O =po+dl,

where I denotes the identity operator on I'(T'M). It is commonly recognized that a Riemannian
metric g is termed @-compatible if the following relation is satisfied

9(X,9Y) = g(pX,Y)

for any X,Y € I'(TM). A manifold M that is equipped with a metallic structure ¢ and a (-
compatible Riemannian metric g is called a metallic Riemannian manifold. Now, replacing X by
pX, we have

9(0 X, 0Y) = pg(X, oY) + qg(X,Y).

Specifically, when p = ¢ = 1, a metallic Riemannian manifold is referred to as a golden Rieman-
nian manifold [26, 47].

A (1,1)-tensor field F is referred to as an almost product structure [6] on a Riemannian
manifold (M, g) of dimension m if it meets the conditions F? = I and F # +I. Furthermore,
(M, g) is described as an almost product Riemannian manifold when the almost product structure
F satisfies VX,Y € T'(T M)

g(FX,Y)=g(X,FY).

Via any metallic structure ¢ on M one obtains two almost product structures on M [48]

2
F1 = © — P I,
20p,4 =P 20p.9 =P
9 (2.1)
Fy=— otr—P 1
20pq =D 20p,q =D
H _ pryPPtdg : . : ,
ere op g = 5 symbolize the metallic proportions or the members of the metallic means
family. Additionally, any almost product structure F' on M yields two metallic structures
2 —
1 = Pry %P F,
2 2
» 9% » (2.2)
—fr_Zpa" Fp
P2 5 9

Definition 1. We recall the following definition from [9].

(i) Assume that (M,g, ) denotes a metallic Riemannian manifold and let V be a linear
connection on M. The linear connection V is referred to as a p-connection if ¢ remains covariantly
constant with respect to V, meaning it satisfies Vo = 0.

(i) A metallic Riemannian manifold (M, g, ¢) is described as a locally metallic Riemannian
manifold if the Levi-Civita connection V of g is a ¢-connection.
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Example 1. With the canonical coordinates (Ci,...,(r) and the natural Euclidean metric (-, -),
let us consider the Euclidean 7-space E7. We then define the immersion f : M — E7 by

f(t1,t2) := (sinty + 2,costy,2sints + 1,2 costa, to, 2t1,3),
where M := {(t1,t2) | t1,t2 € (0,%)}. Then a local orthonormal frame on T'M is given by the
vector fields 5
= cost)—— — Sint;—— + 20,
¢ = cos La¢ S YA, * G

0 0
=2 — _2inty—— + —.
) cos to G sin to 9 + ac:

We consider the metallic structure ¢ : E7 — E7 :

0 o (O _ o
‘0<ag>_“a@v i€{1,2,5}; @(89)—08@,36{3,4,6,7}7

++/p2+4q . . . _
where ¢ = ¢, , = 2V is the metallic number are integers, and ¢ = p — 0. Then
p,q 2 , Py q g 9 p

(E7,(-,-), ) is a metallic Riemannian manifold.

Let (M = M, (cp) X My (cq), F) be alocally Riemannian product manifold, where M, and
M, have constant sectional curvatures ¢, and ¢, respectively. Then, the Riemannian curvature
tensor R of M = M, (c,) x My (¢q) for X,Y and Z € T'(TM) is [71]

R(X,Y)Z = i (cp+cq) [9(Y, 2)X — g(X, Z)Y + g(FY, Z)FX
~g(FX, 2)FY)+ § (6 — ) lg(FY, 2)X (23)
—g(FX,2)Y +g(Y,2)FX — g(X,Z)FY].

In view of (2.1) and (2.3), one can get [23]

R(X,Y)Z = § (6 + ) [9(¥, 2)X — g(X, Z)Y]

4
)
(20p,4 — )

[g(Yv Z)X - g(Xv Z)Y}

+i(cp+cq){

p2

(20p,q - p)2
2p
(20,4 — p)2

—g(¢Y, Z)X — g(Y, Z)wX]}

[9(9Y, Z)pX — g(0X, Z)pY]
+

+ [9(pX, 2)Y +g(X, Z)pY

£5 (0 an) { o o0 20X — 4(X, 2)Y]

1
+ 27[9(@/, Z)X — g(pX, 2)Y]
Op,g — P

o X 2)Y = (v, Z)X]} .
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2.2 Metallic semi-Riemannian manifolds
The positive solution of

a? —pr—q=0,
is called a member of the metallic means family [64], where p, ¢ are fixed positive integers. These
numbers denoted by:

_pHVPPt4g
Op,q = 9

are known (p, q)-metallic numbers.

A polynomial structure on a semi-Riemannian manifold M is called metallic if it is deter-
mined by ¢ such that

¢* =pp+ql.
If a semi-Riemannian metric g satisfies the equation

9(X, YY) = g(pX,Y),

which yields
9(pX, oY) = pg(X,9Y) + qg(X,Y),
then g is called ¢-compatible.

Definition 2. [1] A semi-Riemannian manifold (M, g) equipped with ¢ such that the semi-
Riemannian metric g is ¢-compatible is named a metallic semi-Riemannian manifold and (g,%)
is called a metallic semi-Riemannian structure on M.

2.3 Metallic-like statistical manifolds

Takano proposed generalized almost complex and almost contact statistical manifolds, referring
to them as Kéhler-like statistical manifolds and Sasaki-like statistical manifolds [65]. Motivated
by this research, Bahadir in [5] elucidated metallic-like statistical manifolds, a generalized form
of metallic manifolds as follows.

Definition 3. Consider a locally metallic semi-Riemannian manifold (M, g, ¢) equipped with a
tensor field ¢* of type (1,1), satisfying

9(eX,Y) = g(X,¢"Y)
for any vector fields X, Y. From the above equation one can easily derive
()" X =pp" X +¢X,

9(eX,0"Y) = pg(pX,Y) + q9(X,Y).
Then (M, g, ) is called metallic-like statistical manifold.

According to the above two equations, the tensor fields ¢ + ¢* and ¢ — ¢* are symmetric
and skew-symmetric concerning g, respectively.

Proposition 2.1. [5] (M, g, ) is a metallic-like statistical manifold if and only if so is (M, g, ©*).

If one chooses ¢ = ¢* in a metallic-like statistical manifold, then we have a metallic semi-
Riemannian manifold.
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Example 2. [5] Consider the semi-Euclidean space E$ with standard coordinate system ((1, (a, (3)
and the semi-Riemannian metric g with the signature (—, 4+, +). Let ¢ be a (1, 1)-tensor field on
E? defined by

@(Cl, C2a CS) = %(pﬁ + (20 - p)C2apC2 + (20 - p)gla (p - U)C?))

for any vector field ({1, (o, (3) € E$ where 0 := 0,, = Hivéﬂ%l are members of the metallic
means family. Then we have p? = pp+ql. Also, we can easily see that the structure is compatible
with the metric. This implies that ¢ is a metallic structure on E}. Now define a (1, 1)-tensor
field ¢* on E3 by

(G o) = & (0o + (0~ 20)Go,1a + (b~ 20)Cr, (0~ 9)Co).

Thus, we find ¢*? = pp* + ¢I. Furthermore, we also have g(¢X,Y) = g(X, ¢*Y). Consequently,
(E3, g, ¢) is a metallic-like statistical manifold.

2.4 Almost-complex metallic manifolds

Consider the following:

3
xQ—aac—&-ib:Q

where a and b are the real numbers that satisfy —v6b < a < v6b and b > 0. The positive
solution of the equation has complex roots given as:

C a++va?—6b
ap= """,

| . (2.5)

which is named as complex metallic means family in [67]. In particular, if a = 1 and b = 1,

a++va%—6
2

then the complex metallic means family Cq, = b reduces to the complex golden mean:

Cra = 15502 = 1.

In [67], using the complex mean given in (2.5), the authors defined a new type of structure
on a Riemannian manifold. Let M be a Riemannian manifold. An almost complex metallic
structure is a (1, 1)-tensor field, ¢;; on M, which satisfies the relation

3
O — gy + 5“ =0, (2.6)

where [ is the identity (1, 1)-tensor field on M. In this case, M is referred to as an almost complex
metallic manifold equipped with an almost complex structure ;.

Note that if we take a =m and b = 2 in (2.6), we obtain an almost poly-Norden structure.
Example 3. [66] Consider the 4-tuples real space R*. Let ¢ : R* — R* be a map given by

o1 (C1, Gy wi, w2) = (CapCrs CapCas (@ — Cap)wr, (@ — Capp)ws),

where C, ) = 2tva=6b VZLGI’. One can easily see that oy satisfies 4,0?\;[ —apy + %b[ = 0. Thus,
(R%, ;) is an example of almost complex metallic manifolds.
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If (M, g) is a semi-Riemannian manifold equipped with an almost complex metallic structure
such that the metric g is ¢ y-compatible,

3
g(@NIXvSDMY) = ag(cpMX,Y) - §bg(X>Y)

equivalent to

g(‘PMX7Y) = g(X7 QDMY)
for every X,Y € T'(TM). Hence, (M, 7, g) is called an almost-complex metallic semi-Riemannian
(briefly ACMSR) manifold.

Remark 1. Inspired by Meta-Golden-Chi ratio, the authors in [34] developed the concept of
Meta-Metallic manifolds via the Meta-Metallic-Chi ratio and Metallic manifolds. They also
provided an example, explored the specific characteristics of the Meta-Metallic structure, and
derived the conditions necessary for the integrability of the almost Meta-Metallic structure, as
well as obtained its relationship with the curvature tensor.

3 Submanifolds immersed of metallic Riemannian
manifolds

3.1 Invariant submanifolds in metallic Riemannian manifolds

A submanifold M of M is called invariant if (T, M) C T, M for all z € M. Hence we get
o(T,M+) C T,M+ for any x € M, since we have g(X, oU) = g(¢pX,U) = 0 for any X € T'(TM)
and any U € T(TM*) [9].

Many researchers have studied invariant submanifolds in metallic Riemannian manifolds. In
[9], Blaga and Hretcanu studied the properties of invariant isometrically immersed submanifolds
in these manifolds, with a particular emphasis on the induced X-structure.

Proposition 3.1. [9] Given a locally metallic Riemannian manifold (M, ¢, g), with M an iso-
metrically immersed invariant submanifold, then for every X,Y € T(TM) we have:

Vo =0,

D hal(X,0Y)ea = Y ha(X,Y)pba = Y hal0X,Y)Ea,
a=1

a=1 a=1

ha (X, 0Y) = pha(X,9Y) + qgho(X,Y) for any 1 <a <,

where the (symmetric) second fundamental tensors corresponding to &, are hy,1 < a < r, and
& is an orthonormal basis for the normal space. i.e., M(X,Y) =3 | ho(X,Y)&,, for X,Y €
(TM).

Proposition 3.2. [9] A locally metallic Riemannian manifold (M, e, g) of dimension n +r has
an isometrically immersed invariant n-dimensional submanifold of codimension r, denoted by M
and X = (T,9,ma = 0,&, = 0,(aas))1<a,p<r is the induced structure in M, where T is the
tangent bundle in M, £, is a vector field on M ,n, is a 1-form in M and (Gag))1<a,p<r 1S G 7 XT
matriz of smooth real function on M. Then

TS¢, = Se T,

the Nijenhuis tensor field of T disappears identically in M for any 1 < a <r.(i.e., Np(X,Y) =0,
for any X, Y € T(TM)).
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Proposition 3.3. [9] Consider M as an isometrically immersed invariant n-dimensional sub-
manifold of codimension r of the locally metallic (n + r)-dimensional Riemannian manifold
(M,¢,9) and  := (T,g,m0 = 0,&, = 0,(aap))1<a.p<r s the induced structure on M. Then
the components N NG and N vanish identically on M. Moreover, if Np = 0, then N ()
vanishes, too, on M. This specifically occurs if the normal connection V+ on the normal bundle
vanishes in identical way i.e., Aog = 0, for every 1 < a, < r, where Aqg = —Agq 15 1-form on
M corresponding to the normal connection V+.

Remark 2. In [38], Gok has examined invariant submanifolds within metallic Riemannian man-
ifolds and has derived results indicating that an isometrically immersed submanifold of a metallic
Riemannian manifold is a totally geodesic invariant submanifold.

Gok and Kilig have investigated totally umbilical semi-invariant submanifolds in locally
decomposable metallic Riemannian manifolds, as reported in [40], presenting the following con-
clusions.

Proposition 3.4. [40] Let M be a totally umbilical proper semi-invariant submanifold within a
locally decomposable metallic Riemannian manifold (M, g, ). The following statements hold:

(i) The invariant distribution D? is integrable.

(ii) The anti-invariant distribution D+ is integrable.

Proposition 3.5. [40] For any totally umbilical proper semi-invariant submanifold M of a locally
decomposable metallic Riemannian manifold (M, g, ), the covariant derivative of the endomor-
phism T is zero.

Theorem 3.1. [40] Consider M as a totally umbilical proper semi-invariant submanifold of a
locally decomposable metallic Riemannian manifold (M, g, ). If dim M = dim M +dim D+, then
M s a totally geodesic submanifold.

Theorem 3.2. [40] If M is a totally umbilical proper semi-invariant submanifold with a non-zero
mean curvature vector H in a locally decomposable metallic Riemannian manifold (M, g,¢), and
if dim D? > 2, then M is an extrinsic sphere.

Theorem 3.3. [40] In a locally decomposable metallic Riemannian manifold (M, g, ) with pos-
itive or negative curvature, there are no totally umbilical proper semi-invariant submanifolds.
3.2 Anti-invariant submanifolds of metallic Riemannian manifolds

For any = € M, a submanifold M of M is said to be anti-invariant if (T, M) C T, M*.

Proposition 3.6. [9] Given a locally metallic Riemannian manifold (M, ¢, g) and an isometri-
cally immersed anti-invariant submanifold M, then for every X, Y € I'(T' M)

D ha(X,Y)tea ==Y g(#Y,€a)Se, X,
a=1 a=1

D ha(X,Y )06 =D g(0Y 6 Vrba + > X(9(oY,6a)) — 9(VxY),

a=1 a=1 a=1

where t : T(TML) — T(TM), tU = (¢U)T and n : T(TM*) — T(TM*), nU = (oU)*.
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Proposition 3.7. [9] For a (n+r)-dimensional locally metallic Riemannian manifold (M, ¢, g),
let M be an isometrically immersed anti-invariant n-dimensional submanifold with codimension
rand X := (T,9,1M0 = 0,§, = 0, (@ag))1<a,p<r is the induced structure on M. Then the com-
ponents N and N® wanish identically on M. Furthermore, if & are parallel for a linear
symmetric connection, for any 1 < o <, then NV and N@ also vanish on M.

3.3 Slant submanifolds of metallic Riemannian manifolds

A submanifold M is called slant if the angle 8(X,) between ¢(X,) and T, M is independent of
the choice of the point € M and the non-zero tangent vector X at x. Here, 0 =: 0(X,) is called
the slant angle. Slant submanifolds include invariant and anti-invariant submanifolds, where the

slant angles are § = 0 and 6 = 7, respectively. A slant immersion that is neither invariant nor

anti-invariant is called a proper slant [9].

Blaga and Hretcanu [9] investigated the characteristics of slant isometrically immersed sub-
manifolds in metallic manifolds, particularly focusing on the induced X-structure.

Proposition 3.8. [9] Let M be an isometrically immersed submanifold of the metallic Rieman-

nian manifold (M, <, g). If M is slant with the slant angle 0, then we have:
9(TX,TY) = cos” 0[pg(X, oY) + q9(X,Y)]
and
9(NX,NY) = sin® 0[pg(X, Y) + qg(X,Y)]
for any X, Y € T(TM). Where TX € I'(TM) and NX € T(TM™) are tangential and normal
parts of 0 X, oV respectively, for any V € T(TM™*).

Proposition 3.9. [9] Let M be an isometrically immersed submanifold of the metallic Rieman-
nian manifold (M, @, g). If M is slant with the slant angle 6, then:

(VxT?)Y =pcos? §(VxT)Y
for any X, Y e T'(TM).

Corollary 3.4. p] If M is an isometrically immersed slant submanifold of the metallic Rieman-
nian manifold (M, p, g) with the slant angle 0, then V*T = 0 if and only if M is anti-invariant
or (M,T,g) is locally metallic Riemannian manifold.

Hretcanu and Blaga have also introduced the following theorem in [44] for slant submanifold
in metallic Riemannian manifold.

Theorem 3.5. Let M be a submanifold in the Riemannian manifold (M,g) endowed with an
almost product structure F on M and let ¢ be the induced metallic structure by F on (M,g). If
M is a slant submanifold in the almost product Riemannian manifold (M,g, F) with the slant
angle © and F # —1I (I is the identity on T(TM)) and ¢ = WF—&— (1), then M is a slant

submanifold in the metallic Riemannian manifold (M, g, ) with slant angle 0 given by

20,4 —D
sinf = =24 L gino.
Op,q
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3.4 Bi-slant submanifolds of metallic Riemannian manifolds

Let M be an immersed submanifold in a metallic Riemannian manifold (M,g,¢). Then M is
called bi-slant if there exist two orthogonal differentiable distributions DY and D+ on M such that
TM = D% ® D+ and DY, D+ are slant distributions with the slant angles §; and 6, respectively
[44].

The following result is obtained by the authors of [44] for bi-slant submanifolds in metallic
Riemannian manifolds.

Proposition 3.10. If M is a bi-slant submanifold in a metallic Riemannian manifold (M, g, ¢),
with the slant angles 0, = 0, = 0 and g(pX,Y) = 0 for any X € T(D?) and Y € T(D"), then
M is a slant submanifold in the metallic Riemannian manifold (M, g, @) with the slant angle 6.

3.5 Semi-slant submanifolds of metallic Riemannian manifolds

An immersed submanifold M in a metallic Riemannian manifold (M, g, ) is termed semi-slant
if the orthogonal distributions D and D+ on M satisfy the following conditions:

(i) TM = D’ @ D*;
(i) pD? = DY;
(iii) D™ is slant with 6 # 0.
Moreover, if dim(D?) dim(D+) # 0, then M is a proper semi-slant submanifold [44].

Hretcanu and Blaga in [44] have discussed some properties of semi-slant submanifolds in
metallic Riemannian manifolds.

Proposition 3.11. [44] If M is a semi-slant submanifold of the metallic Riemannian manifold
(M, g,¢) with slant angle 6 corresponding to the distribution D+, then we obtain

g(TPLX, TPYY) = cos? O[pg(TP+ X, PLY) + qg(P+ X, P1Y)],
g(NX,NY) = sin? O[pg(T P+ X, P1Y) 4 qg(P- X, P1Y)]
for any X,Y € T(TM), where Pt is the orthogonal projection on D+ and TX € T(TM)
and NX € T(TM™ ) are the tangential and normal parts of ¢ X, oV respectively, for any V €
L(TM™L).

Proposition 3.12. [44] Let M be a semi-slant submanifold of the metallic Riemannian manifold
(M, g,) with the slant angle § of the distribution D+. Then

(TP*)? = cos® O(pT P+ + ¢I),
where I is the identity on T'(D+) and
V((TP*)?) = pcos® V(T PL).
Remark 3. Examples of semi-slant submanifolds of the metallic manifold are provided in [44] and

the authors have obtained integrability conditions for the distributions involved in the semi-slant
submanifolds of Riemannian manifolds endowed with a metallic structure.
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3.6 Hemi-slant submanifolds of metallic Riemannian manifolds

An immersed submanifold M within metallic Riemannian manifold (M, g, ) is termed as hemi-
slant if orthogonal distributions D? and D+ on M satisfy the following conditions:

(i) TM = D’ @ D+;

(ii) DY is slant with 6 € [0, 5];

(iii) D+ is anti-invariant distribution, i.e. @(D+) C T(TM™1).
Moreover, if dim(D?) dim(D+) # 0 and 6 € (0,%), then M is a proper hemi-slant submanifold
[43].

Theorem 3.6. [43] If M is a hemi-slant submanifold within metallic Riemannian manifold
(M, g, ) then for any X, Y € T'(T M) we have:

g(TP’X, TP?Y) = cos? 0 {pg(TP’ X, P°Y) + q9(P’ X, P’Y)},

g(NX,NY) = sin? 0 {pg(TP’ X, P’Y) + qg(P’ X, P’Y)},

where PY is the orthogonal projection on D?, TX € T'(TM) and NX € T(TM*) are the tangen-
tial and normal parts of p X,V respectively, for any V € T(TM™).

Theorem 3.7. [43] Consider a hemi-slant submanifold M in a metallic Riemannian manifold
(M, g, ) with slant angle 0 of the distribution D°. Then:

(TP%)? = cos? 0 (pTP? + qI),
where I is the identity on T'(D?) and
V((TP?)?) = pcos®> V(T P?).

Theorem 3.8. [43] Consider M to be an immersed submanifold within metallic Riemannian
manifold (M,g,¢). Then M is a hemi-slant submanifold in M if and only if there ewists a
constant ¢ € [0,1] such that D = {X € T(TM)|T?X = c¢(pTX + qX)} is a distribution and
TY =0 for any Y perpendicular to D,Y € T'(TM), where p,q are integers.

Remark 4. Examples of hemi-slant submanifolds in metallic Riemannian manifold, the condi-
tions for the integrability of the distributions of a hemi-slant submanifold in a metallic Riemannian
manifold and conditions for these submanifolds to be mixed totally geodesic are discussed in [43].

The notion of quasi-hemi-slant submanifolds of metallic Riemannian manifolds is studied by
Karmakar and Bhattacharyya [49].

Definition 4. [49] A quasi hemi-slant submanifold M of a metallic Riemannian manifold (M, g, )
is a submanifold that admits three orthogonal complementary distributions D, D?, D+ such that

(i) TM = D & D? @ D*;

(ii) D is invariant, that is, pD = D;

(iii) DY is slant with 6, and hence 6 is called the slant angle;
(iv) D+ is anti-invariant, i.e., oD+ C T+ M.

In the above case, 0 is called the quasi hemi-slant angle of M, and M is called proper if

D # {0}, D% # {0}, D* # {0}, and 6 # 0, 3.
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Theorem 3.9. [49] If M is a quasi hemi-slant submanifold of a metallic Riemannian manifold
(M, g,p) with the quasi hemi-slant angle 0, then for all XY € T'(T M) we have

g(TP’X, TP’Y) = cos® 0[pg(¢P’ X, P’Y) + q9(P’ X, P’Y)),
g(NX,NY) = —sin®0[pg(pP’ X, P’Y) + qg(P’ X, P’Y)]
— [pg(pPH X, PTY) + qg(PX, PTY)],
where P? and P+ are the projections of X € T(TM) on the distributions D? and D+, respectively.

Theorem 3.10. [49] If M is a quasi hemi-slant submanifold of a metallic Riemannian manifold
(M, g, ) with the quasi hemi-slant angle 0, then

T2P% = cos? 0 [ppP? + qPY).

Corollary 3.11. [49] If M is a quasi hemi-slant submanifold of a metallic Riemannian manifold
(M, g, ) with the quasi hemi-slant angle 0, then

T?P? = cos? 0 [p + I|P?,
where I is the identity mapping on T'(DY).
Remark 5. Karmakar and Bhattacharyya have established the integrability conditions and cer-

tain properties for distributions associated with quasi hemi-slant submanifolds, including an
example within a metallic Riemannian manifold, as detailed in [49].

3.7 Pointwise slant submanifolds of metallic Riemannian manifolds

The pointwise slant submanifolds in metallic Riemannian manifolds are studied in [45] by Hretcanu
and Blaga as follows.

Definition 5. A submanifold M of a metallic Riemannian manifold (M, g, @) is referred to as
pointwise slant if the angle 6, (X) between ¢ X and T, M (known as the Wirtinger angle) remains
the same irrespective of the chosen tangent vector X € T, M \ {0}, although it may varies with
x € M. The Wirtinger angle is a real-valued function 6 (referred to as the Wirtinger function),
given by
oog, = ITXI

leX||
for any x € M and any X € T, M \ {0}.

A pointwise slant submanifold of a metallic Riemannian manifold is called a slant submanifold
if its Wirtinger function 6 is globally constant.

Proposition 3.13. L45] If M s an isometrically immersed submanifold in the metallic Rie-
mannian manifold (M, g,¢), then M is a pointwise slant submanifold if and only if we have
T? = (cos® 0)(pT + qI) for some real-valued function 6.

Proposition 3.14. L45} Let M be an isometrically immersed submanifold in the metallic Rie-
mannian manifold (M, g,¢). If M is a pointwise slant submanifold with the Wirtinger angle 0,
then we have:

g(NX,NY) = (sin 0)[pg(TX,Y) + qg(X,Y)]
tNX = (sin® 0)(pT X + ¢X),

for any X,Y € T(TM), where tV = (¢V)T is the tangential component of oV with V €
T(TML).
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Remark 6. In [45], the study of pointwise bi-slant submanifolds within metallic Riemannian
manifolds is conducted, yielding interesting findings.

Remark 7. The study of the geometry of submanifolds of co-dimension 2 of locally metallic
Riemannian manifolds is done in [3]. Moreover, the study of some characterizations of any
submanifold of a locally decomposable metallic Riemannian manifold in the case that the co-
dimension of the submanifold is greater than or equal to the rank of the set of tangent vector
fields of the induced structure on it by the metallic Riemannian structure of the ambient manifold
is carried out in [39] by Gok.

4 Submanifolds immersed in almost-complex metallic
manifolds

In [66], authors have explored the geometric properties of submanifolds within an almost-complex
metallic manifold and identified various types of submanifolds, including invariant, anti-invariant,
and slant submanifolds.

Proposition 4.1. [66] Let M be an n-dim submanifold of an (n + s)-dim ACMSR manifold.
Then, for any X,Y,Z € T(TM) and second fundamental form h, we have

9(Vxh)Y,Z) = g(Y,(Vxh)Z).

Theorem 4.1. [66] Let M be an n-dim submanifold of an (n+ s)-dim ACMSR manifold. If h is
parallel concerning the Levi-Civita connection and vector fields Vi(1 < i < s) on M are linearly
independent, then M is totally geodesic.

Theorem 4.2. [66] Let M be an n-dim submanifold of an (n+ s)-dim ACMSR manifold. M is

slant if and only if we have
h? = cos® 6 (ah — gb]) .

5 Warped product submanifolds of metallic Riemannian
manifolds

Let (My,g1) and (Msz,gs) be two Riemannian manifolds of dimensions n; > 0 and ny > 0,
respectively. We denote by P; and P, the projection maps from the product manifold M; x M,
onto M; and Mg, respectively. Let ¢ := ¢ o P; be the lift to M; x M, of a smooth function ¢
on Mj. Here, M; is called the base and M, is the fiber of My x Ms. The unique element X
of T(T(M; x My)) that is Pj-related to X € T'(TM;) and to the zero vector field on My will
be called the horizontal lift of X. Similarly, the unique element V of T'(T(M; x M>)) that is
Ps-related to V € I'(T'M>) and to the zero vector field on M; will be called the vertical lift of V.
We denote by £(M;) the set of all horizontal lifts of vector fields on M; and by £(Mz) the set of
all vertical lifts of vector fields on M.

For f : M; — (0,00) a smooth function on Mj, we consider the Riemannian metric g on
M M1 X M2
g:=Plgi+(foP1)’Pygo. (5.1)

Definition 6. [8, 20] The product manifold of M; and M, together with the Riemannian metric
g defined by (5.1) is called the warped product of M; and M, by the warping function f.
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Hretcanu and Blaga investigate the presence of proper warped product submanifolds within
metallic Riemannian manifolds in [46].

Definition 7. [46] If M := M; x y M> is a warped product submanifold in a metallic Riemannian
manifold (M, g, ) such that one of the components M; (i € 1,2) is an invariant submanifold
(respectively, anti-invariant submanifold) in M and the other one is a slant submanifold in M,
with the slant angle 6 € [0, 7], then one can call the submanifold M warped product semi-slant
(respectively, hemi-slant) submanifold in the metallic Riemannian manifold (M, g, ¢).

Theorem 5.1. [46] Let M := My Xy M, be a warped product semi-invariant submanifold in a
locally metallic Riemannian manifold (M, g,) (i.e. My is invariant and M| is an anti-invariant
submanifold in ]\_4) Then M := My xy M, is a non-proper warped product submanifold in M
(i.e., the warping function f is constant on the connected components of Mr ).

Remark 8. Very recently, L. S. Alqahtani and E. M. Al-Husainy established in [4] a Chen-type
inequality, involving ||h[|? and In f, for a CR-warped product M, x; My in a locally metallic
Riemannian manifold.

Theorem 5.2. [46] Let M := My Xy My be a warped product semi-slant submanifold in a
locally metallic Riemannian manifold (M, g, ) (i.e., My is invariant and My is a proper slant
submanifold in M, with the slant angle 6 € (0, 5). Then M := Mt xy My is a non proper warped
product submanifold in M (i.e. the warping function f is constant on the connected components
Of MT)

Remark 9. The discussion on semi-invariant, semi-slant, and hemi-slant warped product sub-
manifolds within metallic Riemannian manifolds can be found in [46], where the authors present
various examples of these submanifolds in Euclidean spaces.

Hretcanu and Blaga, in their work [45], have explored warped product pointwise bi-slant
submanifolds as well as warped product pointwise semi-slant or hemi-slant submanifolds within
metallic Riemannian manifolds, deriving several significant results:

Theorem 5.3. [45] If M := My x s My is a warped product pointwise semi-slant submanifold in
a locally metallic Riemannian manifold (M, g, ) with the pointwise slant angle 0, € (0,7%), for
x € My, then the warping function f is constant on the connected components of Mr.

Theorem 5.4. [45] If M := M, xy My (or M := My xy M, ) is a warped product pointwise
hemi-slant submanifold in a locally metallic Riemannian manifold (M, g, @) with the pointwise
slant angle 0, € (0,%), for x € My, then the warping function f is constant on the connected
components of M, if and only if we have

AnzX = Anx Z,

where A is the shape operator. For any X € T(TM,) and Z € T'(TMy) (or X € T'(TMy) and
Z € T(TM.), respectively).

Bi-warped product submanifolds in some structures of metallic Riemannian manifold are
studied in [7] by Bhunia et al.

Definition 8. [20, 21] Let My, M; and M, be three Riemannian manifolds and M = My x M; x
M> be their cartesian product. P; : M — M; is the canonical projection of M onto M; , where
i € {0,1,2}. Let P} : TM — TM; be the tangent map of P, : M — M;, where I'(T'M) is the Lie
algebra of the vector fields of M.
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If f, and f, are two positive real-valued functions on My, then

g(X,Y)=g(Pox X, Py xY) + (fio P1)29(P1 * X, Py xY)
+ (fa0P2)29(Pox X, Py xY).

X,Y € T(TM) defines a Riemannian metric on M. This is called the bi-warped product metric.

The product manifold M = My x ]\7{1 x My furnished by the metric g is called a bi-warped
product manifold and it is denoted by My x ¢ My X s, My. The functions f; and f, are called
warping functions.

Remark 10. Examples and some results of bi-warped product submanifolds in some structures
of metallic Riemannian manifold are given in [7].

6 Lightlike submanifolds of metallic Riemannian
manifolds

The main distinction between the theory of lightlike submanifolds and semi-Riemannian subman-
ifolds stems from the fact that, in the former, a portion of the normal vector bundle TM* is
contained within the tangent bundle T'M of the submanifold M of a semi-Riemannian manifold
M, whereas in the latter, TM N TM~+ = {0}. Consequently, the fundamental issue in light-
like submanifolds is to substitute the intersecting part with a vector subbundle whose sections
are never tangent to M. To create a non-intersecting lightlike transversal vector bundle of the
tangent bundle, Duggal and Bejancu employed an extrinsic method, while Kupeli utilized an
intrinsic method [52]. Since then, numerous researchers have explored the geometry of lightlike
hypersurfaces and lightlike submanifolds.

It is a well-established fact that the non-degenerate metric g of a (m + n)-dimensional semi-
Riemann manifold M is not necessarily induced as a non-degenerate metric on an m-dimensional
submanifold M of M. When the induced metric g is degenerate on M and the rank of (Rad(TM))
(where Rad(TM) is subbundle of null vectors within the tangent bundle TM) is r, where 1 <
r < m, the pair (M, g) is referred as a lightlike submanifold [72].

6.1 Lightlike hypersurfaces of metallic semi-Riemannian manifolds

The lightlike hypersurfaces of metallic semi-Riemannian manifolds are introduced by Acet in [1]
and the following results have been introduced:

Let M be a lightlike hypersurface of a metallic semi-Riemannian manifold (M, g, ). For
every X € I'(TM) and N € I'(ltr(TM)), (where (ltr(T'M)) is the lightlike transversal bundle of
M),

X =o' X +n(X)N, oN=£(+AE)N,

where ¢’ X,& € T'(T'M) and 7, A are the 1-forms given by
n(X) = g(X,pE), AX)=g(X,eN),
where ¢’ is a (1,1)-tensor field on M and E is a non-zero section of Rad(TM) [1].

Lemma 6.1. [1] Let M be a lightlike hypersurface of a locally metallic semi-Riemannian mani-
fold. Then the structure ¢’ is a metallic structure on M.
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6.1.1 Invariant hypersurface of metallic semi-Riemannian manifolds

Definition 9. [1] Let M be a lightlike hypersurface of a locally metallic semi-Riemannian man-
ifold. In that case M is called invariant hypersurface of M if

o(Rad(TM)) = (Rad(TM)), o(tr(TM)) = (Itr(TM)).

Theorem 6.1. [1] Let M be an invariant lightlike hypersurface of a locally metallic semi-
Riemannian manifold. Then

(1) (X, 9Y) = h(pX,Y) = ph(X,Y),
(ii) h(pX, pY) = ph(X, ¢Y) + qh(X,Y).

6.1.2 Screen semi-invariant hypersurfaces of metallic semi-Riemannian
manifolds

Definition 10. [1] Let M be a lightlike hypersurface of a locally metallic semi-Riemannian
manifold (M, g, ). If

e(Rad(TM)) Cc S(TM) and otr(TM)) C S(TM)

hold, where S(T'M) is the screen distribution of the tangent bundle, then M is called a screen
semi-invariant hypersurface of M.

Theorem 6.2. [1] Assume that M is a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold. Then lightlike vector field ¥ is parallel on M if and only if
we have

(i) M is totally geodesic on M,

(ii) v = 0. (7 represents the transversal vector field associated with the screen distribution of
the hypersurface M.)

Theorem 6.3. [1] Let M be a screen semi-invariant lightlike hypersurface of a locally metallic
semi-Riemannian manifold. Then lightlike vector field Q) is parallel on M iff M and S(T'M) is
totally geodesic on M.

Remark 11. Results regarding mixed geodesic lightlike hypersurface in metallic semi-Riemannian
manifold are discussed in [1]. Some results on screen semi-invariant lightlike hypersurface of a
metallic semi-Riemannian manifold are obtained in [72] by Perktas et al.

Remark 12. The proof of geodesic and minimal conditions for hypersurfaces of metallic Rieman-
nian manifolds is discussed in [24]. Choudhary et al. in [24] investigated k-almost Newton-Ricci
solitons (k-ANRS) embedded in a metallic Riemannian manifold M having the potential func-
tion v and have explained some applications of metallic Riemannian manifold admitting k-almost
Newton-Ricci solitons.

6.2 Invariant lightlike submanifolds of metallic semi-Riemannian
manifolds

The invariant lightlike submanifold in metallic Riemannian manifold is studied in [72] by Perktag
et al.
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Definition 11. [72] Let (M,g,¢) be a metallic semi-Riemannian manifold and (M, g) be a

lightlike submanifold of M. Then M is called an invariant lightlike submanifold of M if the
following two conditions are satisfied:

o(S(TM)) =S(TM) and ¢(Rad(TM)) = Rad(TM).

Corollary 6.4. [72] Let (M,g,¢) be a metallic semi-Riemannian manifold and (M, g) be an
invariant lightlike submanifold of M. Then the lightlike transversal distribution ltr(TM) is in-
variant under ¢.

Theorem 6.5. [72] Let M be an invariant lightlike submanifold of a metallic semi-Riemannian
manifold M. Then, the radical distribution Rad(TM) is integrable if and only if we have either

or
ALxY — ALy X = p(AYY = A} X)

for any X,Y € T'(Rad(TM)) and any Z € T'(S(TM)), where A* denotes the shape operator of
the distributions (S(T'N)) and Rad(TN).

Theorem 6.6. [72] Let M be an invariant lightlike submanifold of a metallic semi-Riemannian
manifold M. Then, the induced connection V on M is a metric connection if and only if we have

for any U e T(TM) and any &£ € T'(Rad(TM)).

Remark 13. Results concerning totally geodesic foliation of an invariant lightlike submanifold
of a metallic semi-Riemannian manifold are discussed in [72].

The study of the geometry of the semi-invariant lightlike submanifold of a metallic semi-
Riemannian manifold is conducted in [51] by Kaur et al. and some conditions for the integrability
of distributions are discussed.

Definition 12. [51] Let M be a lightlike submanifold of a metallic semi-Riemannian manifold
(M, g,p). Then, M is a semi-invariant lightlike submanifold, if the following three conditions are
satisfied:

@©(Rad(TM)) € S(TM), o(itr(TM)) € S(TM) and pS(TM=*) C S(TM).

Theorem 6.7. [51] Let M be a semi-invariant lightlike submanifold of a metallic semi-Riemannian
manifold (M, g,¢). Then D is integrable if and only if

K (pX, oY) = ph!(¢X,Y) + qh' (X, Y),

¥ (X, @Y) = ph®*(pX,Y) + qh*(X,Y)

hold for X,Y € I'(D), where h! and h® denote the second fundamental forms associated with the
lightlike and screen distributions of submanifold M, respectively.

Theorem 6.8. [51] Let M be a semi-invariant lightlike submanifold of a metallic semi- Riemannian
manifold (M, g, ). If DY is integrable, then leaves of D? have a metallic structure.



Advances in metallic Riemannian geometry 19

Remark 14. Moreover, the authors in [51] have investigated totally geodesic and mixed geodesic
distributions of semi-invariant lightlike submanifolds.

The structure of invariant and screen semi-invariant lightlike submanifolds of a metallic
semi-Riemannian manifold with a quarter symmetric non-metric connection is introduced in [50].

Theorem 6.9. [50] For an invariant lightlike submanifold M of a metallic semi-Riemannian
manifold M with a quarter symmetric non-metric connection D, the radical distribution is inte-
grable if and only if we have

ALV —pALV = ALy U — pAVU,
for any U,V € T(Rad(TM)) and Z € T(S(TM)).
Theorem 6.10. [50] Let M be an invariant lightlike submanifold of a metallic semi-Riemannian
manifold M with a quarter symmetric non-metric connection D. Then the screen distribution is
integrable if and only if
AN (V,oU) +pA™(U, V) = A*(U, V) + pA*(V,U)
holds for any U,V € T(S(T'M)) and any N € T'(Itr(TM)).

The results on the structure of screen semi-invariant lightlike submanifolds of a metallic
semi-Riemannian manifold with a quarter symmetric non-metric connection are the following.

Proposition 6.1. [50] Let M be a screen semi-invariant lightlike submanifold of a metallic
semi-Riemannian manifold. Then M is an invariant lightlike submanifold of M if and only if
D+ = {0}, where D+ is orthogonal complementary distribution of D.

Proposition 6.2. [50] If a screen semi-invariant lightlike submanifold of a metallic semi-Riemannian
manifold M is isotropic or totally lightlike, then it is an invariant lightlike submanifold of M.

Theorem 6.11. [50] Let M be a screen semi-invariant lightlike submanifold of metallic semi-
Riemannian manifold M with a quarter symmetric non-metric connection D. Then the necessary
and sufficient condition for D? to be integrable is that

R (U, V) = h*(V,oU),
(U, V) +ph*(V,U) = h*(V,@U) + ph*(U,V)

for any U,V € T(DY), Z € T(D*) and N € T'(Itr(TM)).

Remark 15. [50] contains the results regarding totally geodesic foliations for invariant and screen
semi-invariant submanifolds.

6.3 Transversal lightlike submanifolds of metallic semi-Riemannian
manifolds

The study of the geometry of transversal lightlike submanifolds and radical transversal lightlike
submanifolds of metallic semi-Riemannian manifolds is proposed in [33]. The authors in [33]
explored the geometry of distributions and established the essential and adequate conditions for
the induced connections in these manifolds to qualify as metric connections. Furthermore, they
provided a characterization of transversal lightlike submanifolds of metallic semi-Riemannian
manifolds.

Results on radical transversal lightlike submanifolds of a metallic semi-Riemannian manifold
are as follows:
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Definition 13. [33] Let (M, g, S(T'M), S(T'M=)) be a lightlike submanifold of a metallic semi-
Riemannian manifold (M, g,¢). Then M is called a radical transversal lightlike submanifold if
the following two conditions are satisfied:

pRad(TM) = ltr(TM) and o(S(TM)) = S(TM).

Proposition 6.3. [33] Let M be a metallic semi-Riemannian manifold. In this case, there is no
1-radical transversal lightlike submanifold of M.

Theorem 6.12. [33] Let M be a radical transversal lightlike submanifold of a metallic semi-
Riemannian manifold M. In this case, S(TM™) is invariant under .

Theorem 6.13. [33] Let M be a radical transversal lightlike submanifold of a locally metallic
semi-Riemannian manifold. Then the induced connection V on M is a metric connection if and
only if there is no component of ApeW in T'(S(TM)) for any W € T(TM) and § € T'(Rad(TM)).

Theorem 6.14. [33] Let M be a radical transversal lightlike submanifold of a locally metallic
semi-Riemannian manifold M. In this case, the screen distribution is integrable if and only if we
have h'(U, SW) = h{(W, SU) for any W,U € T'(S(TM)).

Definition 14. [33] Let (M, g, S(T'M), S(T'M~)) be a lightlike submanifold of a metallic semi-
Riemannian manifold (M, g,¢). Then M is called a transversal lightlike submanifold if the fol-
lowing two conditions are satisfied:

@Rad(TM) =1tr(TM) and o(S(TM)) C S(TM™).

The following results on transversal lightlike submanifolds of metallic semi-Riemannian man-
ifolds are obtained in [33]:

Proposition 6.4. [33] Let M be a transversal lightlike submanifold of a locally metallic semi-
Riemannian manifold M. In this case, the distribution p is invariant according to p, where
denotes the orthogonal complement subbundle to p(S(TM)) in S(TM™).

Proposition 6.5. [33] There does not exist a 1-lightlike transversal lightlike submanifold of a
locally metallic semi-Riemannian manifold.

Corollary 6.15. [33] Let M be a transversal lightlike submanifold of a locally metallic semi-
Riemannian manifold M. Then:

(i) dim(Rad(TM)) > 2.
(ii) The transversal lightlike submanifold of 3-dimensional is 2-lightlike.

Theorem 6.16. [33] Let M be a transversal lightlike submanifold of a locally metallic semi-
Riemannian manifold M. Then the radical distribution is integrable if and only if

D*(U,LW) = D*(W, LU),

for U,W € T'(Rad(TM)), where D* denotes the screen distribution and L represents the structure
endomorphism associated with the metallic structure.

Remark 16. The conditions of a totally geodesic foliation of such submanifolds and necessary
and sufficient conditions for the induced connection on these manifolds to be a metric connection
in metallic semi-Riemannian manifold are obtained in [33].
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In [35], Erdogan et al. presented the concept of screen transversal lightlike submanifolds
within metallic semi-Riemannian manifolds, along with its subclasses: screen transversal anti-
invariant, radical screen transversal, and isotropic screen transversal lightlike submanifolds.

Definition 15. [35] Let M be a lightlike submanifold of a metallic semi-Riemannian manifold
(M,g,¢). If pRad(TM) C S(TM~) holds, then M is called a screen transversal lightlike sub-
manifold of a metallic semi-Riemannian manifold.

Definition 16. [35] Let M be a screen transversal lightlike submanifold of a metallic semi-
Riemannian manifold (M, g, ¢).

(i) If pS(TM) C S(TM*), then M is called a screen transversal anti-invariant lightlike
submanifold of (M, g, ).

(ii) If S(T'M) = S(T'M), then we say that M is a radical screen transversal lightlike
submanifoldof (M, g, p).

Proposition 6.6. [35] Let M be a screen transversal anti-invariant lightlike submanifold of a
metallic semi-Riemannian manifold (M, g, ). Then the distribution D is invariant for .

Proposition 6.7. [35] Let M be a screen transversal anti-invariant lightlike submanifold of a
metallic semi-Riemannian manifold (M, g, ). Then there do not exist co-isotropic and totally
screen transversal types of such lightlike submanifolds.

Proposition 6.8. [35] Let M be a radical screen transversal lightlike submanifold of a locally
metallic semi-Riemannian manifold (M, g, ). Then the distribution D is invariant concerning

@Y.

Remark 17. The structure of distributions relevant to defining these submanifolds and the
criteria for the induced connection to qualify as a metric connection are investigated in [35].
Additionally, the necessary and sufficient condition for an isotropic screen transversal lightlike
submanifold to be totally geodesic is examined in [35].

Remark 18. In [62], Shankar and Yadav have examined the geometry of totally umbilical screen-
transversal lightlike submanifolds. They investigated two categories: totally umbilical radical
screen-transversal lightlike submanifolds and totally umbilical screen-transversal anti-invariant
lightlike submanifolds. The authors derived the necessary and sufficient conditions for the in-
tegrability of the distributions and for the induced connection to be a Levi-Civita or metric
connection on these lightlike submanifolds.

6.4 Half-lightlike submanifolds of metallic semi-Riemannian manifolds

A lightlike submanifold of co-dimension 2 of a semi-Riemannian manifold is called a half-lightlike
submanifold if the mapping defining the radical distribution has rank 1 [30, 32]. Screen conformal
half-lightlike submanifolds of semi-Riemannian manifolds are presented in [32].

The study of half-lightlike submanifolds of a semi-Riemannian manifold endowed with a
metallic structure is done by Acet et al. in [2].

Definition 17. [2] Assume that M is called a half-lightlike submanifold of a metallic semi-
Riemannian manifold (M, g, ¢). If we have

©(Rad(TM)) C S(TM), o(tr(TM)) C S(TM), and o(S(TM™*)) C S(TM),

then M is called a screen semi-invariant half-lightlike submanifold of M.



22 B.-Y. Chen, M. A. Choudhary and A. Perween

Theorem 6.17. [43] Assume that M is a half-lightlike submanifold of a metallic semi- Riemannian
manifold (M, g,). Then ¢ is a metallic structure on D?.

Theorem 6.18. [2] Assume that M is a half-lightlike submanifold of a metallic semi-Riemannian
manifold (M, g, ). If the distribution D= is parallel then D+ is totally geodesic on M.

6.5 Slant lightlike submanifolds of metallic semi-Riemannian manifolds

Lone and Harry have introduced in [54] the notion of screen slant lightlike submanifolds of metallic
semi-Riemannian manifolds and obtained the following results:

Definition 18. [54] Let M be a 2¢-lightlike submanifold (where ¢ is an integer indicating the di-
mension of the radical bundle of the lightlike submanifold M within the metallic semi-Riemannian
manifold) of metallic semi-Riemannian manifold M of index 2q < dim(M). Then we say that M
is a screen slant lightlike submanifold of M if the following two conditions are satisfied:

(i) Rad(T'M) is invariant with respect to ¢, i.e., ¢(Rad(TM)) = Rad(TM).
(ii) S(T'M) is slant with 6(# 0), i.e. for each 2z € M and each non-zero vector X € T'(S(T'M)),

the angle 6 between ¢X; and the vector subspace S(T'M) is a non-zero constant, which is
independent of the choice of x € M and X; € T'(S(T'M)).

Furthermore, the constant angle 6 is called the slant angle of distribution S(T'M). A screen
lightlike submanifold is said to be proper if it is neither invariant (# = 0) nor screen real (6 = 7).

Theorem 6.19. [54] Let M be a 2q-lightlike submanifold of a metallic semi-Riemannian mani-
fold. Then M is a screen slant lightlike submanifold of M if and only if

(i) wr(T M) is invariant with respect to @,

(i) there exists a constant ¢ € [0,1) such that P2X; = c(pPX1 + qX1), for any X; €
['(S(TM)) and PX, is tangential part of ¢ X1. Moreover, in this case ¢ = cos®6 and 0 is the
slant angle of S(TM).

Remark 19. The necessary and sufficient conditions for the induced connection to be a metric
connection are studied in [54]. Moreover, investigation of some equivalent conditions for integra-
bility of such submanifolds is obtained in [54].

6.6 Warped product lightlike submanifolds of metallic semi-Riemannian
manifolds

The investigation of whether the screen real lightlike submanifolds of metallic semi-Riemannian
manifolds are warped product lightlike submanifolds or not is done by Shanker and Yadav in
[63].

Theorem 6.20. [63] Let M = My Xy My be a warped product lightlike submanifold. Then, for
any § € I'(Rad(TM)) and U € T(S(T'M)), we have VU € T(S(TM)).

Theorem 6.21. Let (M,g,S(TM)) be an irrotational screen-real r-lightlike submanifold of a
metallic semi-Riemannian manifold, then the induced connection is a metric connection.

Theorem 6.22. [63] There does not exist any class of irrotational screen-real r-lightlike subman-
ifolds that can be written in the form of warped product lightlike submanifolds.

Remark 20. Some results on a screen-real lightlike submanifold of a metallic semi-Riemannian
manifold are also obtained in [63].
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7 Inequalities in metallic Riemannian manifolds

7.1 Inequalities involving /-Casorati curvature in metallic Riemannian
manifolds

The Casorati curvature for surfaces in a Euclidean 3-space E3 was introduced by Casorati in
1890 [14]. The Casorati curvature was used in [14] in place of the conventional Gauss curvature.
The Casorati curvature C of a submanifold in a Riemannian manifold is defined generally as the
normalized squared norm of the second fundamental form. Decu et al. developed normalized
Casorati curvatures dc(n — 1) and d¢(n — 1) in 2007 (see [28]) in keeping with the spirit of
d-invariants. They extended normalized Casorati curvatures in 2008 to generalized normalized
0-Casorati curvatures do(r;n — 1) and dc(r;n — 1) in [29]. These concepts laid the groundwork
for the study of optimal inequalities for submanifolds in various ambient spaces using Casorati
curvatures.

Let us assume that (M, g) is an m-dimensional Riemannian manifold and let (M, g) be an
n-dimensional Riemannian submanifold isometrically immersed into M. Let us denote by V the
Levi-Civita connection on M and by V the covariant differentiation induced on M. Let h be the
second fundamental form of M and let V1 be the connection in the normal bundle. The Gauss
and Weingarten formulas are given respectively by

VxY =VxY +h(X,Y), Vx&=—AcX +Vxé

forall X, Y e T(TM)and £ €T (TML), where A¢ denotes the shape operator of M with respect
to £&. We also have the following relation between A¢ and h

9 (AeX,Y) = g(h(X,Y),£),

for all X,Y € I(TM) and £ € I' (TM*). The Gauss equation is [17]

R(X,Y, Z, W) = R(X7 Y. Z, W) - g(h(X, W)JL(Y, Z)) + g(h(X, Z),h(Y, W))7

for all XY, Z, W € T'(TM). Let us denote by {Ey,...,E,} a local orthonormal tangent frame
of the tangent bundle TM of M and by {En+1,-..,En} alocal orthonormal normal frame of
the normal bundle TM=* of M in M. Then the scalar curvature 7 is expressed as

7= Y  R(E,Ej;E;E).

1<i<j<n
The normalized scalar curvature p and the mean curvature H of M are defined by

2T

— 1

i=1

For our convenience, we put hj; = g(h(E;, E;),E;), where i,j = {1,...,n} and r =
{n +1,...,m} so that the squared norms of the mean curvature vector H and of the second
fundamental form A can be written as

2
1 m n m n
LSS W oL IRTEED o o U3
r=n+1 \i=1 r=n+114,j=1

We recall that the Casorati curvature C' of M is given by C' = L||h||?.
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Let {E1, ..., E;} be an orthonormal basis of the t-dimensional subspace £ of TM with ¢ > 2.
Then the scalar curvature of L is

T(ﬁ) = Z R(Ei,Ej,Ej,Ei)

1<i<j<t

and the Casorati curvature of £ is given by

SCEFD PN

r=n+114,j=1

The normalized d-Casorati curvatures dc(n — 1) and gc(n — 1) are defined respectively by
(see [29])
1 n+

1
[6c(n—1)], = §Cp + e inf {C(L) | £L: a hyperplane of T,M}

and

~ 2
{(50(71 - 1)} =2C, — 1 sup{C(L) | £ : a hyperplane of T,M}.

p

And the generalized normalized d-Casorati curvatures d¢(r;n — 1) and S (r;n — 1) of the sub-
manifold M™ are defined for any positive real number r # n(n — 1) as

(n—1)(n+r) (n2—n —7‘)

[6c(rin—1)], =rCy + inf {C(L) | £ : a hyperplane of T, M}

if0<r<n(n—1), and

. -1 2_n—
[6(;(7’; n— 1)} =rCp,+ (=) (nPn =) sup{C(L) | £ : a hyperplane of T,M}

P rn
for r > n(n —1).
In [22], Choudhary and Blaga examined sharp inequalities for a slant submanifold using

generalized normalized §-Casorati curvatures in metallic Riemannian space forms (M = M,(c,) x
My(cq),9,¢) and drawn the following findings:

Theorem 7.1. [22] Consider an n-dimensional slant submanifold M of an m-dimensional locally
metallic product space form (M = M,(c,) x My(cq),g,¢). Then

(i) The generalized normalized §-Casorati curvature o (r;n — 1) satisfies

do(ryn—1) 1 9
< 2
P g ag e
—|—L [tr2<p—(p-trT+nq)c0829]—2—ptrtp (7.1)
n(n—1) n ’

L )(2t )
———————(cp—cy) | —treo—p
2/ +4g) © T \n

for any real number 0 < r < n(n — 1);
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(ii) The generalized normalized §-Casorati curvature gc(r; n — 1) satisfies

gc(r;n— 1) 1 9
< 2
P = n(n — 1) 2(p2 + 4q) (cp +cq)qP” +2¢
+L [tr® o — (p- tr T + ng) cos® 6] 72—ptr<p (7.2)
n(n —1) n

I S )(2t )
——————(cp— ) | —tro—p
2/ +49) © U \n

for any real number r > n(n — 1).
In addition, the equalities in (7.1) and (7.2) hold if and only if the submanifold M is in-
variantly quasi-umbilical with trivial normal connection in M , such that the shape operators

A, € n+1,...,m with respect to some orthonormal tangent frame {E1, ..., E,} and orthonor-
mal normal frame {E, + 1, ..., E,,} take the following forms:

b 00 ... 0 0
0b 0 ... 0 0
00b ... 0 0
Apr=| . . . . . . , Anpo=-= A, =0 (7.3)
000 ... b 0
000 ...0 ™l

For normalized d-Casorati curvature;

Theorem 7.2. [22] Consider an n-dimensional slant submanifold M of an m-dimensional locally
metallic product space form (M = My(c,) x My(cq),9,¢). Then

(i) The normalized 6-Casorati curvature dc(n — 1) satisfies

p<déc(n—1)+ (CpJFCq){pZJFQq

2(p* + 4q)
+ 2z [tr2<p— (p-tr T + nq) cos? 6] — 2—ptr<p (7.4)
n(n —1) n
+;(c —¢q) <2tr<pp>
2/(? +4q) " T \n '
(i) The normalized §-Casorati curvature dc(n — 1) satisfies
<dc(n—1)+ =——5—— 242
IS C(TL )+2(p2+4q)(cP+CQ){p + q
2 2
+———[tr® o — (p- trT +ng) cos® 0] — —ptrap (7.5)
n(n —1) n

L )(2t )
— (=) (= tro—p],
2/ +49) © T \n
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for any real number r > n(n — 1).

Moreover, the equalities hold in (7.4) and (7.5) if and only if M is an invariantly quasi-
umbilical submanifold with trivial normal connection in M such that with some orthonormal
tangent frame {E1,...,E,} of the tangent bundle TM of M and orthonormal normal frame
{Eni1, ..., En} of the normal bundle TM~* of M in M, the shape operators A, satisfy

b 00 ... 0 O
0O b 0 ... 00
00 b ... 00
Apr=| . . . . |, Awe=-=A,=0. (7.6)
0 0 O b 0
00 0 0 2b

Remark 21. The sharp inequality for invariant and anti-invariant submanifolds in metallic
Riemannian space forms was also established by Choudhary and Blaga in [22], where they further
characterized the submanifolds for which the equality holds.

7.2 Chen-type inequality in metallic Riemannian manifolds

A fundamental problem in submanifold theory is to establish simple relationships between intrin-
sic and extrinsic invariants of a submanifold. In this respect, B.-Y. Chen introduced in 1993 a new
intrinsic invariant denoted §(2), initiating a new theory known as the theory of Chen invariants
[18]. The mathematical description of this invariant is §(2) = 7 — inf K, where K signifies the
sectional curvature and 7 is the scalar curvature. Chen proved the subsequent inequality using
this invariant:

5(2) < n;2\/n(n— DIHI2 + (0 + e, (7.7)

for any submanifold M in a real space form with constant sectional curvature ¢ (with n =
dim M > 3), where ||H]|? denotes the squared mean curvature of M. This inequality is referred
to as the first Chen inequality.

Inspired by this, many mathematicians considered Chen-type inequalities in metallic Rie-
mannian manifolds. In [25], Choudhary and Uddin obtained the following results on Chen-type
Inequalities for slant submanifolds in metallic Riemannian space forms.

Theorem 7.3. [25] Let M be any proper 0-slant submanifold that is isometrically immersed in
(M = Mp(cp) x My(cq),9,9). Then the following inequality follows:

6M<(n—2) 4

TL2 2
< e T

(p? +4q)
(cp +cq) [(p tr(T) — 4q) cos? 6 — tr? ((p)}

(cp + cg){(0” +20)(n + 1) = 2ptr(p)}

+ -
2(p? + 4q)
1

+— > c
4+/p? + 4q v

Corollary 7.4. [25] For a p-invariant submanifold M™ immersed in M, the following inequality

—¢q)(n—2) [2tr(p) —pn+p].
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holds true:
M= T IHIF+ A @t c){(P* +2q)(n+1) — 2ptr(p)}
1 2
+ M(cp +¢q) [(ptr(T) + 4q) — tr*(p)]

1
b ——(c
4/p? +4q "

Corollary 7.5. [25] A p-anti-invariant submanifold M™ immersed in M satisfies the following
inequality.

—cq)(n —2) [2tr(p) —pn —pl.

(n—2) 4 n? o, 1 9
o <= [(1@—1)4”7{ +m(%+cq){(p +2q)(n+1) —2ptr(e)}

1

— (¢
44/p? +4q( b

Remark 22. In reference [25], Choudhary and Uddin further demonstrated instances of inequali-
ties for the Ricci curvature tensor in #-slant, p-invariant, and (-anti-invariant submanifolds within
metallic Riemannian space forms.

—tr?(p) | + —¢q)(n —2)[2tr(p) —pn —p].

7.3 Wintgen inequality in metallic Riemannian manifolds

In 1979, P. Wintgen [70] established a fundamental inequality for the surface M? within the
Euclidean 4-space E*, commonly known as the Wintgen inequality, which incorporates both
intrinsic and extrinsic invariants. He demonstrated that the intrinsic Gaussian curvature K and
the extrinsic normal curvature K-+ of M? in E* fulfill

K+ K| < |#H]?

where |#H||? represents the squared norm of the mean curvature H. Moreover, the surface M?>
is termed the Wintgen ideal surface when it meets the equality condition, that is, the equality
is true if and only if the ellipse of the surface’s curvature in E* forms a circle. This particular
inequality was further explored and expanded independently in [42] and [61] for surfaces with
arbitrary co-dimension 7 in the real space form M("+2)(c) as

K+ K < ||H|? +c

Furthermore, B.-Y. Chen broadened the scope of the Wintgen inequality to include surfaces
in pseudo-Euclidean 4-spaces Ej with a neutral metric, as documented in [15, 19].

In 1999, a new conjecture related to the Wintgen inequality was proposed for general Rie-
mannian submanifolds within real space forms, which became known as the DDVV conjecture,
described in [27]. Tt was disclosed that for any submanifold M™ in a real space form M"T™(c),
the inequality

p+pt <|H[* +¢

holds, where p represents the normalized scalar curvature, and p* indicates the normalized
normal scalar curvature of M. This inequality, also known as the generalized Wintgen inequality
or the conjecture of normal scalar curvature, was independently verified by Ge and Tang [36]
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and Lu [55]. Recent advancements in Wintgen inequalities for submanifolds within metallic
Riemannian manifolds have been made. Choudhary et al. [68] explored these extended Wintgen
inequalities specifically for slant submanifolds in metallic Riemannian space forms equipped with
semi-symmetric metric connections.

Theorem 7.6. [68] Assume M™ is a 6 slant submanifold in a locally metallic space form (M =
Mp(cp) x My(cq), 9,9) equipped with the semi-symmetric metric connection. Then we have

p 2
<IHIZ =20+ (¢p + ) —5———3 P>+ 2q
13 ” H P (P q)(p2+4q){

2 2
+ m[tr2gp —(p-tr T + nq) cos? 0] — TZZtrgp}
1

+ e —
ny/p? +4q

where « being (0,2)-tensor. Moreover, the equality case of (7.8) holds identically if and only if,
for the orthonormal frame (Ev,--- ,Ey,, Eny1,- -+, En), the shape operator A satisfy

(cp — cq)(2tr o —np) = 2(n — 1) tr(a)

a d 0 ... 0 0 b+d 0 0 ... 0 O
d a 0 ... 00 0 b—d 0 ... 0 O
0 0 a ... 00 0 0 b ... 0 0
Apr=1| . . . . . | Ae2= : : T
0 0 O a 0 0 0 0 b 0
0 0 O 0 a 0 0 0 0 b
c 0 O 0 O
0 ¢ O 0 O
0 0 ¢ ... 0O
Ania=1| . . . . . | A= =40 =0,
0 0 0 ... ¢ O
0O 0 0 ... 0 ¢

where a, b, c, and d are smooth functions on M.

The repercussions of the Theorem 7.6 are also discussed by Choudhary et al. in [68].

Corollary 7.7. [68] Consider the submanifold M™ immersed in a locally metallic space form
(M = My(cp) x My(cq),9,9) equipped with SSMC. Then, inequality (7.8) takes the following
forms:

(i) If M is invariant

p
pe <IH[? =20+ (¢ +Cq)M{P2 +2q
_ 2 e, 2 (7.9)
+n(n_1)[tr p—(p- 1T +ng)] - — trs@}
1

(cp — cg)(2tr o —np) — 2(n — 1) tr(a).

_1’_7
ny/p? + 4q
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(ii) If M is anti-invariant

2 2
pe < IHIP = 2p + (c1 +c2) P2t — - Py
n(n—l) n

(7.10)
(c1 —¢2) (2tro —np) — 2(n — 1) tr(a).

Moreover, the equality case in (7.9) and (7.10) holds identically if and only if, for the orthonormal
frame {E1,...,E,, Epnt1, ..., En}, the shape operators A satisfy

a d 0 ... 00 b+d 0 0 0 O
d a 0 0 0 0 b—d 0 ... 0 O
0 0 a ... 00 0 0 b ... 0 0
e T : : TR
0 0 O a O 0 0 0 b 0
0 0 O 0 a 0 0 0 0 b
c 0 O 0 0
0 ¢ O 0 0
00 ¢ ... 00
ATL+3: : : . .. : . 5 A7L+4:"':Am:0a
0 0 0 ... ¢ O
00 0 ... 0 ¢

where a, b, c,d are smooth functions on M.
Corollary 7.8. [68] Let M™ be any submanifold of locally golden space form (M = M,y(c,) X
My(cq),9,¢) endowed with SSMC. Then we have:

(i) If M is 0-slant, then
1

2 2
E (c1+c2) {3+ nn=1) [tr® ¢ — (tr T + n) cos® 0] — ntrgp}

pe < IHIIP =20+

1
+ c1—c2)(2tro—n) —2(n—1)tr(a).
\/gn(l 2) (2tre ) ( ) tr(a)
(ii) If M is invariant, then

1

2 2
< |IH|2 =2 3+ —— (2 —trT—n) — =t
pe < |[H]| P+5(01+C2){ +n(n71)(r @ —trT —n) - W}

1
Von

(iii) If M is anti-invariant, then

+ (c1 —c2) (2tro —n) —2(n — 1) tr(a).

1 2
pe < IHI2 =20+ 2 (c1 + 2) [3+n tr2¢_ntr4

5 (n—1)

+ (c1 —c2) (2tro —n) — 2(n — 1) tr(a).

1
\/gn
Remark 23. In [23], Choudhary and Blaga discuss the generalized Wintgen inequalities for slant
submanifolds in the context of metallic Riemannian space forms as well as equality instances.
Moreover, the inequalities for invariant and anti-invariant submanifolds in the same ambient
space are similarly found as an application of Theorem 7.6.
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7.4 Chen—Ricci inequality in metallic Riemannian manifolds

The Chen-Ricci inequality is a widely recognized inequality in differential geometry that cor-
relates a submanifold’s Ricci curvature to both its mean curvature and the norm of its second
fundamental form.

A formula relating two geometric characteristics of a submanifold, M, which is embedded
in a space termed M(c) with a constant curvature ¢, was derived in 1996 by mathematician
Chen. The two characteristics are the squared mean curvature, represented by ||#|?, and the
Ricci curvature, represented by “Ric”. Then Chen’s inequality states that, for any unit vector X
tangent to the submanifold M of M (c), we have

2
Ric(X) < (n— 1)c+ %H’HHZ, n=dimM > 2.

B.-Y. Chen also derived in [16] a similar inequality for Lagrangian submanifolds of a complex space
form. Since its discovery, this inequality has garnered great interest from geometers worldwide.
The Chen—Ricci inequality for isotropic submanifolds in locally metallic product space forms was
proven by Li et al. in [53]. They also ascertained the circumstances in which the inequality turns
into equality.

Theorem 7.9. [53] Consider an n-dimensional isotropic submanifold M of an m-dimensional
locally metallic product space form (M = M,(c,) x My(cq),g,). Then we have:

(i) For every unit vector X € T,M

2

) n2 1 p
Ric(X) < XHHHQ + Z(cp +cq)(n—1) <1 + 7+ 4q>

. ) (7.11)

+ i(cp —¢q)(n— 1)\/ﬁ'

(ii) If H(p) = 0, the equality case of (7.11) is satisfied by a unit tangent vector X at p if and
only if X € N,, where N, is the relative null space of a Riemannian manifold at a point p in M.

(iii) If p is either a totally geodesic point or if n =2 and p is a totally umbilical point, then
(7.11) equality case is true for all unit tangent vectors at p.

Corollary 7.10. [53] Let (M = M,(c,) x My(cq),g,9) be an m-dimensional locally metallic
product space form and M is n-dimensional isotropic submanifold. Then

(i) For each unit vector X € T,M, we have

3
(cp+cq) £

2
n

. <7 2 _ -

Ric(X) < 4H’HH +(n—-1) 0

1
(=) (7.12)

(i) If H(p) = 0, the equality case of (7.12) is satisfied by a unit tangent vector X at p if and
only if X € Np.

(iil) If p is either a totally geodesic point or if n =2 and p is a totally umbilical point, then
(7.12) equality case is true for all unit tangent vectors at p.

Remark 24. Some inequality cases for the second fundamental form of a bi-warped product
submanifold in locally nearly metallic Riemannian manifold are discussed in [7].
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8 Inequality in metallic-Like statistical manifolds

8.1 Chen-type inequality in metallic-like statistical manifolds

In [5], Bahadir examined the first Chen inequality as well as a Chen’s inequality for the §(2,2)
invariant for statistical submanifolds in metallic-like statistical manifolds and obtained the fol-
lowing results.

Theorem 8.1. [5] Let (M = My(c,) x My(cq),g,%) be a metallic-like statistical manifold of
dimension m and M be an n-dimensional statistical submanifold of M. Then we have

(1 — K(m)) — (10 — Ko(m)) > 2Ko () — 279

L(cp+cg)(n?—n 9 9 5 4
# et L [ - 17 - L]
+2/p? + 4q (2 tr(¢) — np) } - i(cp +¢q) — ﬁ [40 () — 493 () + p?]
L cg—¢p n?(n —2) 2 2
~pir (o)) EN/ERT [tr(p1,) —p] = Tn=1) {HHH + 7| } ,

where m € T,M s a plane section and ¥(m) = g(0X,X)g(¢Y,Y), Q) = ¢*(pX,Y) for any
orthonormal vectors X,Y spanning m and H* refers to a mean curvature vector adapted to the
statistical structure of the manifold. T X is the tangential component of pX and Ko, 7 are the
sectional curvature and scalar curvature according to the main statistical manifold, respectively.

Moreover, the equalities holds for any v € {n+1,...,m} if and only if

Y TRy =... =R

hiyv +hogg = hgg = - =l
Y LREY Ry L gy
hii +hog = hgg = -+ = hyp,

W= hy =00 %4, (i) # (1,2),(2,1),1<i<j<n,

where h* represents the second fundamental form associated with the dual connection or the
statistical analogue in the context of a statistical manifold.

Corollary 8.2. [5] Let M™ be a totally real statistical submanifold of a metallic-like statistical
manifold (M = My,(cp) x My(cq),g,¢). Then we have

(tr— K(m)) — (10 — Ko(m)) > 2X0(W) — 27

1(cp+cq)(n2—n){ 9
- 1 mp\/p? 4}
i g +p° F 2npV/p? + 4q

1 pteg o, 1 ¢p—c n2(n—2)[ 9 . 2}
_ = R T W - .
R el [ Y

Moreover, the equalities holds for any v € {n+1,...,m} if and only if.

YR R — = 1Y
hiy +hgy = hag = -+ = hyp,
YR R — = Y
hit +hgg = hgg = -+ =y,

hiy =hi =0,i#4,(i,5) # (1,2),(2,1),1 <i<j <n
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| Let M™ be a totally real statistical submanifold of a metallic-like statistical

Corollary 8.3. [5
(M = My(cp) x My(cq),g,¢). If there exists a point p € M and a plane m C T, M such

manifold
that )
1(c,+cy) (N —n
T—K(ﬂ)<TQ—K0(7T)—|—Z(p ;)—I—(élq ){1+p2:F2np\/p2—|—4q}
1 cp + ¢y 1 ¢ —c .
- = — P 24 P 4 2<K — )
4(CP+C(1) 4( +4q) 2 /7]) +4p+ 0() 70

Then M is non-minimal, i.e., H # 0 or H* # 0.

8.1.1 §(2,2) Chen inequality in metallic-like statistical manifolds

Let p € M, and let m and 72 be mutually orthogonal planes within T, M, spanned by {E1, E2}
and {Fj3, E,}, respectively. Additionally, consider {E1, Eo, ..., E,} and {E,t1,..., E,} as the
orthonormal basis of T, M and T, M, respectively.

The inequality, representing the 4(2,2) Chen inequality for a statistical submanifold in a
metallic-like statistical manifold, is given by:

Theorem 8.4. [5] Let M™ be a statistical submanifold of a metallic-like statistical manifold
(M = Mp(cp) x My(cq),9,9). Then we have

(1 = K(m) — K(m2)) — (10 — Ko(m1) — Ko(m2))

(cp +¢g) (N —n) 4 4p
> —{02() — ITI2 - Lr(e) }

L+p"+—

cp +¢q
4(p? +4q)

— 4(P(m) + Q3 (ma)) + 77— 2p(tr(,,) + (1))

1 ¢
i—qi t t 2
> oy ag ) (o) 2]

_ m 712+ 172°1°] = 2 |70 = Ro(m — Ko(mz)]

1
—5(eptcg) -

+2+/p2 + 4q(2tr(p) — np) 5

|40 () + ¥(m2))

Moreover, the equalities holds for any v € {n+1,...,m} if and only if
hy + h3y = his + hy, =hg5---=m

nn’

hil +hog = hag +hyf = hgd --- = hy),

nn’

hiy = hi =0,i#j,(i,5) # (1,2), (2, ),(3,4),(4,3),1 <i<j<n.

Corollary 8.5. [5] Let M™ be a statistical submanifold in a metallic-like statistical manifold M
of dimension m. Then we have

(T—K(m) — K(Wz)) - (To — Ko(m) — Ko(m2))

1 (cp+cq)(n
>
= pEy {1+p ¥2np\/m}
1 ot a1 G 0 nPn=2) .2
560+ o) — g 7] & 5t nl = S [+ 13
_2[%0_k0(ﬂl)—ko(ﬂ2)}.
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Moreover, the equality holds for any v € {n+1,...,m} if and only if

hiy 4+ hog = his +hjy = h3s -~ = h)

nn?

Ky kY g ky XY _pERY L Y
hll + h22 - hds + h44 - h55 - hnna

Corollary 8.6. [5] A metallic-like statistical manifold M of dimension m has a totally real
statistical submanifold denoted by M™. Given a point p € M and mutually orthogonal planes
m1, ™2 C Tp,M, such that

T—K (m) — K (m2) < 19— Ko (m1) — Ko (m2)

2 _
ot ) (2 2m) £ 4 12 sup/P )

1
4 p2 +4q

1 cp + ¢y 9 1 ¢ —cy
——(ept+ecg) — ——5—— - —2
2T " T rag P g

—9 [fo — Ko (m) — Ko (m)} .

Then M is non-minimal, i.e., H # 0 or H* # 0.

9 Some more structures on metallic Riemannian
manifolds

9.1 Integrability of metallic Riemannian structures

Considering the relationship between metallic structures and almost-product structures, the ®-
operator method from the theory of almost-product structures can be applied to metallic struc-
tures. An integrability condition and curvature properties for these structures utilizing a ®
operator applied to pure tensor fields are presented in [37] by Gezer and Karaman.

It is well-established that a polynomial structure F' is integrable if and only if a torsion-
free linear connection V can be introduced such that the structure tensor F' remains covariantly
constant [69]. Utilizing the Tachibana operator, the authors in [37] provided an alternative
condition for the integrability of a metallic Riemannian structure.

Theorem 9.1. [37] Consider a metallic Riemannian manifold M with a metallic structure o
and a Riemannian metric g. Then:

(i) The structure @ is integrable if ®,g9 = 0.

(ii) The condition ®,g = 0 is equivalent to Vi = 0, where V denotes the Levi-Civita
connection of g.

Proposition 9.1. [37] Consider a metallic Riemannian manifold M endowed with a metallic
structure ¢ and a Riemannian metric g. The manifold M is locally decomposable as a metallic
Riemannian manifold if and only if ®p,g = 0, where Fy denote the almost product structures
related to .
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9.1.1 Twin metallic Riemannian metric

Consider a metallic Riemannian manifold M with a metallic structure ¢ and a Riemannian metric
g. The twin metallic metric is defined as [37]:

G(va) = g(‘)OX’ Y)

for any vector fields X and Y on M. It can be easily shown that G is pure concerning ¢. When
the ®,-operator is applied to the metric G, standard computations yield

(LG (XY, Z) = (Pp9)(X, Y, Z) + g(No(X,Y), Z).

Proposition 9.2. [37] Let M be a metallic Riemannian manifold equipped with a metallic struc-
ture ¢ and a Riemannian metric g. Then ®,g = 0 is equivalent to ®,G = 0 if N, = 0, where
N, is Nijenhuis tensor constructed from .

Theorem 9.2. [37] Let M be a metallic Riemannian manifold equipped with a metallic structure
¢ and a Riemannian metric g. The Riemannian curvature tensor field is a p-tensor field.

Results on Riemannian curvature tensor fields of the locally decomposable metallic Rieman-
nian manifold are as follows:

Proposition 9.3. [37] Let M be a metallic Riemannian manifold equipped with a metallic struc-
ture ¢ and a Riemannian metric g. The Riemannian curvature tensor field is a @-tensor field.

Proposition 9.4. [37] Let M be a metallic Riemannian manifold equipped with a metallic struc-
ture ¢ and a Riemannian metric g. The Riemannian curvature tensor field is a decomposable
tensor field.

Remark 25. Results on metallic structures with conformal metrics are also obtained in [37].

Manea conducted a study in [57] on the integrability condition of metallic structures utilizing
a Codazzi-type equation and a mixed twin metric associated with them.

Consider an n-dimensional Riemannian manifold (M, g). A (p, q)-metallic structure on M
is a polynomial structure of second degree given by a (1,1)-tensor field ¢ which satisfies the
equation,

¢* —pp—ql =0,
where I is the identity on the vector fields space I'(T'M) and p, ¢ are fixed integers such that the
equation
w? —pr—q=0
has a positive irrational root o, 4 [57].

Motivated by the Codazzi-type equation, the subsequent requirement for the metallic struc-
ture’s integrability is as follows:

Proposition 9.5. [57] Let (M,g,¢) be a (p,q)-metallic manifold. The metallic structure ¢ is
integrable if it satisfies a Codazzi type equation,

@V o)(X,Y) = (Vxp)Y — (Vye)X =0,

forall XY € F(T]\Zl), where dV is the exterior covariant derivative.
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Proposition 9.6. [57] For a Riemannian metallic manifold (M, g,¢) with the almost product F,
any metallic structure induced by F on M is integrable if and only if the initial metallic structure
1s integrable.

Remark 26. The authors of [57] have studied the metallic structures in foliated manifolds and
proved that a Riemannian foliated manifold has a natural (p, ¢)-metallic structure and every leaf
of the foliation carries a metallic structure that is always integrable.

9.2 Metallic semi-Riemannian manifolds

The concept of a metallic Riemannian manifold can be extended to a metallic pseudo-Riemannian
manifold.

Definition 19. [11] Let (M, g) be a pseudo-Riemannian manifold and let ¢ be a g-symmetric
(1,1)-tensor field on M such that ¢? = py + ¢I. Then the pair (¢, g) is referred to as a metallic
pseudo-Riemannian structure on M and (M, ¢, g) is known as a metallic pseudo-Riemannian
manifold.

Definition 20. [11] A linear connection V on M is termed a ¢-connection if ¢ is covariantly
constant with respect to V, that is, Vo = 0.

Lemma 9.1. [11] If (M, p, g) is a locally metallic pseudo-Riemannian manifold, then o is inte-
grable.

Definition 21. [11] A trivial metallic structure is defined as ¢ := oI, where o = pEVPE G ”52%’? and
p* +4q > 0.

Definition 22. [11] A nearly locally metallic pseudo-Riemannian manifold (M, @, g) is one where
the Levi-Civita connection V with respect to g satisfies the condition

(Vx@)Y + (Vyp)X =0
for any X, Y € I'(T'M).

Proposition 9.7. [11] A nearly locally metallic pseudo-Riemannian manifold (M, p,g), where
©? = pp+ql and p*> +4q > 0, is referred to as a locally metallic pseudo-Riemannian manifold if
and only if ¢ is integrable.

9.2.1 Metallic natural connection

Consider (M, ¢, g) to be a metallic pseudo-Riemannian manifold where p? = pp+ql and p?>+4q #
0. Let V represent the Levi-Civita connection of g, and let V be linear connection defined by
[11]:

V=Vt (Vo) — (V) (9.1)

T TR T g '

Consequently, we have Vo = 0 and Vg = 0. The linear connection V defined by (9.1) is referred
to as the metallic natural connection of (M, g, ). Torsion TV of the metallic natural connection
is expressed as:

TV(X,Y) = {(2¢ — pI)(VxpY — VyoX) — (pp + 2¢1)[X, Y]}

p? +4q
for any X,Y € I['(TM).
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Proposition 9.8. [11] Consider a metallic pseudo-Riemannian manifold (M, ¢, g) where p? =
po +ql and p* + 4q # 0. Torsion TV of the natural connection V then satisfies the equation:

TV (X, Y) + TV (X, 9Y) = pTV(X,Y) = (20 — p)N, (X, Y),
VX,Y € I(TM). Specifically, if ¢ is integrable, then

TV (X, Y)+TV(X,9Y) = pTV (X,Y).

9.2.2 Metallic Norden structures

Note that a Norden manifold (M, ¢, g) is an almost complex manifold (M ;) with a neutral
pseudo-Riemannian metric g such that g(pX,Y) = g(X, YY) for X, Y € T'(TM).

Proposition 9.9. [11] Given a Norden manifold (M,ag,g), for all real numbers a,b, pgp =
ap + bl are metallic pseudo-Riemannian structures on M.

Proposition 9.10. [11] Assume that a # 0. Then:
(1) @a.p is integrable if and only if p is integrable,
(ii) @a,p 1s locally metallic if and only if ¢ is Kdhler,
(iil) @b is nearly locally metallic if and only if ¢ is nearly Kdhler.

On the other hand, we get the subsequent outcome:

Proposition 9.11. [11] Consider the metallic pseudo-Riemannian manifold (M, p,g) where
¢? =pp+ql and p* +4q < 0. Then

+ 2 -
P+ = R e T
V-p?—4q  \/-p*—4q
are Norden structures on M and ¢ = ap+ + bl with a = :i:(2/\/—p2 — 4q)71 and b= —%.

Definition 23. [11] Let (M, ¢, g) be a metallic pseudo-Riemannian manifold such that 0?2 =
pp + gl and p? +4q < 0. Then ¢ is known as the metallic Norden structure on M and (M, ¢, g)
is defined as the metallic Norden manifold.

Remark 27. In [11], Blaga and Nannicini also discussed generalized metallic pseudo-Riemannian
structures, generalized metallic natural connection, and metallic pseudo-Riemannian structures
on tangent and cotangent bundles. Furthermore, Blaga and Nannicini have studied the harmonic
metallic structure in [12].

Remark 28. Some results on metallic-like structures and metallic-like maps are obtained in [56].

9.3 Curvature tensors of metallic semi-Riemannian manifolds

In [13], Blaga and Nannicini examine the properties of curvature tensors and the concept of
-sectional and p-bisectional curvature of a metallic pseudo-Riemannian manifold (M, ¢, g).

For non-degenerate plane sections, an analogue of the holomorphic sectional curvature will
be defined as follows on a metallic pseudo-Riemannian manifold (M, ¢, g).
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Definition 24. [13] Consider X to be a nonzero tangent vector field and 7x ,x to be the plane
generated by X and ¢X. If g(X, X)g(¢X, pX) — [9(X, pX)]* # 0, then 7x ,x is known as non
degenerate and the p-sectional curvature is given as:

oy g(R(X, X)X, pX)
KX = R R 90X o X) — (X pXP

where R is the Riemannian curvature tensor of g. If K¥ is a constant, then M has constant
p-sectional curvature denoted by

K#(X) = R(X, pX, X, pX),
for any X € ['(TM).

Proposition 9.12. [13] Assuming (M, ¢, g) to be a locally metallic pseudo-Riemannian manifold,
it follows that K?(X) =0 for any X € T'(TM), and the p-sectional curvature of non-degenerate
plane sections is zero.

The p-bisectional curvature for non-degenerate plane sections on a metallic pseudo-Riemannian
manifold (M, p, g) is defined as follows:

Definition 25. [13] Let X and Y be two linearly independent tangent vector fields, and let
Tx,ox and my,,y be the planes generated by X and ¢X, and Y and ¢Y, respectively. If 7x ,x
and 7y,,y are non-degenerate, then the ¢-bisectional curvature is defined as:

K?(X,Y) =

9(R(X,0X)Y,0Y)\/(9(X, X)g(pX,0X) — g(X, X)) (g(Y,Y)g(pY,0Y) — g(Y,0Y)?)
(9(X, X)g(pX, pX) — g(X, 0X)?)(g(Y,Y)g(¢Y, pY) — g(Y, pY)?)

If K% is a constant, then M has constant o-bisectional curvature given as:
K?(X,Y) := R(X,¢X,Y,¢Y)
for any X,Y € I'(TM).

Proposition 9.13. [13] Given a locally metallic pseudo-Riemannian manifold (M, p,g), then
K?(X,Y)=0 for X, Y € T(TM) and the p-bisectional curvature of nondegenerate plane sections
vanishes.

Definition 26. [13] The metallic pseudo-Riemannian manifold (M, ¢, g) is an RM manifold if
M has p-invariant Riemannian curvature, i.e.

R(eX, Y, 02, W) = R(X,Y, Z, W),
for any X,Y, Z, W € I'(TM).
Theorem 9.3. [13] Consider a locally metallic pseudo-Riemannian manifold (M, p, g) with ¢* =

pp + ql that is an RM-manifold. If q[p*> — (¢ — 1)?] # 0 and p # 0,q # —1, then its Riemann
curvature tensor vanishes.



38 B.-Y. Chen, M. A. Choudhary and A. Perween
References
[1] B. E. Acet, Lightlike hypersurfaces of metallic semi-Riemannian manifolds. Int. J. Geom.

2]

Methods Mod. Phys. 15(12) (2018), Article No. 1850201, 16 pp.

B. E. Acet, F. E. Erdogan, and S. Y. Perktas, Half-lightlike submanifolds of metallic semi-
Riemannian manifolds. Int. Electron. J. Geom. 15(2) (2022), 202-213.

M. Ahmad and M. A.Qayyoom, Geometry of submanifolds of locally metallic Riemannian
manifolds. Ganita 71 (2021), 125-144.

L. S. Alqahtani and E. M. Al-Husainy, Chen’s inequality for CR-warped products in locally
metallic Riemannian manifolds. Europ. J. Pure Appl. Math. 17 (2024), 2481-2491.

O. Bahadir, Some inequalities for statistical submanifolds in metallic-like statistical mani-
folds. Turkish J. Math. Comput. Sci. 13 (2021), 348-358.

O. Bahadir and S. Uddin, Slant Submanifolds of golden Riemannian manifolds. J. Math.
Exten. 13 (2019), 23-39.

N. Bhunia, S. Pahan and A. Bhattacharyya, Biwarped product submanifolds in some struc-
tures of metallic Riemannian manifold. Afr. Mat. 33 (2022), Paper No. 96, 15 pp.

R. L. Bishop and B. O’Neill, Manifolds of negative curvature. Trans. Amer. Math. Soc. 145
(1969), 1-49.

A. M. Blaga and C. E. Hretcanu, Invariant, anti-invariant and slant submanifolds of a
metallic Riemannian manifold. Novi Sad J. Math. 48 (2018), 57-82.

A. M. Blaga and C.-E. Hretcanu, Metallic conjugate connections. Rev. Un. Mat. Argentina
59(1) (2018), 179-192.

A. M. Blaga and A. Nannicini, Generalized metallic pseudo-Riemannian structures. Rivista
Mat. Univ. Parma 11 (2020), 69-87.

A. M. Blaga and A. Nannicini, Harmonic metallic structures. Rend. Sem. Mat. Univ. Polit.
Torino 79 (2021), 43-58.

A. M. Blaga and A. Nannicini, On curvature tensors of Norden and metallic pseudo-
Riemannian manifolds. Complex Manifolds 6 (2019), 150-159.

F. Casorati, Mesure de la courbure des surfaces suivant 'idée commune. Acta Math. 14
(1890), 95-110.

B.-Y. Chen, A Wintgen type inequality for surfaces in 4D neutral Pseudo-Riemannian space
forms and its applications to minimal immersions. JMI Intern. J. Math. Sci. 1 (2010), 1-12.

B.-Y. Chen, On Ricci curvature of isotropic and Lagrangian submanifolds in complex space
forms. Arch. Math. 74(2) (2000), 154-160.

B.-Y. Chen, Pseudo-Riemannian geometry, d-invariants and applications. World Scientific
Publishing, Hackensack, NJ (2011).



Advances in metallic Riemannian geometry 39

[18]

[19]

[20]

B.-Y. Chen, Some pinching and classification theorems for minimal submanifolds. Arch.
Math. 60 (1993), 568-578.

B.-Y. Chen, Wintgen ideal surfaces in a four-dimensional neutral indefinite space form.
Results Math. 61 (2012), 329-345.

B.-Y. Chen, Differential geometry of warped product manifolds and submanifolds. World
Scientific Publishing, Hackensack, NJ (2017).

B.-Y. Chen and F. Dillen, Optimal inequalities for multiply warped product submanifolds.
Int. Electron. J. Geom. 1(1) (2008), 1-11.

M. A. Choudhary and A. M. Blaga, Inequalities for generalized normalized §-Casorati cur-
vatures of slant submanifolds in metallic Riemannian space forms. J. Geom. 111 (2020), no.
3, Paper No. 39, 18 pp.

M. A. Choudhary and A. M Blaga, Generalized Wintgen inequality for slant submanifolds
in metallic Riemannian space forms. J. Geometry 112 (2021), Paper No. 26, 15 pp.

M. A. Choudhary, M. D. Siddiqgi, O. Bahadir, and S. Uddin, Hypersurfaces of metallic
Riemannian manifolds as k-almost Newton-Ricci solitons. Filomat 37 (2023), 2187-2197.

M. A. Choudhary and Siraj Uddin, On some inequalities for metallic Riemannian space
forms. Filomat 37 (2023), 5443-5454.

M. Crasmareanu and C.-E. Hretcanu, Golden differential geometry. Chaos Solitons Fractals
38 (2008), 1229-1238.

P. J. De Smet, F. Dillen, L. Verstraelen, and L. Vrancken, A pointwise inequality in sub-
manifold theory. Arch. Math. (Brno) 35 (1999), 115-128.

S. Decu, Optimal inequalities involving Casorati curvature of slant submanifolds in quater-
nionic space forms. Riemannian Geometry and Applications—Proceedings RIGA; Bucharest,
Romania (2014), 87-96.

S. Decu, S. Haesen, and L. Verstraelen, Optimal inequalities characterising quasi-umbilical
submanifolds. J. Inequal. Pure Appl. Math. 9 (2008), Article 79, 7 pp.

K. L. Duggal and D. H. Jin, Half lightlike submanifolds of codimension 2. Math. J. Toyama
Univ. 22 (1999), 121-161.

K. L. Duggal and A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Manifolds and
Applications. Springer, 1996, 139-189.

K. L. Duggal, B. Sahin, Screen conformal half-lightlike submanifolds. Int. J. Math. Math.
Sci. 2004(65-68), 3737-3753.

F. E. Erdogan, Transversal lightlike submanifolds of metallic semi-Riemannian manifolds.
Turkish J. Math. 42 (2018), 3133-3148.

F. E. Erdogan, S. Y. Perktag and B. Serife Nur, Meta-metallic Riemannian manifolds. Filo-
mat 38 (2024), 315-323.



40

B.-Y. Chen, M. A. Choudhary and A. Perween

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

F. E. Erdogan, S. Y. Perktag, B. E. Acet and A. M. Blaga, Screen transversal lightlike
submanifolds of metallic semi-Riemannian manifolds. J. Geom. Phys. 142 (2019), 111-120.

J. Ge and Z. Tang, A proof of the DDVV conjecture and its equality case. Pacific J. Math.
237 (2008), 87-95.

A. Gezer and C. Karaman, On metallic Riemannian structures. Turkish J. Math. 39 (2015),
954-962.

M. Go&k, A Note on Invariant Submanifolds of Metallic Riemannian Manifolds. Turkish J.
Math. Comput. Sci. 15 (2023), 12-19.

M. Gk, A study of submanifolds of metallic Riemannian manifolds. J. Geometry 112 (2021),
Paper No. 34, 27 pp.

M. Gok and E. Kilig, Totally umbilical semi-invariant submanifolds in locally decomposable
metallic Riemannian manifolds. Filomat 36 (2022), 2675-2686.

S. I. Goldberg and K. Yano, Polynomial structures on manifolds. Kodai Math. Sem. Rep.
22 (1970), 199-218.

I. V. Guadalupe and L. Rodriguez, Normal curvature of surfaces in space forms. Pacific J.
Math. 106 (1983), 95-103.

C. E. Hretcanu and A. M. Blaga, Hemi-slant submanifolds in metallic Riemannian manifolds.
Carpathian J. Math. 35 (2019), 59-68.

C.-E. Hretcanu, A. M. Blaga, Slant and semi-slant submanifolds in metallic Riemannian
manifolds. J. Funct. Spaces 2018, Art. ID 2864263, 13 pp.

C.-E. Hretcanu and A. M. Blaga, Warped product pointwise bi-slant submanifolds in metallic
Riemannian manifolds. arXiv preprint arXiv:2002.10909 (2020).

C.-E. Hretcanu and A. M. Blaga, Warped product submanifolds in metallic Riemannian
manifolds. Tamkang J. Math. 51 (2020), 161-186.

C.-E. Hretcanu and M. Crasmareanu, Applications of the golden ratio on Riemannian man-
ifolds. Turkish J. Math. 33 (2009), 179-191.

C.-E. Hretcanu and M. Crasmareanu, Metallic structures on Riemannian manifolds. Rev.
Un. Mat. Argentina 54 (2013), 15-27.

P. Karmakar and A. Bhattacharyya, Quasi Hemi-Slant Submanifolds of Metallic Riemannian
Manifolds. Proc. Nat. Acad. Sci. India Section A: Phys. Sci. 94 (2024), 75-82.

J. Kaur and R. Kaur, Invariant and screen semi-invariant lightlike submanifolds of a metallic
semi-Riemannian manifold with a quarter symmetric non-metric connection. arXiv e-prints
(2023), arXiv—2310.

R Kaur, G. Shanker and A Yadav, Semi-invariant lightlike submanifolds of a metallic semi-
Riemannian manifold. Differ. Geom. Dyn. Syst. 23 (2021), 90-104.

D. N. Kupeli, Singular semi-Riemannian geometry. Springer Science and Business Media 366
(2013).



Advances in metallic Riemannian geometry 41

[53]

[69]

[70]

Y. Li, M. A. Khan, M. D. Aquib, I. Al-Dayel and M. Z. Yossef, Chen—Ricci inequality for
isotropic submanifolds in locally metallic product space forms. Axioms 13 (2024), Article
No. 183.

M. A. Lone and I. F. Harry, Screen slant lightlike submanifolds of metallic semi-Riemannian
manifolds. Afr. Mat. 34 (2023), Paper No. 93, 12 pp.

Z. Lu, Normal scalar curvature conjecture and its applications. Journal of Functional Anal-
ysis 261(5) (2011), 1284-1308.

A. Manea, Metallic-like structures and metallic-like maps. Turkish J. Math. 47 (2023), 1539—
1549.

A. Manea, Some remarks on metallic Riemannian structures. An. Stiint. Univ. Al 1. Cuza
Tagi. Mat. (N.S.) 65 (2019), 37-46.

J. Nash, The imbedding problem for Riemannian manifolds. Ann. of Math. 63 (1956), 20-63.
S. Nolker, Isometric immersions of warped products. Differ. Geom. Appl. 6 (1996), 1-30.

M. Ozkan and F. Yilmaz, Metallic structures on differentiable manifolds. J. Sci. Arts 3
(2018), 645-660.

B. Rouxel, Sur une famille de A-surfaces d'un espace euclidien E*. Proc. 10th
Osterreichischer Mathematiker Kongress, Innsbriick 185 (1981).

G. Shanker and A. Yadav, A study on the geometry of totally umbilical screen-transversal
lightlike submanifolds of metallic semi-Riemannian manifolds. AIP Conf. Proc. 2435 (2022),
Paper No. 020049.

G. Shanker and A. Yadav, An investigation on the existence of warped product irrotational
screen-real lightlike submanifolds of metallic semi-Riemannian manifolds. Arab J. Math. Sci.
28 (2022), 142-151.

V. W. de Spinadel, The metallic means family and forbidden symmetries. Int. Math. J. 2(3)
(2002), 279-288.

K. Takano, Statistical manifolds with almost complex structures. Proceedings of the 45th
Symposium on Finsler Geometry, Society of Finsler Geometry. 2011, pp. 54-57.

A. Torun and M. Ozkan, Submanifolds of almost-complex metallic manifolds. Mathematics
11(5) (2023), Article No. 1172.

S. Turanli, A. Gezer, and H. Cakicioglu, Metallic Kéhler and nearly metallic Kdhler mani-
folds. Int. J. Geom. Meth. Mod. Phys. 18 (2021), Paper No. 2150146.

S. Uddin, M. A. Choudhary and N. M. Al-Asmari, An optimal inequality for the normal
scalar curvature in metallic Riemannian space forms. Mathematics 11(10) (2023), Article
No. 2252.

J. Vanzura, Integrability conditions for polynomial structures. Kodai Math. Sem. Rep. 27
(1976). 42-50.

P. Wintgen, Sur I'inégalité de Chen-Willmore, C. R. Acad. Sci. Paris 288 (1979), 993-995.



42 B.-Y. Chen, M. A. Choudhary and A. Perween

[71] K. Yano and M. Kon, Structures on manifolds. World Scientific Publishing, Singapore (1984).

[72] P. S. Yiiksel, F. E. Erdogan, and B. E. Acet, Lightlike submanifolds of metallic semi-
Riemannian manifolds. Filomat 34(6) (2020), 1781-1794.

Bang-Yen Chen Department of Mathematics, Michigan State University, East Lansing,
Michigan 48824-1027, USA

E-mail: chenb@msu.edu

Majid Ali Choudhary Department of Mathematics, School of Sciences, Maulana Azad Na-
tional Urdu University, Hyderabad, India

E-mail: majid.alichoudhary@gmail.com

Afshan Perween Department of Mathematics, School of Sciences, Maulana Azad National
Urdu University, Hyderabad, India

E-mail: afshanperween99@gmail.com


mailto:chenb@msu.edu
mailto:majid.alichoudhary@gmail.com
mailto:afshanperween99@gmail.com

	Introduction
	Preliminaries
	Metallic Riemannian manifolds
	Metallic semi-Riemannian manifolds
	Metallic-like statistical manifolds
	Almost-complex metallic manifolds

	Submanifolds immersed of metallic Riemannian manifolds
	Invariant submanifolds in metallic Riemannian manifolds
	Anti-invariant submanifolds of metallic Riemannian manifolds
	Slant submanifolds of metallic Riemannian manifolds
	Bi-slant submanifolds of metallic Riemannian manifolds
	Semi-slant submanifolds of metallic Riemannian manifolds
	Hemi-slant submanifolds of metallic Riemannian manifolds
	Pointwise slant submanifolds of metallic Riemannian manifolds

	Submanifolds immersed in almost-complex metallic manifolds
	Warped product submanifolds of metallic Riemannian manifolds
	Lightlike submanifolds of metallic Riemannian manifolds
	Lightlike hypersurfaces of metallic semi-Riemannian manifolds
	Invariant hypersurface of metallic semi-Riemannian manifolds
	Screen semi-invariant hypersurfaces of metallic semi-Riemannian manifolds

	Invariant lightlike submanifolds of metallic semi-Riemannian manifolds
	Transversal lightlike submanifolds of metallic semi-Riemannian manifolds
	Half-lightlike submanifolds of metallic semi-Riemannian manifolds
	Slant lightlike submanifolds of metallic semi-Riemannian manifolds
	Warped product lightlike submanifolds of metallic semi-Riemannian manifolds

	Inequalities in metallic Riemannian manifolds
	Inequalities involving -Casorati curvature in metallic Riemannian manifolds
	Chen-type inequality in metallic Riemannian manifolds
	Wintgen inequality in metallic Riemannian manifolds
	Chen–Ricci inequality in metallic Riemannian manifolds

	Inequality in metallic-Like statistical manifolds
	Chen-type inequality in metallic-like statistical manifolds
	(2,2) Chen inequality in metallic-like statistical manifolds


	Some more structures on metallic Riemannian manifolds
	Integrability of metallic Riemannian structures
	Twin metallic Riemannian metric

	Metallic semi-Riemannian manifolds
	Metallic natural connection
	Metallic Norden structures

	Curvature tensors of metallic semi-Riemannian manifolds


