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Further inequalities for the numerical radius of

off-diagonal part of 2 by 2 operator matrices

Mehdi Naimi and Mohammed Benharrat

Abstract. In this paper, using a refinement of the classical Young inequality, we
present some new upper weighted bounds for the numerical radius of 2 x 2 block
matrices, with entries are bounded operators.
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1 Introduction

Let H be a complex Hilbert with inner product (.,.) and the corresponding norm ||.||, and let
B(H) be the space of C*—algebra of all bounded linear operators on H. For T' € B(H), let T*
denote the adjoint of T'. Also, |T'|,|T*| denote the positive operators (T*T)z, (T'T*)? respectively.
The numerical range and the numerical radius of T are defined by

W(T) :={{Tz,z):x € H,|z| =1}
and
w(T) :=sup{|z| : z € W(T)}

respectively. It is well known that w(.) defines a norm on B(H), which is equivalent to the usual
operator norm, and for any T € B(H)

STl < w(r) < 7). (11)

The first inequality becomes an equality if 72 = 0, and the second inequality becomes an equality
if T is normal.

The spectral radius of T, denoted as r(T'), is defined as the radius of the smallest circle with
center at origin containing the spectrum o (7T") of the operator T. It is well known that the closure
of the numerical range contains the spectrum, that is »(T) < w(T).
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In recent years, the refinement of the upper and lower bounds on the numerical radius has
attracted many authors. Kittaneh in [6] and [9] gave improvements to the second inequality of
(1.1). He showed that, for ' € B(H), we have

1 s 1 :
w(T) < ST+ 1T < S AT+ I17%)1%) (1.2)

and )
w*(T) < QIIITI2 + |T*?l. (1.3)

In [4], El-Hadad and Kittaneh established a generalization of (1.3), by showing that, for all
0<a<1landr>1, we have

w?(T) < ||(1 = a)|T]*" + o T*"| . (1.4)
Recently, Bhunia and Paul [3] established the following refinements of (1.3)

T « r * — r
w? (T) < || S AT + |70 4 (1 = o) T2

(1.5)

and o
w2r(T) < H§(|T|)\4T + |T*|(17)\)4T) + (1 _ a)lT*|2r

(1.6)

forallr>1and 0 < a, A < 1.
A general numerical radius inequality was proved by Kittaneh, in [9] it was shown that if
A,B,C,D,S, T € B(H), then for all « € (0, 1),

w(ATB + CSD) < %||A|T*|2(1*“)A* + BYT**B + C|S* =) C* + D*|S|**D|.  (1.7)

Shebrawi and Albadawi extended inequality (1.7), as follows,

Theorem 1.1. [13, Theorem 2.5] Let A;,B;,X; € B(H) (i = 1,2,...,n), and let f and g be
nonnegative functions on [0,00) which are continuous and satisfy the relation f(t)g(t) =t for all
t €10,00). Then for allrT > 1,

n r—1
i=1

The purpose of this paper is to prove upper bounds for the numerical radius of an off-diagonal

0 X] in B(Hy & Hs), which extend

n

> (B FPUXDBI + [Aig? (X7 ) A7)

i=1

(1.8)

2 X 2 operator matrices i.e. operators with the form T = Y 0

and improve the inequalities (1.4), (1.5), (1.6), (1.8) and the existing bounds in [1, Theorem
2.11].

2 Main results

To achieve our goal, we need the following four lemmas, which can be found in [8],[15] and [5].

Lemma 2.1. (McCarthy inequality)([15, p.20]) Let A be a positive operator in B(H) and let
be in H such that ||z|| < 1. Then for allr > 1,

(Az,z)" < (A"z,z). (2.1)
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The second lemma is known as a generalized mixed Cauchy-Schwarz inequality which involves
two nonnegative continuous functions.

Lemma 2.2. [8, Theorem 1] Let A € B(H), and let f and g be nonnegative continuous functions
on [0;00) such that f(t)g(t) =t for allt € [0,00). Then for all z,y € H,

[(Az, y)| < [F([AD=[[[lg(|A™yll- (2.2)

The next lemma is a consequence of the convexity of the function f(¢) =¢" with r > 1.

Lemma 2.3. Fori=1,2,...,n, let a; be positive real number. Then

(e) <ori3a
i=1

for allr > 1.

Lemma 2.4. [5] Let A€ B(H). Then

(3 4

The classical Young’s inequality for non-negative real numbers says that if a and b are

1 1
non-negative, p,q > 1 with — 4+ — =1 and r > 1. Then
p q

1
X P praN v
ab<a+<(a +> . (2.3)
P q P q

In [10], authors obtained a nice refinement of Young’s inequality as follows,
a®d1= < aa+ (1 —a)b —ro(va — Vb)>?, (2.4)
where 79 = min{ea, 1 — a} and « € [0,1].
Our first result reads as follows,

_ 0 2im AiXiB;
Theorem 2.1. Let T = [2?1 C,Y, D, 0

Bi,CZ' € B(HQ), A“Dz S B(H1>, X, € B(HQ,Hl) and Y; € B(Hl,Hg) far all 1 € {1,...,TL},
r>1 and let f and g be as in Lemma 2.2. Then

be an operator in B(Hy ® Hs) where

n

Y (B IXDBI + [Cg (17 NCTT)

=1

w(T) < ) [

n

Y _(D; AAYiDI" + [Aig? (1 X7 ) A7)

i=1

_|_

lur]lP=[luz]|*=1

- inf 0 (uq, ug)] (2.5)

n 1/2
d(ur,uz) = <Z([Bff2(|Xi|)Bi]r + [CiQQ(E*)Ci*]T)U2’U2>

n 1/2
<Z ([DF (1Y) D)™ + [A ¢92(|X3)Aﬂr)ul,u1> - (2:6)
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Proof. Let x = [71] a unit vector in H; & Ha, then

T

[(Tx,x)|" = ‘<ZA XB:UQ,:E1> + <ZCiYiDixl7x2>

=1 =1

< <Z [(AiX;Biwa, 21)| + Y <Cin'Di$17l“2>|>

i=1 =1

< (2n)" ! (
S (271)7“71 (

n

+ > (Vi) Diwy, Dian)

i=1

r/2 /2
_ r B 2 X L2 > <AZ A* o >
(lexll ool (BB oy PODA T T

1 r/2 Lo o r/2
r D* 2 Y ’
+Z||a:1|| Joall” (D2 PP ) (Gt v ber o ) )

_ x 2+ T ||? % r/2 % % r/2
< (2n)7 (Z (”1”2”2”> (B: F2(1X:]) Biuz, us) " (Aig? | XE ) Aty un)

M=

|(A; X;Bixa, x1)|" + Z |<CiYiDiscl,x2>|r> ( by Lemma 2.3 )
1 i=1

<.
Il

(FP(Xi) Bz, Biaa)® (4 (1XF ) Afa, Afar )

M=

1

PV C o::c2>”2> ( by Lemma 2.2 )

=1
n 2+ 2 N r * * T
w3 (RN i s )7 o 7D ) ”) 27)
=1
< 2n)

(Z (B; (X)) Bi) uz, uz) 2 ([Aig? (X7 DAL g ug) 2

=1

+
i

((D; (Vi) D)y, wr ) <[0ng<|1@-*)Cﬂ"uz,wf”) (by Lemma 2.1) (2.8)

nr—l

-2

n 1/2
<Z (B} f2(1X:]) Bi] w2, ug) + <[Ci92(Y¢*)Ci*]TU27U2>)>

n 1/2
<Z(<[fo2(|Yi)Di]7"u1,u1> + <[ 91X AL ul,u1>)> ] ( by Cauchy—Schwartz inequality )

r—1 n 1/2
< n2 [<Z([Bz‘f2(|Xil>Bi]" + [Cigz(|Yi*|)Cf]7')u27u2>

i=1

1/2
<Z (ID; (Vi) Di)" + [Aig®(| X7 ) A 1>u17u1> ] (2.9)

< "; % KZ([B?fZ(lXil)B,»]T + [Ong(n*)0;]r)u2,u2>

i=1
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n

+ (D7 (Vi) D)™ + [Aig* (1 X)) A ])U17u1>

i=1

n 1/2
(<Z (1B; (X)) Bi)" +[Ci92(|Yi*|)CZ]T)uQ,u2>

n

1/2\ 2
> (D; (Vi)D" + (A ¢92(Xf|)Af]T)u17U1> ) (by (24))
=1

Y _(BIPUXDBI + [Cig? (1Y) CET)

t

+ [ DD DD + AP (XD AT
i=1 ) »
ST . (<Z<[B:f2<|xi|>3ir + [cz-gg<m*|>c:r>u2,u2>
n _ 1/2\ 2
- <Z<[sz2<m>Dir+[Ang<X:|>A:r>u1,u1> )
< [ > (B P(XNBY + [Cig” (¥ )OIT)
[ DD + A (XA | i I_laml,m)] .
i=1 Hi=luali=

O

Remark 1. We note here that the inequality (2.5) is a significant refinement and extension of
the following inequality in [1, Theorem 2.11],

r—1
o[y 3]) =25 (I av il + 12w + o D)

—  inf  ((aq, xg)) (2.10)

ll(z1,22)]|=1

where

Cwr,w2) = (XD + g (Y )azyw2) ' = (P (1Y) +g%<|x*|>>x1,xl>l/2)2_

To show that, we take n = 1 in inequality (2.5), and we put X; = X, Y} = Yand A; = By =

or—1 1 1
Cy, = Dy, = I, also we mention that 5 > 5 > 1 and
inf T1,To) = inf ( X))+ ¢* (V) 2o, 1/2
oo ey S22 = 10E L (T IXD + g7 (Y D)z, 22)

(YD) + g (X ar o) )’
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< inf I ||<(f2’“(|X|)+ (Y ) T, T >1/2
= esl=lezl=2g \ I ENE

2 2 ! L1 12\ ®
=l (YD + o (D)2 )

(€D + g2 (1Y Dz, ua)

1

2 Jluall=lluzll=1

(YD + g7 (X, ) )
1
2

5(’LL1, Ug),

mn
llusl[=lluzll=1
SO

1
—= inf O(ur,ug) < — inf C(x1,x2).
2 J|ur]|=lluz]|=1 o [12+]z2]2=1

The following corollary is an immediate consequence of theorem 2.1.

Corollary 2.2. Let A;,B;,C; € B(H) far alli € {1,...,n}, r>1 and let 0 < o < 1. Then

w" (ZAiXi&) <—1D ([B | X PO B" + [Ag| X [P AL ) ‘ (2.11)
=1 =1
Proof. Considering g(t) = t*, f(t) = t"~*) and 0 < a < 1, then by (2.5)

- [ e 0 S AXB;

(zx) (fgor O S aes))

nr71 - * ll «
< D (B IX U OB+ [Ai X7 P A7)

=1

+ | UB X B + (A X P A7)

i=1

n 1/2

— if B | XiP0-9) By + [A;] X[ |2 AF 2

ol a1 <;“ XPOOBY ALK A T

n 1/2\ 2

- B X PO B + [A;| X7 |2 AF o

<;([ | Xl "+ (A X7 P AL )||x1|| Tl

n’r—l = * — T * « *17
= 5 | o (BIXPO B+ [AXT P A7)

=1
O

We give here a weighted upper bound of the numerical radius for an off-diagonal operator
in B(H1 D HQ)
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Theorem 2.3. Let T = [0 X] be an operator in B(Hy ® Hs) and let f and g be nonnegative

Y 0
functions on [0,00) which are continuous and satisfy the relation f(t)g(t) =t for all t € [0, 0).
Then for allT > 1 and « € 0,1],

W (1) < 5 ([ S0 + g (V) + (- @)X P

+||SUTarn + g x ) + -y )  @12)
and
W (1) < 3 ([ 200X + ¥ (V) + (1 - @y
+||FUaY D + g (X + - |) . (218)

Proof. Let x = [71] a unit vector in Hy & Ha, then

(T, 2)| = a[(Tz,z)] + (1 — ) [(Tx, )|

(o))

<al(Tz,z)| + (1 — o) ((Xz2,21)| + [(YE1,22)]) -

< al{(Tz,z)|+ (1 — )

By the convexity of the function f(t) = 2", we find

(Tz,2)]" < al{Tz,2)|* + (1 = @) ({(Xwz,@0)| + [V, 22)])”

2r
. T2 L1 L2
S ol ) +(1-a) (”””1”””2"< Teall T 1||>’+”””1”'“”‘< ol ||m2||>>
1 To xr1 1 T T2 2
< al(Tw, 2) 7 + (1 - a) (KX | >]+‘<Y =)
2 \ Tl Tl 2 T 2 [\ Tl Tl
2r 1 T 2r
- H ! ) . (2.14)

+
2" [l ll
The last inequality is an immediate consequence of Cauchy-Schwartz inequality. Now we
take our matrix 7' and we apply (2.9) to get

< o|(Tz, z)*" + (1a< HX

2]l

(T, )" < al(Tz, 2)[*" + (1 — a) Tz, 2)[*"

(<<f4r (1X]) + g*(V*]) 2

2]l (|2

: )
(v + g 1) >/>
.
7

||fv1|| 1]

(1= )Tz, x)[* (by (2.9))

((ermen +a v 2 20 (2.15)
Ui+ D )
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1 To
1— — || X
Fima <2 ¥

< S (U XD+ ) (2.16)
3

2r

2

1
3
ol

T) (by (2.14) )

||9f2|| [l 2|

(G + o ()2 )

||x1|| 1]

r=) (5 (W ) 2 (Y ) (e zt)
< ([ xn+gryvp+ L5 D] 22 )

2]l [l

N <[Z<f4T<Y|> + 9" (X)) + ﬂza)y'%] il |2>

@ X + gty + S5

(2.17)

v + g + LSy

Taking supremum over all unit vector x € Hy; @ Ha, we get the inequality (2.12). By

similar arguments as above we can prove (2.13). O
0 X .
Corollary 2.4. Let T = Y 0 be an operator in B(Hy ® Hs) and r > 1. Then
T 1 T r * T T
w?"(T) < §0r<n2 (Ha|Y 1"+ (1 —a)|X? H + Ha|X I+ (1 —a)|Y|? H) ) (2.18)

Proof. Setting f(t) = g(t) = v/t in (2.12) and (2.13), we get respectively

1 « «o «
2r - * |27 _ = 2r = * |21 = 27
W (1) <5 (|5 + - DX+ [SIxEra-5nE|) @
and 1
‘s o T a * | 4T @ T « * 2T
w (1) < 5 ([P + =Dy + S+ a-ixE]) @20
2\I2 2 2 2
for all @ € [0,1] and r > 1, so combining the above two inequalities we find (2.18). O

If we put Y = X =T in Theorem 2.3 and corollary 2.4, we obtain the following extension
and refinement of [3, Theorem 2.5, Corollary 2.6, Corollary 2.7].

Corollary 2.5. Let T € B(H) and let f and g be nonnegative functions on [0,00) which are
continuous and satisfy the relation f(t)g(t) = t for all t € [0,00). Then for all r > 1 and
0<a<l,

(1) < | ST + g* (T ) + (1= )T, (2.21)

T) < |SU AT + g (T D) + (1 - )T (222)

and
w?(T) < i, o T**" + (1 — o) |T*"|| - (2.23)
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B 0 S A XiB; .
Theorem 2.6. Let T = [2?1 CY.D: 0 } be an operator in B(Hy & Hy) where

Bi,CZ' € B(HQ), A“Dz € B(.Eh), X, € B(HQ,Hl) and Y; € B(Hl,Hg) far all 7 € {1,...,TL},
r>1 and let f and g be as in Lemma 2.2. Then

w"(T) < ! <
i(D*fQ (Vi) D20 + [Aig (1 X ) A7 70 ) H> 2

n

Z [B; (Xl Bi] %= + [Cig? (1Y) C7]%)

2

(1-a)

w'(T) < ! <

> (alBr (X B + <1—a>[cig2<|n*|>c:1wia>)“

i=1

+

S (alD; (VDD + (1= a)[Aug?(1X; () 4710 ) H) (225)

> 2.

for allr > 1, a €]0,1] with = > 2 andﬁ >

Proof. Let x = [3L] a unit vector in Hy & Ha, u; = and us

2.. Using (2.7), we find

T — T
Izl [EA]

(T < B <Z<[Bff2(|Xz‘|)Bz‘]U27u2>r/2<[Ai92(|Xf|)A7]U1,U1>r/2

=1

: Z<[sz2<m|>mu1,u1>”2<[ci92<Y:>c:1u2,u2>”2>

kS <Z< (B P Biluz, u) 5 + (1= 0) (g (X7 ) A s, ug) 70 )

i=1

5 (<1 — )([D} FP(¥il) Difun, ) T +a<[ci92<m*|>c:1u27u2>2%)> (by (23))

< (Z( (1B; AKX B, us) + (1= o)A (X ) AT T s, )

=1

£ 37 (1= D POYDDI T ur, ) + al[Cog (Y DC;1F uQ>)> (‘by Lemma 2.1

< (2712):_ <Z( ([Bf f2(1Xi)) Bi] 2 ug, uz) + o([Cig® (|Y;* ) Cf] 2% uz, u2))

i=1

+ Z (<1 = ) (D} (YN DIT = un,wr) + (1~ a><[Az-g?<|X:‘>A;‘Jwiwul,u1>)>

<ZO‘ 2(1X:)Bi)2= + [Cig® (1Y7)CF127) ua, uz)
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- Z(l—ax(w:f?(mnni]ﬁ + [Aig? (X7 A ]w)ul,w)

=

z:B*f2 (1Xa)Bil== + [Cig? (Y1) C7] 2=

+ (1) [ Y D; FPIVDDIP™ + [Aig(| X7 ) A7) ) :
=1
Similarly, we reach the second inequality. O

Applying inequality (2.25) and Lemma 2.4, we obtain the following result.
Corollary 2.7. Let T be an operator in B(H). Then

w?(T) < inf H(l—a)\T|7<1ra>+a|T*|§ (2.26)

0<a<l1

for allr > 1.

Theorem 2.8. Let T = [Y 0

0 X] be an operator in B(Hy ® Hs) where s > 1. Then

w*(T) < % <maX{|YS’ IX11°} + max{r 2 (Y| X[*), r2([Y]°] X))} — E(fﬂ)) (2.27)

inf
llz][2=1

5(”5):(@1/0'3 I)?IS} ””’“3>1/2‘<[|ng |Y‘1|5} x>/>

Proof. Let  an unit vector in Hy @ Ha, then

L R | R
[ (P
Po Xl] x>1/2<{|Xo*|s |Y2|S}‘"C’$>U2
(< PYMX*'S X+ WJ x>
(D (LA 0 oy R
(

max{[[[Y|" + [X*P[| [1X]° + [P} = inf &(a ))

and

s/2
J;,x> ( by Lemma 2.2 )

1/2
x,x> ( by Lemma 2.1 )

IN

IN

<
|
e

IN

llzll=1

by taking the supremum over all x, we get

w([y 3]) =5 (masy e+ P Ie 1 - it eo))
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It follow from [7, Corollary 2]
YT+ X< max{ | [V XN} + Y12 1X22)
< max{[[Y[]*, || X[} + | [Y[*/%) X7/
< masc{[|V][%, X[} + r/2(Y X)) (by [2, Lemma 2.5])
and consequently
IIXT* 4+ V)] < max{ [V])%, [ X[1*} + 72 (Y| X]9).
Therefore we obtain the desired inequality. O
Using the above inequality and Lemma 2.4, we obtain the next result.
Corollary 2.9. [2, Theorem 2.1] Let T € B(H). Then
1 1/2 *
w(T) < 5 (IT) +r/2( 777 ) -

_ 0 > AiXiB;
Theorem 2.10. Let T = |:Z?_1 C.Y;D; 0

BZ',Ci € B(HQ), Al,Dl € B(Hl), X, € B(HQ,Hl) and Y; € B(Hl,HQ) far all 1 € {1,...,TL},
r>1 and let f and g be as in Lemma 2.2. Then

be an operator in B(Hy @ Hsy) where

r—1 n
wi (1) <™ (Z 1B 220D B V2 A (XD AL /2
i=1

i=1

+y II[DZ‘fQ(EI)Di]’“Ill/ZII[Cz'gQ(Yi*)Cf]’"ll/2> - (228

Proof. Let x = [71] a unit vector in Hy @ Ha, u; = H%H and us = 22+. Using (2.8), we find

[EA]

1/2

(T, )| < (Z<[B:f2<Xi|>Biruz,u2>”2 (4?1 DAL w1, )

(zn)r—l
27“

+ D AD: QYD ) <[ci92<m*|>c;‘mu2>”2>

i=1
TLT71 < * r * *x17r
<= <Z|[Bz-f2(X¢|)B¢] 12 0[Asg? (X DAL
=1

+ ZI[Dé‘f2(|Yi|)Di]"||1/2||[CiQQ(IK*I)CZ‘]’WIl”)~

i=1
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