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New studies on a family of ¢-weighted Bergman

spaces on the unit disk and applications

Akram Nemri

Abstract. In this paper, we give a family of g-weighted Bergman spaces {Aa n.q},en
which satisfies the continuous inclusion Aq n g C ... C Aa,1,q C Aa,0,q = Aa,q, Where
Aq,q the g-weighted Bergman space. Moreover, a more general uncertainty inequality
of the Heisenberg-type for the space Aq 4 is given by considering the operators
Vang = Va,and Lo g = Ly . Also, we study on A, 4 the g-Toeplitz operators,
the ¢-Hankel operators and the ¢g-Berezin operators. Finally, an application of the
theory of extremal function and reproducing kernel of Hilbert space is given and we
use it to establish the extremal function associated to an bounded linear operator
T : A, 4 — H, for any Hilbert space H. As application, we come up with some results
regarding the extremal functions associated to the difference operator Tf(z) :=

2(f(2) = £(0)) and Tf(2) == 135 (f(2) — f(=2)).

Keywords. g-weighted Bergman spaces; uncertainty inequality; g-Toeplitz operators; g-
Berezin operators; g-Hankel operators; extremal function

1 Introduction

Over the past decade, there has been considerable progress in understanding the behavior of
operators on Bergman and weighted Bergman spaces. This area of research has drawn increasing
attention due to its deep connections with complex analysis, functional analysis, and operator
theory [6]. Various specialized techniques have been devised to investigate different types of op-
erators. For example, Hankel operators have been thoroughly analyzed using function-theoretic
and operator-theoretic approaches ([1], [12]); composition operators have been studied through
dynamical and analytic techniques ([14]); and multiplier operators have been explored in the
context of reproducing kernel Hilbert spaces and boundedness criteria. These developments have
significantly enriched the theory and opened new directions for further investigation.

The aim of this paper is to deal with operators acting on a general g-weighted Bergman
spaces {Aa%q}neN' We prove some properties concerning g-Toeplitz operators, g-Hankel opera-
tors and ¢-Berezin operators; we establish a more general Heisenberg-type uncertainty principle
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given in [16] for the space Aq, 5, by considering the operators Vo .4 1= Vi , and Lo nq := Lf, 4
we give an application of the theory of extremal function and reproducing kernel of Hilbert space,
to establish the extremal function associated to a bounded linear operator T'. Noting that, there
exist many similar uncertainty principles, in physics [2, 4, 10], and mathematics [3, 19], that are
based on position, momentum, energy, time, and so on.

In one complex variable, the weighted Bergman space is one of the complex analysis tools
used in harmonic analysis [7]. Let C be the complex plane, D = {z eC:lzl < 1} the open unit
disk and H (D) the space of all analytic functions on D. For any « > 0,

1
dve(z) == ;a(l — |z[?)* tdady

is the weighted Lebesgue measure on D. The weighted Bergman space A,, is the space H (D) () L2(D, dv,,).
Noting that, it is an Hilbert when space equipped with the inner product

/f () dva(2),

and the norm | flla, = [[fllzz  (p), see [16, 8, 20] for more details on the theory of Bergman
spaces. The contents of the pap;er are as follows. Section 2 reviewers from [16] the g-analogue of
the g-weighted Bergman space A, , and we will introduce the g-analogue of g-weighted Bergman
spaces {Aa,n.q},en Which satisfies the continuous inclusion Ay ng C ... C Aa 1,9 C Aa0,g = Aag-
In Sect. 3, we will study the g-derivative operator V, , 4 and its adjoint operator L . 4 on the g-
weighted Bergman space Aq n g, we will prove some properties concerning g-Toeplitz operators,
g-Hankel operators and ¢-Berezin operators and we will establish at the end of this section a
general uncertainty inequality of Heisenberg type for the space Aq nq. In Sect. 4, we will give
an application of the theory of extremal function and reproducing kernel of Hilbert space by
establishing the extremal function associated to a bounded linear operator T’; as application we
come up with some results regarding the extremal functions associated to the difference operator

Tf(z) = 1(f(2) = f(0)) and Tf(2) := 135(f(2) — f(~2)), respectively.

2 Preliminaries

In all the sequel, consider 0 < ¢ < 1 and @ > 0. We refer the reader to [9] and [13] for the defini-
tions and notations of the basic hypergeometric series, the Jackson’s g-derivative and ¢-integrals,
g-Gamma and ¢-Beta functions. The reference [16] is devoted to the g-weighted Bergman space
on the disk.

The standard Watson’s notation for the g¢-shifted factorials are defined for any complex
number a by

n oo

(a;q)O =1, (a;Q)n = H(l - aqkil)a n=12 ., (a’;Q)oo = H(]- - aqkil)a

k=0 k=0

and [a], is standing for the number associated to a,

[ag = 11—fq’1’ la]y! == (& @)n
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For any complex z, (a;q), is defined by

R O
(a:). == (ag*;q)s0” 21)

and the g-binomial theorem [9] is given by

— (a;q)n n_%
nz:%(q;q)nz T (2 (2.2)

The g-analogue of the classical Euler Gamma and Beta functions defined by Jackson in [11] are

@ e
Iy(a) = (qa;q)m(l q) "% R(a)>0.

B,(a,b) = /O t“_l(qt;q)bldqtzw, R(a), R(b) > 0. (2.3)

The g-analogue exponential functions eq(z) and E4(z) [9] are given by

= " (50)w

> n(n—-1)/2 1— n
q q)z
)= 0=a) = (%0
n=0

(@ @n

The g-derivative [9] on a subset of C is defined by

In all the sequel, we need the following spaces:

e H(D) the space of all analytic functions on the unit open disk D = {z € C;|z| < 1}.

o L2 (D) :=L2(D,dvs,g) the space of measurable functions f on the unit disk ID satisfying

1 2
11 o= [ (L 100 2 00) a6 = [ 15 P )

is finite, where dv, 4 [5] the measure defined on the unit disk D for o > 0 by
Ve q(2) = [(;ﬁ(qr%q)a,ld,}(ﬁ)d& z=re?,
T
and df is the usual Lebesgue measure on [0, 27| and the integral with respect to d,(r?) is

related to the ¢g-Jackson’s integral over [0,1] defined by:

o0

/ Ftdgt = (1— ) S fg™)a"

n=0
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o Auq = Aaq(D) the g-weighted Bergman space of all functions in H(D) (L2 (D). It is a
Hilbert space when equipped with the inner product

9o, = [ T8 00(2)

1t = ([ 1P a) "

o Ay ng:=Aan,qD), the Hilbert space of functions on H (D), such that

and the norm

IFI2, . = FO)P+ / | NPF(2) P dveg, n=1.2,..

1F 1%, 111,

N, is the g-multiplication operator on A, 4 given by Ny := 2D, ..

Moreover, if f(z) = > po, axz® then
1£ 1%, = laol® + D [KIF" Crla; @),
k=1

where
(¢ Dn

Cnl(asq) := @ g

3 Uncertainty inequality on the ¢-weighted Bergman space

Aa7n7q

In tyhis section, we will prove some properties concerning g-Toeplitz operators, g-Hankel operators
and g-Berezin operators on the the g-weighted Bergman space A, 4 and we will establish at the
end of this section a general uncertainty inequality of Heisenberg type for the space on the
g-weighted Bergman space Aq p q-

3.1 Operators on the g-weighted Bergman space A,

The g-operator V, 4 and L, 4 [16] are the operators on A, 4 defined by
Vag:i= q_‘l_lD%Z7 Ny :=2D, Log:= z2Dq72 + [a+ 1]qq_a_1z.
We recall the following g-commutation relation

Lemma 3.1 [16] [Va, Lal, = VauLoa—LaqVeq = ¢ Ay (lat1], I+ (14 g "N, ),
where I is the identity operator and A, is the q-shift operator given by Ay f(2) = f(gz).

The domain of the operator V, 4 denoted by Dom(V, ) is defined by
Dom(Vaq) = { f € Aag(D,dVaq); Vayf € Aag(D,dvay)},

and same for Dom,(N,) and Dom, (L, q)-
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Lemma 3.2. The operators Vq.,q, Ng and Ly 4 satisfies the following
(i) Dom(Va,q) = Dom(Lq,q) = Dom(Ng) = Aa1,q-
(ii) For any f,g in Aaq we have: (Vagf,9)Aa, = (f: Lag9) Aa,
(i1i) For any f in Aa1,q4 we have
| Laqf ”?4(1,(1:” Va,of ”ia,q +q_a_1[a+1]q | Apraf ||?4a7q —|—q_o‘_1(l+q_1)<Nqu1/2f, Aq1/2f>Aa a

Proof. Let f € Ay 1,4, with f(2) = > 32, axz". Then using relation (2.4), we have respec-
tively

Va,of(z) = Z qiail[k]qakzkil = Z qiail[k + 1]qak+1zk (3.1)
k=1 k=0
and
Laqf(z) =Y ([Klg+q * Mo+ 1 ar" = (k= 1], + ¢ o+ 1gar12F.  (3.2)
k=0 k=1
Thus from the previous relation, we get
| Vaaf 13, ,= Vol Vaul) = (f: LagVaad) = > a0~ Wy (=1 +a fat1], ) lax[2Cr(asa),
k=1

(3.3)

¢~ et 1)y (Kl +a 2 o+ 1y ) lax*Cr(as g),

M8

H La,qf H?A,,,q: <La,qfa La,qf> = <f7 va7qLa7qf> =

=
Il

1

(3.4)

and -
| Nof 12, = (Nofs Nof)a,, = > _[Elolar|*Ci(as; ). (3.5)

k=1

—~

3.3), (3.4) and (3.5) we deduce easily

1£1%. .., — [FO)? IVaaflh,, <@ +a o+ ) fIF. .,
[Ki[= [Lagf I, < 2+ a+ 1) fIP, .,
1A, = PO <IN, S I
So, Dom(V,,4) = Dom(Lg q) = Dom(Ny) = Aq 1,4

Therefore, from Proposition 3.1,

IA A

To prove (ii), let f,g in Aa1,e With f(z) = Y 3o axz® and g(z) = Y ;2 bkz". From
Proposition 3.1, (3.1) and (3.2) we have

o0

Vaof 9 aa, = Z g~k + 1gar116xCr(a; q)
k=0
- (4 9)k1
= ap+1b
l;) I = ) (g g

— S wdb (4: )
= (L= q)q* T (@ @)
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on the other hand

(f,Lag9an, = Y ([k—=1g+q o+ 1))k + 1gaxbe—1Cr(as q)

k=0
e 1—gotk _

— Z o E arbr-1Ck(;q)
k=0 q
- 7 (¢ 9k

= k+ a]gapbr_ 1 ——————
,;[ lo@xbr-1 (5 @k

= ia;ﬁk_l I (q;q)k 1 = <Voz qfa 9>A(, .
P (1= q)(¢* T @k ’ K

Finally, to prove (iii), using [k + 1], = [k], + ¢" we deduce easily that

o+ g (kg + a7 o+ 1) = ((Klg +¢°) (16— 1]y + ¢ + a7 o+ 1],)
= (= g+ a2 o+ 10) + @ o+ 1+ (14071 )d [k,

Which leads to the result using (3.3), (3.4), (3.5) and the fact that A,N, = NyA,. O

We derive the following results

Proposition 3.1. Let f,g € Aq,q with f(2) =Y 00 anz™ and g(z) =Y o0 by2™, we have

o0

(Z) <f? g>Aa,q = Zangn (anrl Z anb C O{ q

n=0

(i) flf., = Zlanl2 QH Zlanl

Z’ﬂ

(i) The set {sz,q<z> = Joned

} , forms a Hilbert’s basis for the space Aq.q.
0

Proof. Given f(z) =Y ;2 arz” and g(z) = > p, brz", the result follows by using dominate
convergence theorem and relation (4.6) in [5] we have
o0 _ (o)
(F,0) Ay = D Gmbn | 2™ 27 v o(z Z a+1 (3.6)
m,n=0 D = ’ q)
The last assertion follows directly from Proposition 4.1 in [5]. O

Theorem 3.1. The function K 4 given for w,z € D, by

_ 1
Koalzw) =Ko = G50 0

is a reproducing kernel for the q-weighted Bergman space A 4.
That is
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(1) for allw € D, z — Ky q(2z,w) belong to Ag 4.
(ii) for allw,z € D and f € Aaq, we have (f, Ko q(.,w))a, , = f(w).

1/2
(i1i) For all f € Apq and z€ C, | f(2) |< eq(\z|2)Eq(qo‘+1|z|2) I fllae, -

(iv) Let w € D. The function u(z) = Kq,q(2W) is the unique analytic solution on D of the
initial problem
2V, qu(z) = WLy qu(z), w(0) =1.

Proof. To prove the first assertion (i), we use Proposition 3.1 (iii) the function &7 ()
constitute an orthonormal basis of A, 4. Therefore for any z,w € D, K, 4 can be computed by
evaluating the following sum

Zfa,q (2)é5 4 (w) Z o

Hence by (2.1) combined with (2.2) we deduce easily

— (¢ (“Mawsq)oe 1

(Z@; Q)oo B (Z@; Q)oz—H -

(> n
= (@D

Kaq(z,w) = (zw)" =

To prove (ii), we use the same as in Proposition 4.2 in [5]. The last assertion follows by using
(2.4). O

3.1.1 g¢-Toepliz Operator on A, ,

Consider the orthogonal projection operator Py, 4 : Liq(ﬂ)) — Aq.,q- Since Li,q(D) =Anq @Aiq
then for any f € L2 (D), we have f = (f — f*) + f* where f — f+ € Aqq and f+ € A7 .
Furthermore, for z € D,

Pagf(2) = (f = [5)(2) = {(f = [7)(2): Kaya (2, D iz ) = {f(2), Kag (2, ) 2, )
where K, 4 is the reproducing kernel given by (3.7). The following assertions then follow
Proposition 3.2. For all f,g € L2 (D), we have:

(1) Paq© Pagf=PFPaqf.
(it) (Pagf,9)12 () = (f, Pa,g9) 12 ,(m)-
(iii) The operator Py 4 is bounded with || Paq ||=1 and | I — Paq ||< 1.

Let ¢ € L>°(D). The g-multiplication operators My are the operators defined by
My: L2 (D) = L2 (D), Myf(2):=¢(2)f(2), z €D.
The g-Toepliz operators Ty are the operators defined by
Ty Aag = Aag, Tuf(2) := Py oMy(2)f(2), z €D.

Theorem 3.2. Let ¢ € L>=°(D).
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(i) The operators Ty are bounded and | Ty ||<|| ¢ ||co-
(i1) For all f,g € Ay 4, we have

<T¢f7 g>-Aa7q = <f, T$Q>Aa,q .
Proof. Let ¢ € L>(D). To prove (i), let f € A, 4 then from Proposition 3.2 (iii) we have

I T Nl daa =l PoaMo f |l o= Porg(@F) A <l &F N2z )<l F el f 1l 4y -

Thus, || Ty [[<[| ¢ |-
To prove the second assertion, we use the fact that for any f,g9 € Aaq, Paqf = f and Py 49 = 9.
From Proposition 3.2 (ii), we obtain

(Tof:9) Aurg = (Of, Paa9) 1z @) = {f,99) 12 @) = (Pa,af- T59)12 () = (f, T59) Au.,-

Theorem 3.3. Let ¢ € L>°(D) has compact support, then Ty, is a compact operator.

Proof. Let ¢ € L°(D) and n,m =0, 1,2, .... From Proposition 3.1, we have

o i <T¢§g7qa 5%,q>Li_q(D) m
m—0 m\ &y

So,
(To&n g Emag) Aars = (D& 00 Emg) L2 (D)

Since ¢ € L*>°(D) with compact support, there exist a positive constant a and K such that
| #(2) |< a and ¢(z) = 0, for any | z |> a. Then for all n,m € N, we get from (2.3) and
Proposition 3.1 (i),

1
~ V/Co(a;¢)Crn(; 9)

(B€ 11 €0 V12 ) /| O T (2

Thus, we obtain

K +
n md o
VCr(@:q)Cr(0;q) /|z|<a|z o (?)
2K @
n md a
\/Cn(a;q)Cm(a;q)/o ' V()
2K [al,a™t™ 1
< 75 (OE.EI";C (a.q)/o (@7% @)a—1dq(r?)
Kan-i—’m

< .
VCn(@;9)Crn(; q)

<¢€7o7,é,q7£%,q>L§’q(D) S

Hence,

S |<T¢€o¢q7£a q>.A |2 2( 0 a2n )2 ) ,
LSt <AK ——— ) <4KZ%e,(a®)(¢";q)% <
Z Cn(o;q)Cmlasq) — nz:% Colezq)) = q(a”)(q q)

n,m=0

Then Ty is an Hilbert-Schmidt operator, and consequently it is compact. O



New studies on a family of g-weighted Bergman spaces 9

3.1.2 ¢-Hankel Operator on A, ,

Let ¢ € L>°(D). The g-Hankel operators H, are the operators defined by
Hy: Aog = Aayg, Hy =1 — Pag)M,.

Theorem 3.4. Let ¢,¢ € L>=(D).

(i.) The operators Hy are bounded and || Hy ||<|| ¢ ||oo-
(it) For all f € Aaq and g € L2, (D), we have

(Hof, 91z ) = [ H39) Au gy Hi = PagMz(I — Pog).
(iii) Ty — TyTy = H3Hy.
Proof. Let ¢,¢ € L>°(D). To prove (i), from Proposition 3.2 (iii) for any f € Aq 4
| Ho ez o=l (T = Pag) 22 <l o |
So, || Hy [I<[ ¢ [| Lo m)-

(i) Let f € Aqq and g € L2 (D). From Proposition 3.2 (ii) and the fact that P, qf = f we
obtain

2 = ¢ llee,mll of Iz o) -

a,q

(Hof.g)rz ;0 = (0f.9)12 ) = (0f, Pag9)r2 )
f,0(I = Pag)g) iz o)
aqfv (I POé q) >Lqu(D)

M5(I = Pag)9) Aa -

(
(
(
{f;

(iii) Let ¢, 9 € L>°(D). Then
HZHy = Pa,gMy(I=Po )My = Po,gMy(I—Pag) My = PogMpy—PaqMyPa,gMy = Ty —TyTy.

O

3.1.3 ¢-Berezin Operators on A, ,

The g-normalized Fock kernel denoted by S3? is given by for any z,w € D

Kagzw) V2% das

SH(w) = =
) TG T~ Gwigans

The g-Berezin transform of a function f € L>°(D) is defined by

Bera,o(f)(2) = (T3 839,85 A, -
Thus the following theorem follow immediately

Theorem 3.5. Let f € L>(D). Then || Bera,o(f) [[Leem)<|| f |z~ m) and

Berq o(f /f | S&9( )|2 AV q(w).
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3.2 Uncertainty inequality on the ¢-weighted Bergman space A, ,

In this subsection we will give a more general uncertainty inequality of the Heisenberg-type for
the space Aq n.q, by the virtue of the following lemma and theoorem:

Lemma 3.3. [6] Let X and Y be self-adjoint operators on Hilbert space H (i.e X* = X and
Y*=Y). Then

(XYL s

N | =

(X =a)f llul (Y =b)f >
for all f in Dom(XY) N Dom(Y X) and a,b € R

Theorem 3.6. [16] Let f € Ay 2,4. For all a,b € R, we have

H (va,q + La,q - a)f ||-Acy,q H (va,q - La,q + Zb)f HAQ,LI Z q—a—l[a + 1]11 H Aql/zf ||?40‘vq
T ) N A A

Consider the operators

Oz n,qf( ) - qf(Z) = qin(aJrl)D(T]L,zf(Z)? La,n,qf(z) = Lg,qf(z)

and the commutator operator
Aangf(2) = [Vang— Lamng) qf(z) '=VangLlangf(2) = Lan.qVanqgf(2).
The domain of the operator Vg , 4 denoted by Dom(Vy, ;) defined by
Dom(Vang) i= {f € Avgi Vamal € Aua s

and same for Domy(Lg 5 4). So, we have the following g-commutation relation

Lemma 3.4.  Dom(Vanq) = Dom(Lan,g) = Aang-

Proof. Let f € Anq with f(2) = > 7o jarz®. Then from relations (3.1), (3.2) and by
induction on n € N we obtain respectively

[k > k !
Va n,qf Z q_n O‘+1) ] ] | k’Z = Z q—n(a+1) [ il n}q*ak-i-nzka
g

= [K]q!
Longf(z) = Z {H([n+k—i]q+q_(“+1)[a+1]q)}akz"““ = Z {H iq+q~ Y a+1], )} T LE
k=0 i=1 k=n i=1

Thus

S n(a k +n s . —(«
| Lan,g f H?cta,q: (Lan,gfs Langf) = Zq +1)7] {H([k:—&—n—z]q—i-q ( +1)[0‘+1]q)} |ax|*Cr(a; ),
k=0

!
[K]q! i=1

) (3.8)
an
| Vonaf o = (Vomaf-Vomaf) = 3 qnw“)M [ TLk—ly+a=+Vlact11,)] s PCu(as o)

k=n 1=1

(3.9)
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Now, using the fact that for any n,k € N

k+n ' i . —(« —n(a n n . @ k+n_2
[ - ']q H([kﬁ—&—n—z}q+q (,+1)[a+1]q) < gq (.+1)(1_q) [a+1]q H(1+q +1[ - ]q
Hq- i1 i1 [ + ]q
n a+1
—nl« (63 q
< g et(g +1§q)nH(l+ g1

a+1.
—n(a q 4 n
= q ( +1) (:(l. _anrz;n [k+n]2

then we obtain respectively

oo

(@5 9)n n
[@T1(1 — got1)|» Z[k + ”]3 |a'k+n|2ck+n(a§ q)
k=0

a—+1

I Vanaf 4.,

IN

(qa+1;Q)n = 9 2
= gy 2o Wik *Cules ),
k=n
and
(* 5 9)n - n
” La,n,qf ”?4(“1 < [qa+1(1 _q(!-‘rl)]n Z[k+n}2 |ak|2Ck(a;Q)'
k=0
Therefore,
1 B, = camal) < 027 | Vo [P, < 2 50y e
Aang — Camnall) = (Mg ama) I Aag = Ma ToadT (1 — gatT)pn Aana’
where .
Cama(f) = laol® + > [k]2"|ax*Cr (s q)
k=1
and ( - )
4T q)n
1 WS Lainiad W o < I 105" oo = g | P
which leads to the result. O

Lemma 3.5.
(i) For any f € Aa,q, Dom(VanqLamn,g) = Dom(Lan,gVang) = Aa2n,g-

(i) For any f € Aa zng. let By(0,m: ) = @D R], I — nlod [ Ty [k — il + g~ fa +
1]q)}. Then

o0
gl (2) = [Vamg — Loma] J(2) = 3 riloymqazt,  rioniq) >0,
k=0

where  ri(a,n;q) = Brotn (v, n5 q), 0<k<n-—1,
o Brin(a,n;q) — Be(a,nsq), k>n :
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Proof. (i) Let f € A, 4 with f(z) = > 7o, axz®. Then from relations (3.8) and (3.9) we
have

- —n(a k+’ﬁ, ! e . —(«
Vomalangf(z) = a7 +1)[[k]q!]q{H([k+nz]q+q @+ 1]) e, (3.10)
k=0 i=1
and
LonaVonaf(2) Zq*”@“ _]jl'] I —la + g @t 1) et @)
1=1
So
o0 k+ } n ' B 2
I VamaLlamaf 2., = D4 2”(“+1)W[H(U€+n—l]q+q ("‘+1)[a+1]q)} |a*Cr(a; q)
k=0 i=1
(qa+17Q) = 4 2
< > [k + nly"ax]*Cr(e; q),
a+1 _ qa+1)]2n q
[qo (1 = goth)Pr &=
and
| LamgVanafl ., = > a7 +1)[k_7‘;1]2,{ﬂ([k iy + 0o+ 1)) JarPCrlasq)
k=n " " i=1
(> 5 9)2 ;14 2
klg"lak|"Cr(es q).
a+1_a12nz[qk )
[qot! (1 —goth)Pr =~
Therefore
a1, )2
4n (q 7q)n 2
H f ||Aa 2n, q<|| Va »M,q an,qf H.A [n+1] [qa+1(1_qa+1)}2n H f ”-Aa,zn,q’
and

2 d < [nln | T, 2 )40 (an;(J)% 2
I f P42y = dama(f) < [g" | LamgVamaf 4, ,< " tomm—armen | e 2no
[qot1(1 — g>t1)]

where
n—1

dan,g(f) = |ao|* + Z[k]3"|ak|20k(a; q)-

k=1

(i) The result follows from relations (3.10), (3.11) and the fact that for any k > n, [k + n]4![k —
nlg! > [k]2! and [k]g![k — nlg! < [K]2). So

n

(k- n—ily + g~ D+ 11| | TTk = il + a7 la+11,)]
1 i=1

([k]q + q_(a+1)[a + 1]q)n - ([k - 1]q + q_(a—H)[O‘ + 1]q>n

r(emig) 2|

=.

7

(AVARYS
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By (3.8) and (3.9), one has
| Lan,gf ||2Aa,q:H Aa,n,qf ”2,4%(1 +<Aa,n,qf7 f>Aa,q-

Then using the previous lemma and if we proceed in the same way of Theorem 3.6,

we deduce the following result.

Theorem 3.7. Let f € Ay on,q- For all a,b € R, we have

(Z) || (Va,q + Lo — a)f ||AaqH (Voz,n,q —Lan,g+ ib) f ||Aa,q2 <Aa,n,qf7 f>Aa,q'
(ii) || (Vaq+Lag=0)f llau, | (Vawng—Lamng+i0)f w2l Lanaf 12, , = I Damaf 1%

a,q a,q

Note that by Lemma 3.4 this uncertainty inequality can be extended to the space Aq p q-

4 Extremal Function on the g-weighted Bergman space A, ,

Let n > 0 and T : Ay,q — H be a bounded operator from A, , into a Hilbert space H. We
denote by (.,.)7.q the inner product defined on the g-weighted Bergman space Aq 4 by

o9 rmq =10, DA, (T, To)u
and | f ||T,n,q:: (f, f>T,n7q-

By the virtue of the theory of reproducing kernels of Hilbert space, we study the extremal
function associated to the operator 7" on the g-weighted Bergman space A, 4.

Theorem 4.1. Letn > 0. The space (Aqa.q, (., .)T,n,q) Possesses a reproducing kernel Kr, o(z,w); 2, w €
D which satisfies the equation (I + T*T)Kry.q4(2,.) = Ka,q(2,.), where Kq 4 is the kernel given
by (8.7). Moreover, the kernel K, , satisfies the following properties

) 1 nale) e 1 fealeP) B2,

) Eq(q°H2?)

(i) | TR g2, ) < \/ LR

(iii) || T TKrq(2.) a3\ eql122)By(g2+12]2),

Proof. Let f € A, . Using Theorem 3.1 (iii), the map f — f(z) is a continuous linear
functional on (Aa,q, (- -)7,m.q). Thus, (Aa.q, (., -(7,5,¢) has a reproducing kernel denoted Kr 4.
Now using the fact that

f(Z) = 7’<f7 ]CT,n,q(Za ')>Aa,q + <Tf7 TICT,n,q(Zv )>H = <f7 (7][ + T*T)’CT,n,q(Za ')>Aa,qa
we deduce easily that (n] +T"T)Kr,4(2,.) = Ko q(2,.). So the previous relation implies that

0 | Kra(z) ., +20 | TR1mq(2 ) i + | T*TKT0.0(20 ) 4, =] Kag(z:) ., -

So we obtain the properties (i), (ii) and (iii) by using relation (3.7). O

Since relations (3.3), (3.4) and (3.5), we get
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Example 1. For any w,z € D, let H = Aq 4.

(a) If T'= V4,4, then

= (zw)™
’C th('z’w) .
’ 7700 z:: (77—1— g nly(n— 1)y + g Ha+ l]q))C’n(a;q)

(b) If T'= Lq 4, then

c- (zw)"
’CTﬂ%q(Z’w) .
TITTADY (n+ a1+ s + 0o+ 119))Culaa)

(¢c) If T = Ny, then

’CTﬂ%q(z’ w)

”Coaq Z( [n])cmq)

We can state now the main result of this section.

Theorem 4.2. For any h € H and n > 0, there exists a unique function f;,h: where the infimum

: 2 o 2
Lk {0l F I, +Ih =T8I (4.1)

is attained. Moreover, the extremal function f,;"h 18 given by

f:;,h(z) - <h’ T’CTﬂ%q(zv ')>H7 (4'2)

2\ (gotl] 4|2
and satisfies the following | fy ,(2) |< \/eq(|z| ) ;(q 1=1%) | 2 [la
' n
Proof. The existence and unicity of the extremal function f; 5, satisfying (4.1) is obtained
n [15, 17]. In particular, f, is given by the reproducing kernel of A, ¢ with [ . [|7,;,4 norm as
Ton(2) = (0, TKr4,4(2,.)) mr. This yields the result, by using relation (4.2), Theorem 4.1 (ii) and
the fact that

2 E a+1 2
) 1< il T2, ) fq('” A

(RIS

which completes the proof of the theorem. O

Theorem 4.3. (Calderdn’s formula.) Let n > 0 and f € A, 4. The extremal function fon is
given by
f;,h( ) <Tf’ TKr 77711( )>Aa a’

satisfies
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Proof. Let f € An,g, h=Tf and f; = f} 1. Then fy(2) = (f,T*TKr.q(2,)) Ae ,-
Moreover, from Theorem 3.7 we deduce easily that

lm (0] + T*T)Kr,,4(2,.) = lm T°TKrpq(2,.) = Kag(z,.).
n—0t n—0t
Thus
nli%h fn = <fa ’Ca,q(z, ')>-Aa,q = f(z),

which leads to the result. |

4.1 Applications.

Let H be the prehilbertian space of analytic functions on the disk D equipped with the inner
product

(.9 H_/f 90|22 g (2).

For any f,g € H with f(z) = >, 5o anz" and g(2) = Y -, bn2" we have from Proposition 3.1
and relation (3.6) B -

L) =Y abuCuii(asa), || £ o= Y [an [* Cusr(asq).

n>0 n>0

The space H is a Hilbert space with Hilberts basis z and reproducing kernel
CTL—‘,—l (a; Q) >0
= _ Ko@) —1
Z a0 =1 (4.3)
On+1 a;q) W
4.1.1 Application 1.
Let T be the g-difference operator defined on A, 4 b
1
Tf(z) = (f(z) = £(0))

The operator T' maps continuously from A, , into H and || T'f [|z<|[| f ||4..,- So,if f,g € Ao,
with f(2) =, 50 an2™ and g(z) = >, ~, bn2™ we can deduce easily that

(f,9)1m = nacbo + (N +1) Y anbuCh(a;q).
n=1

Thus, for z,w € D we have

1 1 -
Krnq(z,w) = 5 + m(/Ca,q(zw) - 1),
1 Kaqzw) —1
T/CT7,77q(z,.)(w) = nt1 1 p— )
hence for all h € H we deduce that
. 1
mh(2) = zh(z)
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4.1.2 Application 2.

Let T be the g-difference operator defined on A, 4 b

Same, the operator 7' maps continuously from A, , into H and || Tf [[g<|| f ||4.,. So, if
f,9 € Aaq with f(2) =3, g anz" and g(2) = >, +( bnz" we can deduce easily that

(f.9)7.n = naobo + ; [n + %rq(l - (*1)“)}%67%(04; q).

Therefore, from equation (4.3) for z,w € D we have

2n+1

K = - ’
Tin.q(2 W) Z C2n (a;9) 77—|— 1 Z C2n+1 @;q)

St 2n+1

n+1 Z C2n+1(a Q)

TRrpq(2 ) (w) =

and for all h € H we deduce that
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-4 -2 o 2 4 -4 -2 o 2 4

Figure 1:  The following is the color function of f} ,(2) associated to the g-difference
operator Tf(z) := 1(f(z) — f(0)) for A = 10, z = @ + iy, (z,y) € [-5,5] x [-5,5] and
respectively h(z) = 1,z,22%,23,2% 2°. The argument of a complex value is encoded by
the hue of a color (red = positive real, and then counterclockwise through yellow, green,
cyan, blue and purple; cyan stands for negative real). Strong colors denote points close
to the origin, black = 0, weak colors denote points with large absolute value, white =

Q.
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