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The Split feasibility problems with multiple

output sets in real Banach spaces

Esmaeil Nazari

Abstract. This paper aims to present a new iterative method for solving the split
feasibility problem with multiple output sets for generalized demimetric mappings
and solution sets of a generalized equilibrium problem in the real Banach spaces.
The strong convergence of the sequence generated by our method is proven under
certain conditions. We also give a numerical example to support our main result.
The results of this paper extend and improve some recent corresponding results
announced by many other authors.
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1 Introduction

Suppose that C' is a closed and convex subset of a real Banach space F, and let E* denote its
dual space. Consider two bifunctions f : C x C' = R and ¢ : C x C — R, and a nonlinear
mapping B : C — 27, We focus on the generalized equilibrium problem (GEP), which consists
of finding a point u € C' such that

flu,y) + (&%, y —u) + d(u,y) — ¢p(u,u) >0, VyeC, Va* € Bu. (1.1)

The solution set of (1.1) is denoted by GEP(f, B, ¢). If ¢ =0, problem (1.1) reduces to finding
u € C such that

flu,y) + (2", y —u) >0, Vye C, Vz* € Bu, (1.2)

whose solution set is written as GEP(f, B). When f =0 and ¢ = 0, problem (1.1) becomes the
problem of finding v € C' such that

(z*,y —u) >0, VyeC, Vz* € Bu,

which was introduced by Hartman and Stampacchia [10].

Received date: May 8, 2025; Published online: July 1, 2026.
2010 Mathematics Subject Classification. 4TH09, 47J25.
Corresponding author: Esmaeil Nazari.


http://dx.doi.org/10.5556/j.tkjm.57.2026.5797

2 Esmaeil Nazari

Suppose C and @ are nonempty, closed, and convex subsets of real Banach spaces F; and
Es, respectively, and let E; and E3 denote their dual spaces. Let A : E; — FEs be a bounded
linear operator. The split feasibility problem (SFP) [6] consists of finding a point

x* € C such that Az* € Q. (1.3)

To solve the SFP, Schopher et al. [23] proposed the following algorithm in the setting of p-
uniformly convex and uniformly smooth real Banach spaces: for x; € E7, define

Tpi1 = HCJql* (5, &0 — A" TG (Axy, — Po(z,))], n>1, (1.4)

where II¢ denotes the Bregman projection of E; onto C, and J% represents the duality mapping.
Under the assumption that F; is p-uniformly convex, uniformly smooth, and the duality mapping
of E is sequentially weak-to-weak continuous, the authors showed that algorithm (1.4) converges
weakly. Given two nonlinear mappings 7 : E; — E; and S : Es — FEs, and a nonzero bounded
linear operator A : By — F», the split common fixed point problem (SCFP) [8] is formulated as
follows:

Find z* € F(S) such that Ax* € F(T). (1.5)

We denote by € the solution set of this SCFPP for the mappings T" and S; That is, Q = {z* €
F(S): Az* € F(T)}.

In the literature, there are several extensions and generalizations of the SFP, and one notable

example is the split feasibility problem with multiple output sets (SFPMOS) [20, 21, 22], which
is defined as follows:

Find z* € Q=Cn (N4, 1(Q))), (1.6)

K2

where for each i = 1,2,..., N, Q; is a closed and convex subset of a real Hilbert space H;,
and A; : H — H; is a bounded linear operator. Recently, Wang [26] studied the following
generalization of SFPMOS in a Hilbert space:

Find z* € Q = F(Ty) N (N, 4; H(F(TY)), (1.7)

where, for each ¢ = 0,1,..., N, T; is a nonlinear mapping from H; into itself. To solve prob-
lem (1.7), Wang [26] introduced a new iterative method and established its weak and strong
convergence under suitable conditions.

Consider a Banach space E with a subset C' C E. A nonlinear mapping B : C — 2F" is said
to be:

(i) Monotone, if (z —y,z* —y*) >0, Vo,y € C, Va* € Bx, Vy* € By.
(ii) a-inverse strongly monotone if there exists a constant a > 0 such that
(x —y, 2" —y*) > a|z* —y*||?, Va* € Br, Vy* € By.

Motivated by the aforementioned research, this paper focuses on the following problem within
the framework of p-uniformly convex Banach spaces:

Find 2* € Q =GEP(B, f,¢)NT, (1.8)
where I' is the solution set of the following generalization SFPMOS: Find «* so that
x* e ﬂjleF(Sj) and z* € N, A7 F(Ty)), (1.9)

with the following specifications:
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e For each ¢ = 1,2,...,N, T; : F; — E; is a finite family of &;-generalized demimetric
mappings;

e For each j = 1,2,...,M, S; : E — E is a finite family of jp;-generalized demimetric
mappings;

e B:(C — E* is an a-inverse strongly monotone mapping.

We propose a self-adaptive algorithm to solve problem (1.8) and establish the strong convergence
of the generated sequences under appropriate conditions on the parameters.

2 Preliminaries

Let E be a real Banach space and let E* be its dual. We denote the value of y* € E* at © € E by
(x,y*). We will show the strong convergence of {x,} to z by z, — x and the weak convergence
by z, — z.

Let 1 < ¢ <2< pand %—N—% = 1. A Banach space F is said to be strictly convex if M <1

for all z,y € Ug = {x € E : ||z|| = 1} with = # y. The modulus of convexity, denoted as ¢, is
defined for a Banach space E by:

. =+
0p(e) =inf{l = =z < Lyl < L, lz =yl = e},

for every € € (0,2].
A Banach space F is said to be uniformly convex if dg(e) > 0 for every € > 0, and p-uniformly

convex if there is a ¢, > 0 so that dg(e) > cpe? for any € € (0,2]. The modulus of smoothness
pE : [0,00) — [0,00) is defined by

B e

5 = L] = [lyll = 1}-

pe(T)
A Banach space E is called uniformly smooth if lim,_¢ p%(T) = 0, and F is called g-uniformly
smooth if there exists a ¢, > 0 so that pg(r) < ¢,79 for all 7 > 0. It is known that every
p-uniformly convex space is also a uniformly convex space. Moreover, a Banach space E is p-
uniformly convex if and only if its dual space E* is g-uniformly smooth [2]. For instance, L,
spaces are min{p, 2}-uniformly smooth for each p > 1. Further details can be found in [27].

For p > 1, the definition of the generalized duality mapping J%, : E — 2" is given by
Jp(e) ={a" € " : (z,2%) = ||2|”, |l=*|| = [|2|"~"},  VzeE.

In particular, J% = J is called the normalized duality mapping. In this case, we assume that F is
a p-uniformly convex and uniformly smooth, which implies that its dual space E* is g-uniformly
smooth and uniformly convex. In this setting, the duality mapping J, is one-to-one, single-valued
and satisfies J5 = (J£.)~! where J1. is the generalized duality mapping of E* (see [2]).

Lemma 2.1. [27] A uniformly smooth Banach space E has a modulus of smoothness of power
type ¢ > 1 if and only if there exists a constant Cyq > 0 such that

|z —yl|? < llz]|? — q{y, Jpa) + Cqllyll?,

foradlx,y e E.
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Lemma 2.2. [27] Let p > 1 and r > 0 be two fixed real numbers, and let E be a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing and convex
function g : RT — R*, g(0) =0 such that for allz,y € B, ={zx € E:||z|| <r} and 0 < a <1,

loz + (1 = a)yl|” < afjzl|” + (1 = a)[ly||” = Wp(a)g([l= - yl)),
where Wp(a) := aoP(1 —a) + a(l — a)P.

Let 1 < p,q < oo be two real numbers such that 1% + % =1. Let f, : E — R be a function

given by f,(z) = I%Hpr . The Bregman distance with respect to f, is defined as follows:

1 1
Ap(xvy) = g||;va—(J§x,y)+5||y||p7 V:L',yEE. (2'1)

In the case of Hilbert spaces, where the duality mapping J is the identity operator, we have
Az(z,y) = llz —y|I*.

According to [3, 7], we utilize the function V), : E x E* — [0,00) associated with f,, which
is defined as follows:

Volz, &) = Ap(, - (7)), (2.2)
for all x € F and ¢ € E*. In addition, using the subdifferential inequality, we have
Vo(z,2) + ((J)(@) — 2,9) < Vp(z, T +9), (2.3)

for all z € E and &,y € E* [14]. In addition, the function V), is convex in the second variable.
Thus, for all z € F,

N N
Ap (Z, J%* (Z tljgv(l‘l))) S ZtiAp(Z,l‘i), (24)
i=1 i=1

where {z;}¥Y., C E, and {t;}}¥, C (0,1) with Zfil t; =1

Lemma 2.3. [19] Let E be a uniformly convex and uniformly smooth Banach space. If x1 € E
and the sequence {Ap(Tn, 1)} is bounded, then the sequence {x,} is bounded.

Lemma 2.4. [11] Let E be a uniformly convex and smooth Banach space and let {y,}, {z,} be
two sequences of E. If Ap(yn, 2zn) — 0 and either {y,} or {z,} is bounded, then y, — z, — 0.

Lemma 2.5. [23] Let E be a p-uniformly convex Banach space. Then for x,y € E, there exists
a fized constant 7, > 0 such that

Tllz =yl < Ap(@,y) < (@ —y, Jpz — Jpy).
Let C' be a nonempty, closed, and convex subset of E. The metric projection

Pox :=argmin ||z — y||, z€E,
yel

is the unique minimizer of the norm distance, which can be characterized by a variational in-
equality:

(Jo(x — Pox),z — Pox) <0, VzeCl.
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The Bregman projection, introduced by Bregman [5], is a mapping II¢ from E onto C' is defined
by

Ap(He (@), ) = min Ay (y, z).

In Hilbert spaces, the Bregman projection Il reduces to the metric projection.

For any x € E, then Bregman projections can be characterized by a variational inequality
[19]:

(y — ez, Jpx — Jp(lcx)) <0, Vye C. (2.5)
Moreover, this variational inequality is equivalent to the following inequality
Ap(ya Hez) + AP(HCJJ"’-T) < Ap(y,x), Vy e C.

Let E be a smooth Banach space and let n be a real number with n € (—oc,1). A mapping
U:E — E with F(U) # 0 is called n-demimetric [25] if, for any 2 € E and p € F(U),

1—n
2

(x —p,Jp(x —Ux)) > HJ?—UJJH2

where Jg is the duality mapping on E. We have from [25] that F'(U) is nonempty, closed, and
convex.

Recently, Kawasaki and Takahashi [12] generalized the concept of demimetric mappings as
follows: Let E be a smooth, strictly convex, and reflexive Banach space. Let £ be a real number
with € # 0. A mapping U : C — FE with F(U) # 0 is called ¢-generalized demimetric if the
following inequality holds:

(@ —q,Jp(z — Ux)) > ||z — Uz|]?,

for all z € C and ¢q € F(U).

Let E be a p-uniformly convex and uniformly smooth Banach space. Shahzad et al., [24]
introduced the following modifications of demimetric mappings: A mapping U : E — E with
F(U) # 0 is called n-demimetric if, for any x € F and p € F(U),

1—n

(&~ p. The — Uz)) = — "o — Uz|?

In this paper, we adopt the following concept of demimetric mappings in a p-uniformly convex
Banach:

Let E be a p-uniformly convex and uniformly smooth, and let £ # 0 be a real number. A
mapping U : E — E with F(U) # 0 is called ¢-generalized demimetric if the following inequality
holds:

{(z—q,Jg(x—Ux)) > |lv = Usl?,
for all z € C and g € F(U) (see [9]).

Example 1. Let E be a p-uniformly convex Banach space which is uniformly smooth and B
be a maximal monotone mapping with B=1(0) # 0. Then, for any A > 0, the metric resolvent
Jx = (Jg + AB)~1Jg is a 1-generalized demimetric mapping [25].
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Example 2. Let E be a p-uniformly convex Banach space and uniformly smooth and let C' be
a nonempty, closed and convex subset of E. Then, P¢ is a 1-generalized demimetric mapping.

Lemma 2.6. [18] Let {T',,} be a sequence of real numbers that does not decrease at infinity, in
the sense that there exists a subsequence {T'y, }x>0 of {T'n} which satisfies Ty, < T, 41 for all
k> 0. Also, consider a sequence of integers {T(n)}n>n, defined by

7(n) :=max{k <n| Ty, <Tp, 41}

Then {7(n)}n>n, is a nondecreasing sequence satisfying lim, o 7(n) = 0o. Moreover, if I'; () <
L)1 for all n > ng, then we have

1_“r(n) < FT(n)+l
Lemma 2.7. [17] Let {an}, {bn}, and {c,}, be sequences of nonnegative real numbers satisfying
An+1 S (]- - 5n)an + bn + Cn, vn Z 07

where {6,} is a sequence in (0,1). Assume that > .- | ¢, < co. Then the following results hold:
(a) If there exists M > 0 such that g—: < M for all n, then {an} is bounded.

_1 0 = 00 ana lmsup = < oo, then lim, o a, = 0.
b) If S0 6 d i oo hen li 0

Suppose that the bifunction f: C' x C' — R satisfies the following assumptions:
(i) f(z,z) =0, for all x € C;
(ii) f is monotone, i.e., f(z,y) + f(y,z) <0, for all z,y € C;
(iii) lim sup,_,, f(tz + (1 —tz,y) < f(z,y), for all z,y, z € C;
(iv) For each x € C, y — f(z,y) is convex and lower semicontinuous. Let ¢ : C' x C' — R be a
bifunction satisfying the following assumptions:
(i) ¢ is skew-symmetric, i.e., ¢(z,z) — ¢(z,y) — ¢(y,z) + ¢(y,y) > 0, for all z,y € C;
(ii) ¢ is convex in the second argument;
(iii) ¢ is continuous.

Lemma 2.8. Let C be a nonempty, closed, and convex subset of a real reflexive Banach space E.
Let f : C x C' = R satisfy Assumption 2 and ¢ : C x C' = R satisfy Assumption 2. Assume that
B : C — E* is an a-inverse-strongly monotone mapping. Define the resolvent K¥® associated
with f and ¢ by

K1) ={z € C: f(z,y) + (Bz,y — 2) + {y — 2, gz — Jpo) + ¢l2,y) — é(2,2) = 0},

for all x € E. Then, the following properties hold:
(a) K5? is single-valued.
(b) K1+¢ is a Bregman firmly nonexpansive type mapping, i.e., for all x,y € E,

(K90 — K50y, TR ) = TR(KRy) < (K190 = K9y, Th(a) - T ()
(c) F(K?) = GEP(f, B, ¢) is closed and conver;
(d) Ap(q, K%x) + Ay (K92, 2) < Ay(q,x), for all g € F(K'?), and x € E;
(e) K1+¢ is Bregman quasi-nonexpansive.
Proof. Define a bifunction F': C' x C' = R by
F(z,y) = f(z,y) + (Bz,y —z), Va,yeC.

It is straightforward to verify that F satisfies Assumption 2. Therefore, the results can be deduced
immediately from Lemma 2.2 in [13]. O
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3 Main result

In this section, we propose a self-adaptive algorithm to solve the SFPMOS in Banach spaces and
establish a strong convergence theorem for the sequences generated by the proposed method.

(i) Let F and E; (i =0,1,2,..., N), be p-uniformly convex and uniformly smooth Banach and
let C' and C; be nonempty, closed, and convex subsets of E and F; respectively.

(ii) Let A; : E — E;, i =1,2,..., N be nonzero bounded linear operators and A} be the adjoint
of Az

(iii) For each j € {1,2,...,M} with pu; # 0, let S; : C — C be a finite family of p;-generalized
demimetric and demiclosed mappings. Similarly, for each i € {1,2,..., N} with & # 0, let
T; : C; — C; be a finite family of £;-generalized demimetric and demiclosed mappings.

(iv) Let f : O x C — R and ¢ : C x C — R be bifunctions satisfying Assumptions 2 and 2
respectively, and let B : C — E* be an a-inverse-strongly monotone mapping.

(v) Q=TNGEP(B, f,$) # 0, where T is the solution set of the split common fixed point
problem.

Theorem 3.1. Let {v,} be a sequence in C such that v, — v. For a given x1 € C, let {x,} be
a sequence generated by the following iterative algorithm:

Up, S C s.t. f(unay) + <Bun7y - un> + <y — Unp, Jgun - ngn>

+ ¢(u7L7y) - ¢(unaun) >0, Vy eC,
M

Yn = Hch* [Z bn)j (Jgun — Un’jTng(un — Sjun))],
j=1 (3.1)

N

Zn = HCJq* [Z Qn,g (Jg‘yn - Tn,ll'LA:Jll';‘l (A'Lyn - TzAzyn))]a
i=1

Tpi1 = UoJL. [ﬁnngn + (1= Bn)(anJhv, + (1 — ozn)JfI';ﬂzn)}7

where l; = S5, r: = 2 and the stepsizes are chosen as follows:
1&17 77 7 usl?

ol Ay — TiAiya PP~V
=P

Tn,i = 5 fO?” i:1,2,...,N,

n,t
with

?n,z’ = InaX{H‘A:< ng (Azyn - nAiva) ”7 ’7}

where v > 0, {pni} C (0, (ﬁ)ﬁ), and {0y ;} C (0, (luj%cq)q%l) Let the sequences {au,},
{Bn}Aan,i}, and {by ;} satisfy the following conditions:

(i) {an} C(0,1), lim, oo, =0, and Y o0 an = 0.

ani,}l) > 0.

—1
1 Capy 1
L1 q

(i1) limp 0o an’ipn,i(m - ) >0, and limy,_ o0 by jon ;(

(”Z) {ami ililv {b’rhj};'w:l - (Oa 1]7 Zi:l An,i = Zj:l bn,j =1;
(iv) 0 <liminf B, <limsupf, < 1.
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Then, the sequence {x,} converges strongly to a point x* € ), where * = Ilqv

Proof. Let x* € Q. Then, using (3.1), (2.1), and Lemma 2.1, we obtain

N
2, J5 D an i (Thyn — Tnili AT TS (Aiyn — Tz‘Aiyn))D
=1

Ap(x*, 2zp) < Ap(

N

1 * * *

> pHx ||p - <CE 7J§yn> + ZTn,iCLn,ili<Aix ;ng (Aiyn - TzAlyn)>
i=1

N
1 *
+ 7“ Z an,z(Jg‘Lyn - Tn,iliAi JE‘L (Azyn - T’zAzyn))Hq

i=1
N

1 * * *
< —[lz*||P = (2", Jpyn) + ZTn,z‘an,ili<Ai$ s I, (Aiyn — T Aiyn)
i=1
|
i=1
luall”
- Z Tn,itn,ili{Aiyn — Az, Ji, (Aiyn — TiAiyn))
q i=1 '

—_

< @l = (2%, Jpya) +

bS]

N
C, *
+ ?q Z T sanill A7 T, (Aiyn — T; Ajyn) ||

SA( ayn ZTnzanz ‘§|||Azyn TAzynH

i=1

ZT ;an z”A*Jp (Alyn - TlAly’ﬂ)Hq

Qn i Pnyi Alyn TzAzyn p(p=1)
” " A — ToAagall?

<A
< Ao un) E:m ™

al pn il[Aiyn — T; Agyn|[P1®=1 _
Z =Pd. Tn,i
* z 1 qun i\ Aiyn — TAzyan
< Ap(x ayn) - Z an,ipn,i(i - ) — (32)
i—1 |€Z| q T
In the same way, we deduce that
Cuold!
A yn) < Ap(a*, uy) Zb Onj(— — %)Hun — Sjun|P. (3.3)
From (3.1) and condition (d) of Lemma 2.8, we obtain
(3.4)

Ap(x* un) < Ap(z*, K5%2,) < Ay(x*, 2,).
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By substituting (3.4) and (3.3) into (3.2), we get

C,ol !

Ap(z™, 2n) < Ap(a™, an) anﬂw - %)Ilun — Sjun|/’
- Zan,ipn,i( 7 : . : ) ?p (3.5)

: 1
Since {o,, ;} C (0, (\u e )aT T) and {pn:} C (0, (lgi‘fcq)qﬂ), we have
Ap(z*, zn) < Ap(a™, zy). (3.6)
Let t,, = JE. [anJhvn + (1 — an) B2, ], then

Ap(z*,t,) < Ay(x*, JE. [anngn +(1- an)ngn])
< apAp(z™,v,) + (1 — an)Ap(z”, 2p)
< apAp(z™,v,) + (1 — an)Ap(z*, xy)

It follows that

Ap(@*, wng1) < Ap(a*, Jh [Budbtn + (1 = By) Jhtn])
< Bnlp(x™,my) + (1= Bn) Ap(a™, t0)
< BnBp(@®, ) + (1= Br)anAp(x™, vn) + (1 = an)(1 = Bn) Ap(z™, zn)
<1 —an(l=6)Ap(x", zn) + an(l — Bn)Ap(z™, vy).

Since {v,} is bounded, {A,(z*,v,)} is also bounded. Hence, by Lemma 2.7, {z,} is bounded.
Consequently, {z,}, {yn}, and {u,} are bounded.

We now prove that the sequence {x,} converges strongly to an element of the solution set.
From (2.2) and (2.3), we have

Ap(z*,ty) = Ap(a™, Jh [ Jovn + (1 — o) Jhzn])
= Vp(a*, anJhvn, + (1 — o) JJhzn)
<Vp(z*, anJhv, + (1 — an) I hzn — an(Jhv, — Joz™))
+ (tn, — 2™, an(Jov, — JRaz™))
=, Ap(z",2") + (1 — an) A, (a7, zn) + ay (tn, — ¥, Jpv, — Jpz*)

1 Caq !
=(1—ap)Ap(z",z,) — (1 — ) Zb iOni(—

)”Un -5 Un”p

Z quni | Aiyn — TiAiyan2
1 — Qp Qp i Pn, z Te 1 - —
\5 | q ) Tfm
+ap(ty —x ,ngangx*) (3.7)

Consequently,

Ap(@®, Tng1) < Brlp(a”, zn) + (1 — an)Ap(a”, tn)
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<(1- O‘n<1 - /Bn))Ap(m*vxn)

M q—1
1 ann.'
R S
= 127} q
N q—1 2
1 qun,' ”Azyn - ,TvAvyan
- (1 - an)(l - Bn) ;an,ipn,i(m - q : ) ?ﬁ,i :

+ apn (1 = B)(tn — ¥, Jpv, — JHv)
+an(l = By)(tn, — x*, Jhv — Jhx™). (3.8)

Let I',, = Ap(z*, xy,) for all n > 1. From (3.8), we have

qg—1
Cq

M
1 O j
(1 —an)(1—Bn) Z bn,jamj(i - ¢)||un - Sju”Hp
= |11
N q—1 2
+(1_an)(1_ﬁn)zan,ipn7i(m - qq ) )H 7P H
i—1 % n,i

S Fn - Fn-|—1
+ an(1 = Bp){tn — 2™, Jov, — Jhv)
+ (1l = B)(tn — ", Jpv — Jhx™).

Case 1: Suppose that the sequence {I',, }72,, is nonincreasing for some ng € N. Then {I',, }
is convergent. Hence,

Fn 7Fn+1 —0

Now, by conditions (i) and (iv), we obtain

ILm llun, — Sjunl| =0, j=1,2,..., M, (3.9)
and
Using (3.9), we have
M
175(Yn) = T (un)ll <Y bnjonill T (un = Sjun)|| = 0, (3.11)
j=1

By the uniform continuity of Ji. on bounded subsets of E* and (3.11), we get
nhﬁngo lyn — un|| = 0. (3.12)

Moreover, (3.1) and (3.10) yield

N
| Jhzn — Jayn|l < Zan,iTn,i”AinHJgi (Ajyn — Ti Asyn)|| — 0, as n — oc. (3.13)

i=1
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By the uniform continuity of JZ. on bounded subsets of E* and (3.13), we obtain
nh_}ngo Iz — ynll = 0. (3.14)

Let n = sup, en{||znll, [t ||}. Then, by Lemma 2.2, there exists a continuous, strictly increasing,
and convex function g : [0,2n] — R* with g(0) = 0 such that

Ap(@™, xn41) = Dp(a", T [Brdpan + (1= Bn) Jtn])
1

- ;Hx*np — (@, Bndxn + (1 — Bn) I otn)
1
+ gllﬂnJﬁwn + (1 = Bn)J5tnl|?
1 * * *
= Ellw [P = Bula™, Jhan) + (1= Bn)(2*, Jhty)
+ 2 Bulzall? + 21 = B tal?
—Pnl||Tn - - Mn n
q q

- ng(l — Ba) 4 Bu(1 = L)) g (| T — Thtal])

= BnAp(w*vxn) +(1— Bn)AP<x*atn)

- ngu — Bu) + BulL = Bu))g (|t — Tota])
< (L= an(l = Bn)Ap(z”, 2n) + an(l = Bn)Ap(z", vn)
- éwzu — Ba) + Bu(1 — B g (1T — TEb). (3.15)

Therefore,

1 *
7Bl = Fn) + Bull = Brn) Vgl Tpen — Jptnll) < anlp(a®, vn)
+ Ap(x*v xn) - Ap(x*a xn+1)'
Using conditions (i) and (iv), we conclude that lim,, o g(|| /52, — Jhtys|]) = 0. Therefore,

Tim ([T — Thta]| = 0.

By the uniform continuity of JZ. on bounded subsets of E*, we obtain

lim |2y — tn] = 0. (3.16)

n—oo

This, together with Lemma 2.5 implies that

lim A,(z,,t,) =0.

n—oo
It follows that

Ap(zn,tn) < anAp(zn, vn) + (1 — an)Ap(zn, 2n) = 0, as n — co.
Hence, by Lemma 2.5, we obtain

lim ||z, —t,|| = 0.
n—o0
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Consequently,

lzn — znll < llzn — tull + It — znl] = 0, as n — co. (3.17)
Now, using (3.12), (3.14), and (3.17), we get

[tn = 2nll < llun = yall + [lyn = 2l + 120 — znll = 0. (3.18)

Now, since F is a reflexive Banach space and {z,} is bounded, there exists a subsequence {x,, }
of {x,} such that x,, — z. From (3.18), there exists a subsequence {uy,} of {u,} such that
Up,, — z. Then, by (3.9) and the demiclosedness of S, j = 1,2, ..., M, we have z € N}, F(S;).
Moreover, from (3.17), we have z,, — z. By the continuity of A;, we obtain A;y,, — A;z.
Hence, using (3.11) and the demiclosedness of I — T} , we conclude that A;z € N, F(T;).

Next, we show that z € GEP(f, B, ¢). Using (3.18) and uniformly norm-to-norm continuity
of J%, on bounded sets, we obtain

HILH;O | Jhun — Jha,|| = 0.

According to the definition of u, = K%z, we get
F(unay) + <y — Un, Jg'un - ngn> + ¢(Un, y) - ¢(un7un) >0, VyedC, (319)

where F(un,y) = f(un,y) + (Bupn,y — up). It is clear that y — f(z,y) + (Bz,y — z) is lower
semicontinuous and convex. Hence, the bifunction F : C' x C' — R satisfies Assumption 2. It
follows from (3.19) that

<y = Uny Jgunk - J]Z;“xnk> > _F(unw y) - QS(um-,ay) + QS(unkvunk)
Z F(yﬂ unk) - ¢(unk ) y) + ¢(Unk b unk)

for all y € C. Taking the limit inferior on both sides of the last inequality and using the continuity
of ¢, we deduce that
F(y,z) — ¢(2,y) + ¢(2,2) <0, VyeC.

Let yy =ty+ (1 —t)z for all y € C' and all 0 < ¢ < 1, by the convexity of C, we have y; € C and
hence

F(ys, 2) — d(z, ) + ¢(2,2) < 0.

Now,

As t > 0, we have
F(z,y) + ¢(z,y) — ¢(2,2) >0, VyeC.
Therefore,

f(z,y) + (Bz,y — 2) + ¢(2,9) — #(2,2) 20, VyeC.
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So z € GEP(f, B, $). Hence z € Q). Next, we show that

limsup(t,, — z*, Jpv — Jhz*) <0
n—oo

To derive this inequality, choose a subsequence {z,, } of {x,} such that

limsup(t, — 2%, Jpv — Joz*) = lim (t,, —z*, Jov — Joz™).
n—oo k—o00 )

Since x,, — z and by (3.16), we also have ¢,, — z. Hence,

limsup(t, —z*, Jov — Jox*) = (z — 2™, Jhv — Jha™*) < 0. (3.20)

n—oo

Since v, — v, it follows that lim,_,(t, — z*, Jhv, — JRv) = 0. Combining this with (3.8) and
(3.20), we deduce by Lemma 2.7 that '), — 0 as n — oo. Hence, z,, — x*.

Case 2: Let 7 : N — N be a mapping defined by 7(n) := max{k € N: k <n, T'y <Txi1}
for all n > ng. Then, by Lemma 2.6 we have 7(n) — oo and 0 < T';¢,) < I'rpyy41 for all n > ng.
Following the same argument as in case 1, we have

Jim ([ Aiyr(n) = TiAitzmy | = T Jur(n) = Sjtir(mll = 0.
Moreover, we can show that

limsup(t, () — x*, Jhv — Jpa*) < 0.
n—oo

Also, from (3.8) and < T';(,y < T'r(ny41, we have
1_\'r(n) < <t‘r(n) - l'*, ‘]gv‘r(n) - ng*> + <t‘r(n) - I*a ng - ng*> (321)
Therefore, limsup,, ,,, I'7(,) <0 and hence lim,, ;o I'; () = 0. Again, from (3.8), we have

Lrmy+1 = Drgny < (o) (1= Brn) ) (tr ) — 2%, Jpvr(n) — Jpa”)
+ aT(n)(l — ﬁ,,-(n))<t7-(n) — .T*, ng — ng‘*>
— 0.

It follows from (3.21) that lim, oo 'z (n)41 = 0. Hence,
0<r, < maX{PT(n)arn} < Fr(n)+1 — 0.
Thus, lim,,_, Ap(z*, z,,) = 0, and therefore, z, — z*. This completes the proof. O

Remark 1. It is worth comparing the structure of our proposed algorithm (15) with that of
recent inertial CQ algorithms, such as the one introduced by Jolaoso and Shehu [16]. Although
both algorithms are iterative and use self-adaptive step sizes, their structures differ in several
important aspects.

1 The algorithm in [16] is designed for Hilbert spaces, while our algorithm operates in the
more general framework of p-uniformly convex and uniformly smooth Banach spaces. This
structural difference allows our method to address problems that cannot be formulated in
the Hilbert space setting.
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2 The method in [16] solves the classical split feasibility problem (SFP) with a single output
set, incorporating inertial and correction terms for acceleration. Our algorithm addresses
the more general split feasibility problem with multiple output sets (SFPMOS). Its struc-
ture includes a resolvent operator K7-¢ for the generalized equilibrium problem and two
families of &;-generalized demimetric mappings {7;} and n;-generalized demimetric map-
pings {S;} for multiple fixed point constraints.

3 The convergence analysis in [16] relies on firmly nonexpansive mappings in Hilbert spaces,
while our proof depends on Banach space tools such as Bregman distance inequalities and
properties of generalized duality mappings.

Theorem 3.2. Let {v,} be a sequence in C such that v, — v. For a given 1 € C, let {x,} be
a sequence generated by the following iterative algorithm:

up € C s.t. (Bup,y — upn) + (Y — U, Jptn — Joxy) >0, VyeC,

M

Yn = HoJEL. [Z bn,j (Jottn, — o7 o (tn — Sjun)],

= (3.22)

N

Zn = HCJq* [Z Qng (ngn - Tn,ilerJ§1 (Alyn - TzAzyn))L
i=1

Tny1 = Hed [Bndhan + (1 — Bn)(aanvn + (1= an)Jbz,)],

where [; = I?I’ i =

ZJ:‘ , and the step-sizes are chosen as follows:
J

NAs, — T As. ||[PP=1)
Tn,i = Puill Ain ,pz ibn , for i=1,2,...,N,
T

with

T o= max{|| A7 Jg, (Aiyn — TiAiyn) [, 7}
where v > 0, {pn} C (O,(m)ﬁ), and {0, ;} C (O,(ﬁ)fil) Let the sequences {ay,},
{Bn}{an,i}, and {b, ;} satisfy the following conditions:

(i) {an} C(0,1), lim, oo, =0, and Y, | ay = 00.

Cypd=t C ol !
.. . 1 Py i . 1 q%n,
(11) lim, e an,ipm(m - = ) >0, and lim, o bnu”m]’(@ - = ) > 0.

N M
(iti) {an ARy {bn,j}jle C(0,1], X250 an = Zj:l bnj =1;
(iv) 0 <liminf B, <limsupf, < 1.

Then, the sequence {x,} converges strongly to a point z* € Q, where x* = qv.

Proof. Letting f =0 and ¢ = 0 in Theorem 3.1, we obtain the desired result. O

4 Applications

In this section, we present some applications of our main result.
Let {C;}}L,, and {Q;}}Y, be nonempty, closed, and convex subsets of E and Ej, respectively.
Consider the following problem:

Q=TnNSol(B, f,d), (4.1)
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where I' denotes the solution set of the following generalized SFPMOS: fined z* so that
¥ e ﬂjj\ile and z* €N, A7Q;.

Let S; = Pg, for all j = 1,..,M and T; = Pg, for all ¢ = 1,...,N. Then T; and S; are 1-
generalized demimetric mappings (see [9, 24] for details). Now, if the solution set  of problem
(4.1) is nonempty, then by applying Theorem 3.1 we obtain the following theorem

Theorem 4.1. Let {v,} be a sequence in C such that v, — v. For a given x; € C , let {x,} be
a sequence generated by the following iterative algorithm:

up € C st fun,y) + (Bun,y — un) + (Y — un, Jpu, — Jox,)
+ ¢(Umy) - d)(unaun) >0, YyeC,

M
yn = o JEL. [Z b, (Jgun — o (Un — chun)},
j=1 (4.2)

N

Zn = HCJq* [Z Qg (Jg‘yn - Tn,zle;ngl (A'Lyn - PQlAzyn»]a
=1

Tn+1 = HCJ%* [@ng"n + (1 - Bn)(aanE'Un + (1 - an)ngn)L

where the stepsizes are chosen as follows:

_ Pn,i|

Tn,g =

Aiyn - PQi,Aiyn“p(pil)
?P

, for i=1,2,...,N,

with
Tn,i = max{|| A7 Jg, (Aiyn — P, Aiyn) .7}

where v > 0, {pn;} C (07(0%)(1%1)7 and {o, ;} C (0,(0%)4%1) Let the sequences {an},
{Bn}{an,i}, and {b, ;} satisfy the following conditions:

(i) {an} C(0,1), lim, 0, =0, and >~ | oy = 0.

.o . C quI
(7,2) hmn—)oo an,ipn,i(l - %>

>0, and limy, o0 by oy (1 — q”‘j ) > 0.
N M

(Z’LZ) {ami ililv {b’ﬂ,j};’w:l - (Oa 1]7 Zi:l i = Zj:l bn,j =1;

(iv) 0 <liminf 8, <limsup S, < 1.

Then, the sequence {x,} converges strongly to a point x* € Q, where x* = qv.

Let B : E — 2F be a set-valued mapping. The effective domain of B is denoted by D(B),
ie., D(B) ={x € E: Bx # ()}. The mapping B on F is said to be monotone if

(u—v,z—y) >0 foral z,y € D(B), u € Bx, v € By.

A monotone mapping B on E is called maximal if its graph is not properly contained in the
graph of any other monotone mapping on FE.

Now, let E be a p-uniformly convex and uniformly smooth Banach space, and let B : £ — E*
be a maximal monotone mapping. For each r > 0, the resolvent of B is defined by

JB(z) = (Jf +rB) g5z, foreach z¢€E.
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It is easy to verify that F'(JP) = B~1(0), where B~1(0) := {z € E : 0 € Bz} (see [15]).
For each x € F and u > 0 , we define the metric resolvent of B by

Qf(m) =T +p(Jy)'B)"Hx), forall z€E,

(see [4]).

Let M; : E — E*, 1< j< MandN; : E; - Ef, 1 <i < N be maximal monotone
mappings. Let S; = Jrj\fj be resolvent operators of M; for r; > 0, and 1 < 7 < M, and let
T, = Qﬁff be metric resolvent operators of N; for y; > 0 and 1 < ¢ < N. Then S; and T; are
1-demimetric and demiclosed (see [9, 24] for details).

Assume that Q@ =T NSOI(B, f, $) is a nonempty set, where

Q = (N1, M;71(0)) N (ML, A7 (N (0)).
Then by applying Theorem 3.1 we have the following theorem.

Theorem 4.2. Let {v,} be a sequence in C such that v, — v. For a given x1 € C , let {x,} be
a sequence generated by the following iterative algorithm:

up, € C s.t. f(“nay) + <Buna Yy — un> + <y — Un, Jgun - J§$n>
+ ¢(una y) - (b(U»,“’U,n) > 07 Vy S 07
M
Yn = Jh D i (Jhttn — 00 Jh (i — Ty, )],
=1 (4.3)
N
=1
Tpg1 = Jps [anJgu + (1 - an)(,Ban:cn +(1- ﬁn)ngn)],

where the stepsizes are chosen in such a way that

n,i Az n NIAz n p(pfl)
Tn,i = prill Ay f?;“ bl , for i=1,2,..,N,
T

n,t
where

T o= max{ [ A7 IR, (Aiyn — QU Aiyn) 1,7}

forv >0, pn; C (0, (Ciq)q%l), and oy ; C (0, (Ciq)qfll) Let the sequences {an}, {Bn},{ani},
and {b,, ;} satisfy the following conditions:
(i) {an} C(0,1), lim, oo, =0, and Y -, oy = 00.

g—1
Cqol™,

) > O, and hmn_)oo bn,jan7](1 _ qn,] ) > 0.

.. . C quI
(Zz) lim,, 0 an,jpnﬂ'(l - %

N M
(iti) {an; £V=17 {bn’j}jj\il C(0,1], X3y ani = Zj:l bnj =1;
(iv) 0 <liminf g, <limsupf, < 1.

Then, the sequence {x,} converges strongly to a point z* € Q, where x* = qv.
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5 Numerical example

In Theorem 3.1, let M = N = 1, E = R and E; = R?>. We define f : R x R — R by
flr,y) = =322 +ay+29% ¢ : RxR = R ¢(z,y) = 22 — 2y, and B : R — R by Bx=x. Through
some basic computations, we obtain that v = K%z = 5. Now we define T': R — R by T'r = 3.
Clearly, =* = 0 is the only fixed point of 7" and we have

—2(x — 0)(—2x) = —2(x — p,x — Tx) = 42% = ||z — Tz|]?

Thus T is (—2)-generalized demimetric. Note that if we put z* = 0 and = = 1, we see that T

is not strictly pseudo-contractive and is not quasinonexpansive. Let S : R2 — R? be defined by

S(x1,22) = (3x1,22). Clearly F(S) = {(0,a) : Va € R} and S is (—2)-generalized demimetric.

Define A : R — R? by Az = (z,0). Clearly A is a bounded linear operator and A*(xy,x2) = ;.
Assume that

1

Qy = ————
n+ 10

3 1 1
35n2170n,j217 and pn,i:Z'

Figure 1 illustrates the convergence behavior of the sequences {z,}, {yn}, and {z,}, for the
starting points 7 = 3.5 and x1 = —4. Tables 1 shows the numerical values of these sequences
for 1 = 3.5. The computations were performed using MATLAB.

Table 1: Numerical results for the sequences {x,}, {yn}, and {z,} in Algorithm 3.1 with
initial point 1 = 3.5

n Tn Yn Zn

1 3.5 0.29167 0.14583

2 2.6627 0.22189 0.11095

3 2.0266 0.16888 0.084442

4 1.5433 0.12861 0.064304

5 1.1760 0.097997 0.067882

6 0.90115 0.075096 0.061544
97 0.002127 0.00017725 0.00017725
98 0.0021065 0.00017554 0.00017554
99 0.0020863 0.00017386 0.00017386
100 0.0020665 0.00017221 0.00017221
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Figure 1: Figure 1 the convergence behavior of Algorithm 3.1 with different choices of
starting points: (a) x; = 3.5, and (b) z; = —4.
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