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New results on Einstein and n—Einstein tangent

sphere bundles

Simona-Luiza Druta—Romaniuc

Abstract. We complete the results from [14] concerning tangent sphere bundles of
constant radius r, previously valid for nonflat base manifolds of dimension n > 2, by
taking as base manifold an arbitrary 2—-dimensional space form (M, g). We derive
expressions of the metric "G induced on T,. M by a natural diagonal metric from T'M,
such that (T,-M,"G) is an Einstein manifold, i.e. its Ricci tensor field is Ric = p-"G.
In particular, if the metric is induced by the Sasaki metric, 7,.M is an Einstein
manifold if and only if (M, g) has positive constant sectional curvature ¢, r = ﬁ
p = §,or (M,g) is flat and then T.M is Ricci flat. Moreover, we show that for
a flat n—dimensional Riemannian manifold (M, g), T,.M is Einstein with respect to
the metric induced by the natural diagonal metric from T'M if and only if n = 2,
(T-M,"G) is Ricci flat, and a certain function coefficient of the metric vanishes.
Finally, we consider the Sasakian manifold (7.M, ¢, ¢, n, G) from [15] and provide a
simpler characterization of the n—Einstein Sasakian tangent sphere bundles in terms
of rational expressions involving the coefficients of the metric, the dimension of the
base manifold, and the radius r.

Keywords. Tangent bundle, tangent sphere bundle of constant radius, natural lift, Einstein
manifold, almost contact structure, Sasakian manifold, n—Einstein manifold

1 Introduction

Tangent sphere bundles of constant radius have been the subject of research over the past few
decades, for example in the papers [1]-[15], [19]-[21], [24], [26]-[28].

The tangent sphere bundle T, M of constant radius » > 0 over a differentiable manifold
M is defined as the set of all tangent vectors with norm r. This bundle naturally appears as
a hypersurface within the total space T'M of the tangent bundle. If T'M carries an almost
Hermitian structure, this induces an almost contact structure on 7, M. The first metric used on
TM in this setting was the Sasaki metric. Later, Boeckx and Vanhecke showed in [8] that the
unit tangent bundle T7 M endowed with the metric induced by the Cheeger—Gromoll metric on
T M is isometric to T’ = M with Sasaki-induced metric.
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Then, in [18], Kowalski and Sekizawa investigated the geometric properties of tangent sphere
bundles of constant radii, equipped with the Sasaki-induced metrics, highlighting the dependence
of these properties on the radius. Later, in 2008, the same authors published the survey [20] on
the Riemannian geometry of tangent sphere bundles with arbitrary constant radii.

In [21] Munteanu proved that the unit tangent bundle T3 M, endowed with a metric G4
induced by a metric g4 on T'M which generalizes both the Sasaki and Cheeger—Gromoll metrics,
is isometric to (T.M, G,) when r = y/a, where G, is the metric induced on T,.M by the Sasaki
metric, and a is a constant appearing in the definition of G 4. He also showed that the contact
structures on T1 M and T;.M induced by the almost Hermitian structure of TM are preserved.
Lastly, he demonstrated that the contact metric structure on T3 M is K-contact if and only if
(M, g) has constant sectional curvature % > 0, in which case T1 M becomes a Sasakian manifold.

The K-contact, Sasakian, strongly pseudo-convex CR-structures on 73 M endowed with met-
rics induced by g-natural metrics from TM were studied by Abbassi and Calvaruso in [1], ex-
tending the results from [28] and [11].

Park and Sekigawa proved in [26] that the geometry of the tangent sphere bundle of con-
stant radius r reduces to the geometry of the unit tangent bundle with Sasaki-induced metric.
Furthermore, they showed in [27] that T,.M equipped with the induced contact metric structure
is n-Einstein if and only if the n-dimensional base manifold M has constant sectional curvature
- or 252, In [15] we extended this result to the background of the tangent sphere bundle 7). M
endowed with the almost contact metric structure (¢, &, n, G) obtained from an almost Hermi-
tian structure of natural diagonal lift type on the total space T'M of the tangent bundle over a

Riemannian manifold (M, g).

In the present paper we consider the metric "G from [14], induced on T}, M by a metric PG of
natural diagonal lift type on the tangent bundle of a Riemannian manifold (M, g). We complete
the characterization of the Einstein tangent sphere bundles (7;.M,"G), which was given in [14]
for tangent sphere bundles over nonflat space forms of dimension n > 2, by considering now
as base manifold an arbitrary 2-dimensional Riemannian manifold (M, g) of constant sectional
curvature c. In this case we prove that T;.M is an Einstein manifold with respect to the Sasaki-

induced metric if and only if one of the following instances holds: the base manifold is flat and

the tangent sphere bundle is Ricci flat, or ¢ > 0, r = %, p = 5, where p is the constant from the

Einstein condition. We also show that the tangent sphere bundle T, M over a flat n—dimensional
Riemannian manifold (M, g) is Einstein with respect to the metric "G mentioned above if and
only if (M, g) is 2-dimensional, a certain coefficient involved in the expression of "G is zero and
(T.M,"@) is Ricci flat. The final section of the paper is devoted to the n-Einstein Sasakian
tangent sphere bundles (T,-M, ¢, £, n, G), characterized in a simpler way than in [15].

2 Preliminary results

According to [29], if (M,g) is a smooth Riemannian manifold of dimension n, then the total
space T'M of the tangent bundle 7 : TM — M possesses a structure of 2n—dimensional smooth
manifold, since every lopal chart (U,z")j_; on M gives rise to a local chart (7' (U),z,57)}",_,
on TM, where x' := z° o 7 denote the base point coordinates of a tangent vector y € 7=(U)
and y’ are its vector space coordinates with respect to the natural local basis in T, M. The

tangent space of TM in y decomposes as

T,TM = V,TM & H,TM,
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for all y € TM. The vertical space is V,TM = Ker 7, , and the horizontal space H,TM is
defined by the Levi-Civita connection of g. If the Christoffel symbols of the metric g are denoted
by I'?.(x), then the horizontal generators are {% y}i=Tm» Where % = a(zzi - ylFﬁ(z)%, and

the vertical generators are {% y}i=T7- Then, a local frame field for the vertical distribution
VT M and a local frame field for the horizontal distribution HT'M are given by the sets of vector
fields {%}izl,n, {%}zzlfna respectively. The module of the smooth vector fields tangent to
T M, denoted here by TT M, decomposes into the direct sum:

TTM = VTM & HTM,

for which an local adapted frame on TM is {32;, %} denoted also by {6;,0;}

ij=Tnm ij=T,n"
If a vector field X on M has on U the local expression X = X i%, then its horizontal and

vertical lifts to 7'M have, respectively, the following local expressions on 771 (U):
1)

XH = xt— XV:XJ'i.
ox? OyJ

The energy density ¢ of an arbitrary tangent vector y € 7=1(U), has the following expression
with respect to the Riemannian metric g of the base manifold:

1

Loz 1 1 ik i
t=3 Iyl 597 (¥ Y) 292k(fc)y Y 2901(56)31 >0,

where go; = gkiyk'

In the sequel we work with geometric structures induced on the tangent sphere bundle T, M
by the almost Hermitian structures of natural diagonal lift type on T'M, hence we first consider
a natural diagonal Riemannian metric on T'M constructed by Oproiu in [25] by using the results
from [16], [20]. This metric, denoted here by PG, is invariantly given by:

DG(Xéj, Y%i[) = c1(t)g7() (X, Y) + di(t)gr () (X, 9)gr () (Y5 1),
DG(X%, Yy ) = Co (t)gr(y)(X, Y) + do (t)gr(y)(X, y)gT(y) (Y, y), (2.1)
DG(XY,YH) = PG(xXH XV) =0,

for every X, Y € TH(T M),y € TM, where c1, 2, d1, ds are smooth functions of the energy density
on TM. The metric PG is nondegenerate if

C1C2 # O, (Cl + Qtdl)(CQ + 2td2) # 0, Vit 2 O,
and it is positive definite if

c1 >0, cg >0, ¢; +2tdy >0, cg + 2tdy > 0, Vi > 0.

With respect to the local adapted frame {d;, 614}1.’ i=Tm the matrix associated to the metric
D@ is
DGS‘) 0 _ (Cl(t)gij + d1(t)goigo; 0 )
0 DGEJQ-) B 0 ca(t)gij + d2(t)goigo; )’

and its inverse matrix is

PHE, 0 ) (p1(t)g’“l+q1(t)y’“yl 0 >
0 p2(t)g* + a2 ()y*y' )
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where ¢! are the entries of the inverse matrix of (91'j)i,j:1,77 and p1, q1, p2, g2, are some real
smooth functions of the energy density with the expressions

1 1 dq do

p1 :?17 p2:a, q1 :_61(01+2td1)7 q2:_C2(CQ+2td2).

Next we recall some technical results from [14].

Proposition 2.1. ([14]) The Levi-Civita connection PV associated to the Riemannian metric
PG given by (2.1) on the total space TM of the tangent bundle of a Riemannian manifold (M, g)
has the form

Py YV =PQ(XxV,YV), PVxnYV = (VxYV)V +PPYV, XH),

P wYH =Pp(xV vH) PUnYH = (VxY)? 4+ PS(XH yH),

for all X,Y € TgH(M), where the M~tensor fields PQ, PP, PS, have the following components
with respect to the adapted local frame {0;,0;}; ;17

Don — 1
1] 2
PPl = 502G + R, PG PHE,

DSl = =30 PG + Ry PG P HE,

(2) (2) (2)
(@iPG + 0P Gy — aP G )DH(%’

where RZ@' are the components of the curvature tensor field of the Levi-Civita connection N from

the base manifold (M,g) and Rgij = ykRZ‘ij. The vector fields PQ(XV,YV) and PS(XH,YH)
are vertically valued, while P P(YY', X)) is horizontally valued.

The M—tensor fields ?Q, PP, PS have the following detailed expressions derived in [14]:

c ch — 2dsy

DoxV.yVy===2 xX)YV VWXV 2 =% (XYY
QX" YY) 20y [9(y, X)Y" +g(y, V)X "] 2(02+2td2)g( Yy
CQd/Q — 20/2d2 v
—_— = = X Y
262(C2+2td2)g(y, )9y, Y)y",
/
D V vH C1 H dy H dy H
P(XVY")=— X)Y —_— Y)X —g(X,Y
( ’ ) 2819(:% ) + 261 g(y7 ) + 2(81 + 2td1)g( ’ )y

Cldll — Clldl — d% H C2 H
1 = X)g(y, Yyt — 2 (R(X,y)Y
21 (cr 1 20d)) 9y, X)g(y,Y)y 5er (R(X,y)Y)

Cle H

2¢1(c1 + 2t ll)g( SR, y)y)y ™,
C,
1

2(cq + 2tds)

1

d
DS YH) == 5 =9y, X) YV +g(y,Y) XV] - 9(X,Y)y"
2

Clel — 2d1d2

- 0 ). Y = SR Y)Y

for all X,Y € TH(M), y € TM.

Since the tangent sphere bundle T.M consists of spheres of constant radius r, any tangent
2
vector y € T,.M has the energy density ¢ = %, hence the metric "G obtained on T,.M as the
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restriction of the metric PG will have constant coefficients. Subsequently, the nondegeneracy
conditions of the metric "G will be

cico # 0, (Cl + T2d1)(02 + T2d2> #0, (2.2)
and the conditions for the positive definiteness will be
1 >0, ¢ca >0, 1 +71%dy, co +1%ds > 0. (2.3)

Restricted to T.M, the M—tensor fields involved in the expression of the Levi—Civita connection
will take the forms:

da
Q( ’ ) 02+T2d29( s )y s
d cod
rp(xV yHy =2 v xH_ 2% x R(Y "
( ) ) 2619( 7y) 201(61+r2d1)g< ,R( ,y)y)y
dq .
o L2 X,Y)—dig(X Y, 24
2ol 2y (I Y) = dig(X y)g(Yy)ly (2.4)
C2 H
- —(R(X,y)Y
5o, WY,
d
PSEIYT) = = 5 XYY (Y y)XY)
dqds

mﬂ(yv X)g(y, Y)yv - %(R(X» Y)y)va

for every X,Y € T¢(M), y € T, M.

3 Tangent sphere bundles of constant radius r

In this section we recall some basic facts on the background of the present work, mentioned also
in [14].

The tangent sphere bundle of constant radius r > 0 over an n-dimensional Riemannian
manifold (M, g) is the hypersurface T.M of TM defined as the set of all the tangent vectors of

norm equal to r:

T,M ={y € TM : g.(,)(y,y) = r*}.
The projection of T, M onto the base manifold is 7: T, M — M, T =104, where i : T,. M — TM
is the inclusion map.

Different from the horizontal lift, the vertical lift of any vector field on M is not always
tangent to T,.M, but one can define the tangential lift of a vector X € T, M toy € T,.M (see e.g.
[14, 18, 19, 24, 27]), given by the relation

1
T v v
Xy =Xy — 297 (X, 9)yy -

The generators of the total space of the tangent bundle to T,.M are §; = aii — y*T%,0, and
8jT = 0; — %90;y*0k, i,j,k,1 = T,n. The tangential generators {BJ»T}j:ﬁ are not independent
vector fields. At any point of T,.M they span an (n — 1)—dimensional subspace of T'T,. M, since
they verify the relation

y o] =0. (3.1)
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The normal vector field to T, M in T'M is

We denote by "G the metric induced on T}, M by the natural diagonal metric G on T'M given by
2

(2.1). The energy density of any tangent vector y € T,.M is t = %-, hence the function coefficients

of the metric PG become constants. Thus, the metric "G is given by the relations

TG(Xéfv Y;H) = Clgr(y)(Xv Y) + dllgr(y) (X, y)gr(y)(}/a y)7
TG(Xy 7Yy ) = C2 [gr(y) (Xv Y) — 7297(y) (Xa y)gT(y)(K y)]a
"Gx,L Y =6, X)) =0,

forany X,Y € T¢(M),y € T, M, where c¢1, dy, cq are some real constants such that the conditions

(2.2) or (2.3) are satisfied.

With respect to the system of generators {51"8;;}1‘,]‘:17 of T,.M, the metric "G has the
expressions

"G(04,05) = TGz(‘Jl') = c19i5 + d190igo;,
TG(a;r,af) = TGE? = CQ(Qij - %2901'90]‘)7
"G(8;,07) = "G(IT,6;) = 0.

J

Proposition 3.1. ([14]) The Levi-Civita connection "V, associated to the Riemannian metric
"G on the tangent sphere bundle T,.M of constant radius v has the expression

4O = ASE, V03F = TOF + B
’“Vagéj = Bthj(shJ Tvéidj = F?jéh + Cl}zaij;’

where the M —tensor fields involved as coefficients have the expressions:

1 d 1

h h I 1 ch h h

Ajy =— 7290]‘52' , Oy = _E((Sj goi — 03'905) — §R0ija

1
h r ph r ph
di o, dq 2¢1 + r2d; ;
_ st . » 04 g
261 (3 ng 2(01 T2d1) g J T2C1 gO ng y
C2 h k C2d1

- = RN - Rueay"vFy,

2c, GikY 261(01 n T’le) k1Y Yy

where the tensor field " P is the one given in (2.4), go; = gjo = Y'gij, P& = yZPfJL
The invariant expressions of the Levi-Civita connection "V presented in [14] are

1
"VyrYT =— 7ng(Y, X7,

dy dy
"VyrY? =—g(V,y) X7 + ———— g(X, Y )y
XT 2619( ay) +2(cl+d1r2)g( ) )y
dq (201 + 7’2d1) H C2 H
-t (X Y. — Z(R(X,y)Y
2T2cl(61+r2d1)g( )9V y)y 201( (X,y)Y)

cady

- 59X, R(Y, H
261(01+r2d1)g( S R(Y,y)y)y,
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dy

. dq
"V YT = Wiy —gX,9) Y+ ———

261
di(2¢y + r%dy)
C 2r2e (c1 4 r2dy)
C2

g(X,Y)y"

9(X,y)g(Y,y)y"

cody

—(R(Y,y)X)" - 2er(cr + 12dy)

-3 9(Y,R(X,y)y)y"™,
(&1

V¥ =)~ (X, ) YT g(Yi) X7 L(RIX,Y )T

2¢o
The curvature tensor field K of the connection "V from 7, M is given by the relation
K(X,Y)Z ="Vx'VyZ = "Vy'VxZ = "VixyZ, VX,Y,Z € Ty (T, M).
With respect to the system of generators {9;,0 ¢ }1 j=Tm of T M, the curvature tensor field K of
the connection "V from T;.M has the expressions
K(6;,0;)01 = HHHH,”](Sh + HHHT,W('),L7
(5“54)8,6 = HHTHkij(Sh + HHTTMJOh ,
K(8],0] )0, = TTHH};;6,, K(8],0])0f = TTTT};0y

K(0],6;)00 = THHH},;0, + THHTY, 08, K (0] ,6;)08 = THTH];;6p,

where the coefficients of horizontal and tangential parts are the non-zero M—tensor fields given
in [14] by

HHHHM] szj l};le Bl]Clk + BlkROZj’
HHHTk’ij = *(V 'thikyl - Vz‘Rijyl)7
HHTH];; = (V Ry — ViR})y'

CZdl
2¢1(c1 +12dy)
HHTT};;0) = (R}y; + CliBy; — CliBl, + Al Rbi;) 05

(ijilkm - vilekm)ylymyh

1
TTHH};; = 0] By, — 0 B} + Bl;B.; — Bl\B., ﬁ(gioBﬁ — gjoBh),
1
TTTTI?ij = sz(gjk@h - gikfsf) + 74(5;}901‘9% — 61905 90k),

Co - cod : r
THHH],, = iijZilyl + 2= )ijilkryly ",

2¢1(c1 + r2dy)
THHT],,0f = (aTc + ALl — ChBY — VR DT,
THTH},; = ] B}, + By, Bl — AL, Bl

The final expressions of the above M—tensor fields can be obtained by using (3.2). To compute

the tangential parts HHTT}" JOT and THHT} . y OF one has to take into account the relation (3.1).

4 Einstein tangent sphere bundles

Here we will recall the results obtained in [14] on Einstein tangent sphere bundles of constant
radius r over nonflat base manifolds of dimension n > 2, then we will complete them by con-
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sidering base manifolds which are arbitrary space forms of dimension 2 or flat base manifolds of
arbitrary dimension.

We take first an n-dimensional Riemannian manifold (M, g) and the total space TM of the
tangent bundle, endowed with the natural diagonal metric PG given by (2.1). The Ricci tensor
field on TM is a (0,2)—tensor field Ric defined by the relation

Ric(Y,Z) = trace(X — K(X,Y)Z), VX,Y,Z € T3 (TM).

The components of Ric in the local adapted frame field {0:,6;} are

Z#j:ﬁ
RicH Hi = Ric(3;,0,) = HHHH},, + VHHV], .,
RicV Vjy = Ric(d;,0x) = VVVVh — VHVHL,,

RicHVjy, = Ric(8;,0)) = RicV Hy; = Ric(9y,0;) = VVHV), + HVHH",,,

where we denoted by sequences of V and H the components of the curvature tensor field, indi-
cating vertical or horizontal argument, respectively, on a certain position.

In the case of a base mamfold Wthh is locally symmetric, in particular a space form, the
mixed components of the Ric vanish: RicH Vik = RicV H; ik = 0.

In [14] we determined the components of the Ricci tensor field Ric of (T,.M,"G), with respect
to the system of generators {d;,d 5 . j=1n of T M. By taking into account the expression of the

last tangential generator 9.,
—1
1«
T T
0, = —y—n Z y'o; ,
i=1

we obtained

. . dy (201 + T2d1) d1(261 + 7’2d1)[61n + T2d1 (TL — 1)]
RicH H;;, =Ric;; — i ; 4.1
e 2¢5(c1 + 12dy) Jik 2r2¢ieo(cy + 12dy) 9090k (4.1)
C2 I cady h
9, L Ok jho + 21 (e + 12dy) "+ OW0 h0;j0
r*d? — 2ci(cp +1r2%dy)(n—2) [ 1 2 .
RicTTj, =— — 9090k — 3 = RpiroR™; 4.2
1cL Lk 2e1r2(cr + dir?) <r2 gojgok gjk) + 12 Rik04V 0 (4.2)
C%dl

A% Rh R,
2¢2 (¢ +r2dy) Y0 hokO

and then

: (D) s _di(2cit+r?di)+2pcica(citridy)
RicHHji, — p ij—Rchk 32 (citr2dy) 9jk

di(2¢1 +r2d; )[e1 n+r3dy (n—1)] —2pr2eicody (c1+r°dy) )
+ 20102r2(cl+r2d1) goj9gok

C2 I
—52 RIG R o + 201(01+7«2d1 RhojoR 0%0>

. (2 2d
RieT Ty, — p "G = B Ruino R — gorrirs Roro Ry

r*d?4-2¢; (e14+r2d1)(2— n+pczr 2)
+ 2r2¢q(c1+r2dy) (TTQOJ.gOk - gjk) 5

where

h ho i opl I i ph ho i ik !
R = RYuy's R jno = By, Riogo = R59'y s Ruojo = Baijky'y”™, Rhijie = gnilt i,
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When the base manifold (M, g) is a space form, i.e. when

R} = gk} — gird}), (4.3)

where c is a real constant, the above expressions turn into

. 1 2(n—1 2dy)— 21—dy (2 2d
RicHH;), — p - rGS’k) _ Jcea2(n )(Cl+;“02(1c)1+0:22£1)] 1(2c147%dy) pcl}gjk
di 1262 A2 22 (-1 20 1d2(3n—2)— 22 (n—2
+{ 12y (dy —e 622)6(1722,,2)2;1:5511)( no2)ocen=l Pd1}90j90k,

. r(2)  rt(d2—c2c2)+2c1 (ec14r2d1) (2—ntpear?) (1
RicITj, —p- "G}y = e (e ) (7290590 — i)

hence RicTTy, = p- "G if and only if

_ 2c2(n—2)+r?[2c1d1 (n—2)+r%(c?c2—d?)]
p= 2r2¢cyco (61+T2d1) )

(4.4)

then the difference RicHHj, — p - "’Gﬁ) turns into

RicHHy, — p-"GY)
= st - 1261 (ccar? — e)[er(n = 2) = r¥(cez — di(n — 1))lg;n (4.5)
+[4c2dy + r?ei(d3(n +2) — c?ci(n —2)) + ridy(d3 — czc%)n]gojgok} )

Taking into account all above, we proved in [14] the following result.

Theorem 4.1. ([14]) The tangent sphere bundle T, M of an (n > 2)-dimensional Rie-
mannian manifold (M, g) of constant sectional curvature ¢ # 0 is Finstein with respect
to the metric "G induced from the natural diagonal lifted metric PG defined on TM by
(2.1), i.e. it exists a real constant p such that

Ric(X,Y) =p-"G(X,Y), VX,Y € THT, M), (4.6)
if and only if
r2din din c(n—1)%(n—2)
Cl = —_—, CQ = s p pry 2 2
n—2 c(n —2) r2din

where dy is an arbitrary nonzero real constant such that the metric "G is non-degenerate.

Since in the case of the Sasaki metric on T'M the functions coefficients from relation
(2.1) have the particular values ¢; = c2 = 1, d; = 0, they do not satisfy the conditions
in Theorem 4.1, hence we have the following nonexistence result:

Corollary 4.2. ([14]) The tangent sphere bundle T, M of an (n > 2)-dimensional Rie-
mannian manifold (M, g) of nonzero constant sectional curvature is never Einstein with
respect to the metric induced by the Sasaki metric g° from TM.

Studying the situation when the base manifold is 2-dimensional, we prove now the
following characterization.
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Theorem 4.3. The tangent sphere bundle T, M of a 2—dimensional Riemannian manifold
(M, g) of constant sectional curvature c is an Einstein manifold with respect to the metric
"G induced from the natural diagonal lifted metric PG defined on TM by (2.1), i.e. there
exists a real constant p such that the relation (4.6) is satisfied, if and only if the coefficients
of "G, c and p satisfy one of the following items:

1

TerZ C2 and ¢ are some arbitrary nonzero real constants

i) c1 =ccor?, dy =0, p=
of the same sign;

i) ¢ = 0, i.e. the base manifold is flat, ¢y and co are arbitrary positive constants,
dy = 0, and the manifold (T,M,"G) is Ricci flat.

Proof. When the dimension of the manifold M is n = 2, the differences RicH H 3, — P‘TGS'}C)
and RicTTj, —p - "G hecome of the forms

ik
. 1 CCQ[2(61+T2d1)70027‘2]7d1(201+T2d1)72p0102(01+7‘2d1)
RICHij —p Tij', - 2co(c1+72dy) ik
di[dci+r?(d2—c?c2)]+4arieidi—2prieicadi (c1+r2dy) )
+ s 2o 2r2clc%(c1+r2d1) 90590k,
. ] r(2) _ r(d3—cFe)+2pcica(citridi) (1 ) )
RicTTjr —p- "Gy, = s (e 2dy) (=90i90k — Gk )-

From the condition of vanishing of the last difference above we get

g
p= 2cic9(c1 +1r2dy)’

then

1
c1cor?(cq + 12dy)
+ Cll [261 (61 + T‘2d1) + 7‘4((1% — C2C§)]ng90k}-

RicHHjj, — p - TGE.? - {c1(ccar® = 1) (dy — cca)r?gjn

This expression vanishes if and only if the coefficients of g;; and go;jgor vanish simultane-
ously. The coefficient of g;; vanishes if and only if one of the following situations occurs:
c1 = ceor? or dy = ces.

If ¢; = ccor?, then the coefficient of gojgor turns into ‘h(%ccgch) and, due to the
nondegeneracy conditions (2.2) of the metric "G, it vanishes if and only if d; = 0. In

this case p = ﬁlﬂ, and item ) is proved.

If di = cca, then the coefficient of gg;gox reduces to %, hence it vanishes if and only
if the base manifold is flat. In this case ¢ = 0, dy = 0 and p = 0, hence the manifold
(T, M," Q) is Ricci flat. Thus, item i) is also proved. O

From Theorem 4.3 and Corollary 4.2 we conclude the following:

Corollary 4.4. The tangent sphere bundle T, M of a n—dimensional Riemannian man-
ifold (M, g) of constant sectional curvature ¢ is an Einstein manifold with respect to the
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metric induced from the Sasaki metric on TM, i.e. there exists a real constant p such
that the relation (4.6) is satisfied, if and only if n = 2 and one of the following instances
happens:

i) c>0,r:§,p:

)

No

it) ¢ = 0, i.e. the base manifold is flat. In this case T, M endowed with the metric
induced from the Sasaki metric is Ricci flat.

Analysing the Einstein condition for the tangent sphere bundle T, M over an arbi-
trary flat manifold of dimension n we prove the next result.

Theorem 4.5. The tangent sphere bundle T,.M of a flat n—dimensional Riemannian
manifold (M,g) is an Einstein manifold with respect to the metric "G induced by the
natural diagonal lifted metric PG defined on TM by (2.1) if and only if n =2, dy = 0
and (T, M," Q) is Ricci flat.

Proof. We showed above that when the base manifold (M, g) has constant sectional
curvature c, the difference RicTT}j;,— p-TGﬁ;) vanishes if and only if the constant p involved
in the Einstein condition has the expression (4.4), and then the difference RicH H;j, —
X TG;? takes the form (4.5). The characterization of the Einstein manifold (7.M,"G)
when the base manifold is 2-dimensional flat was already provided in Theorem 4.3 i7).
In the sequel we shall consider n # 2.

Under the assumption that ¢ = 0, the relation (4.5) reduces to

RicHHy, — p- "G}
= 201027'2(£1+7'2d1) : {_20% [Cl (Tl - 2) + 7"2d1 (’I’L - 1))]gﬂf (47)
+[4C%d1 + T201d% (TL + 2) + T4d§n}gojg()k} s

which vanishes if and only if the coefficients of g;; and gojgor vanish simultaneously.

Since for n = 1 the coefficient of g;;, is Wir?dl) = 0, it follows that a necessary
condition for (7.M,"G) to be an Einstein manifold is that the dimension of the base
manifold is n # 1. Then, since n # 1 and n # 2, the coeflicient of g;;, in (4.7) vanishes
if and only if

dir?(n —1)
 on—2

Substituting (4.8) into (4.7) it follows that

(4.8)

C1 —

. 1 2
RicHHjj, — p - ’"G; ) — 202?&721)7,2903'9%,

which is zero if and only if d; = 0, but taking into account (4.8) we obtain ¢; = 0, hence
the nondegeneracy condition (2.2) of the metric is not satisfied when n # 2.

With all above, taking into account Theorem 4.3 ii), the proof is complete. ]
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5 Natural diagonal 7-Einstein tangent sphere
bundles

In [15] we determined the almost contact metric structures induced on the tangent sphere
bundle 7, M of a Riemannian manifold (M, g) by an almost Hermitian structure of nat-
ural diagonal lift type, we provided the conditions under which the obtained almost
contact metric manifold is a Sasakian manifold, then the conditions for this Sasakian
manifold to be n-Einstein. In this section we will prove a simpler characterization for the
Sasakian structures derived from natural diagonal almost Hermitian structures on 7'M,
with respect to which the tangent sphere bundle 7, M is an n-Einstein manifold.

In [25] Oproiu used a (1,1)—tensor field on 7'M, obtained as a diagonal natural first
order lift of the metric from the Riemannian manifold (M, g), denoted here by ©.J and
given by

{ gJXg = al(t)X;/;r b1(t)gr(y) (X, y)yz‘f’H (5.1)
JXy = —a2(t)Xy — bQ(t)gT(y)(X7y)yy ’

for all X € T3 (M),y € TM, where ay,as,by,by are smooth functions of the energy
density t of the tangent vector y.

The characterization of the almost complex structures of natural diagonal lift type
on T'M was provided by Oproiu in [25, Proposition2], recalled in the sequel.

Proposition 5.1. ([25]) The operator PJ given by (5.1) defines an almost complex
structure on T'M if and only if

arae =1, (a1 + 2tb1)(a2 + thg) =1. (5.2)

Remark 1. For an almost complex structure P.J characterized in Proposition 5.1, the
functions a1, ag, a1 + 2tby, az + 2tby cannot vanish and the relations (5.2) are equivalent
to

b
as = —, bg = — ! (5.3)

al ay (a1 + 2tb1) '

Oproiu characterized the almost Hermitian structures of natural diagonal lift type
on TM in [25, Theorem 3|, as follows:

Theorem 5.1. ([25]) Let P.J be a diagonal natural almost complex structure on 7'M
defined by ¢g and the parameters ai, ag, by, bo. The family of diagonal natural, Rie-
mannian metrics PG on TM defined by ¢ and the parameters ¢, ¢a,d1, do, such that
(TM,PG,PJ) is an almost Hermitian manifold, is given by (2.1) where

a C2 c1 + 2tdy co + 2tds

a1 a2 a1 + 2thy as + 2tby + et ( )

where A, p are smooth functions depending on t and A > 0, A 4+ 2ty > 0.
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Now we recall the characterization of the Sasakian structures derived on T, M from
the almost Hermitian structure (°G,PJ) on TM.

Theorem 5.2. ([15]) The almost contact metric structure (p,&,n,G) on T,M, with ¢,
&,n, and G given by

a
pXM = X", X = —ar X+ (X y)y", (5.5)
1
§= ey X1 =0, n(X") =20Mg(X,y), G=a-"G, (56)
for every X,Y € TH(M), y € T,M, where X\ is the proportionality factor from (5.4),

2 . . o Lo
% and araz = 1, is a contact metric structure, and it is Sasakian if and only

2
. . . a
if the base manifold has constant sectional curvature ¢ = 5.

o =

We study the conditions under which the Sasakian manifold (7,M, p,&,n,G) from
Theorem 5.2 is n—Einstein, i.e. the Ricci tensor has the expression

Ric =vG + on ®n, (5.7)

where v and o are smooth real functions on 7, M.
By using the relations (4.1), (4.2) and (5.6), we obtain that

. _ r(2) & h c3di _ph
RicTTj, —va - "Gy = ——4C§R njo ko — 720%(01+r2d1)Rh0j0R 0k0
2¢2(n—2)—2c¢1 [vaci ca—dy (n—2)]r% —di (2vacy ca+di)r? 1
+ 2c1712(c1+12dy) (gjk - 7290,7‘901@),

2
RicHHjj, — vou- TG;}C) —on(6;)n(0k) = —201(mcl623521();117,(22;30102+d1)T 9jk

i di{2¢in+eci1[3din—2(vacica+d1)]r’+di[di (n—1)—2vacica]r}
+R1Cyk¢ +{ 201C27‘2(01+T'2d1) (59)

o(ci+dir?)? . ca pl h cody h
By vy Jojgok + ﬂR khOR 051 + 2c1(c1+r2d1)Rh0k0R 050°

The n—Einstein condition written with respect to the system of generators {J;, 6JT}Z =Tm
of T, M reduces to the conditions of vanishing for the tensor fields expressed by (5.8) and
(5.9). By using Theorem 5.1, we provide the characterization of the n—Einstein Sasakian
manifold (T, M, ¢,&,n,G), in a simpler way than in [15, Theorem 4.1].

Theorem 5.3. The Sasakian manifold (T,M,p,&,n,G), with ¢, §,n, and G given in
(5.5) and (5.6), is n—Finstein if and only if the functions involved in (5.7) are the constant
functions

c1(2n — 3) — r2dy r’ndy — c1(n — 2)

v 2r2acica » @ (c1 +12d1)/2 (5.10)

Proof. If (T, M, p,&,n,G) is a Sasakian manifold, then, according to Theorem 5.2, the
base manifold (M, g) has constant sectional curvature ¢, so the relation (5.8) becomes

RicT Ty — vo - "G



14 S. L. Drutd—Romaniuc

2¢1(n — 2 — avr?es)(c1 + r?dy) + r4(c*c3 — d3) 1
= 2 2 9jk — —5 90590k
2¢112(c1 + r2dy)

and it vanishes if and only if the function v has the expression

~ 2c1(n —2)(c1 +r2dy) + 14 (A3 — dF)

5.11
2c1coar? (e + 1r2dy) ( )
By using (4.3) and (5.11), (5.9) turns into
. r (1 (c1—cear®)[c1(n—2)+dir*(n—1 cre
RlCHHj]; —va- Gg.k) —on(d;)n(0k) = == Bl ziﬂ(ciirlzdl() el g (5.12)
A2r2{4ctdy —ci[c i (n—2)—d3 (n+2)]r? —r4d1(c cas—di)n}—Zcica(ci+ridy)® :
+ 2rINZcq ez (cr +12dy) 90390k

hence we obtain that
RicH Hj, = va - "G\}) + o1(6;)1(6%)
if and only if the coefficients of g;; and gojgor in (5.12) vanish simultaneously.

Due to the relations (5.3), (5.4) and ¢ = ‘Z;, it follows that ¢; = ccor?, then the
expression in (5.12) vanishes if and only if

(cea + d1){N*[cea(n — 2) — din] + ec3(cea + di)r?}
2cc3N2r2

gojgor = 0. (5.13)

Since ¢; = ccor?, the nondegeneracy condition (2.2) yields d; # —cca, hence (5.13) is
satisfied if and only if

o din — cca(n — 2)
ccd(ceq + dy)r2 /2’

(5.14)

Thus, the Sasakian manifold (7, M, ¢, £, n, G) is n—Einstein if and only if v and o are given
by (5.11) and (5.14), respectively. Taking into account that c¢; = ccar?, the expression
(5.11) turns into

cca(2n — 3) — dy

200%041"2 ’

which can be written as in (5.10), and (5.14) becomes

onridy — ci(n —2)
6102(01 + 7'2d1)/2 .

Due to (5.4) and (5.3), the above expression of ¢ coincides with the one in (5.10), hence
the proof is complete. O
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