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Multipliers of Bloch-type and Zygmund-type

spaces of holomorphic functions on the unit ball

of Cn

Lien Vuong Lam

Abstract. The aim of this paper is to study the multipliers of Bloch-type and
Zygmund-type spaces of holomorphic functions on the unit ball Bn ⊂ Cn. For the
classical Bloch space, such multipliers were characterized by Zhu. Subsequently,
Galindo and Lindstr”om extended this investigation to the infinite-dimensional set-
ting for the specific weight ω(z) = 1− |z|2.
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1 Introduction

The present paper deals with the study of multipliers of Bloch-type and Zygmund-type spaces
on the unit ball Bn of Cn. The study of the Bloch space of holomorphic functions on the unit
ball of the complex plane or on higher-dimensional spaces was initiated by R.M. Timoney [21]
and recalled in K. Zhu’s book [24]. In 2007, X. Tang generalized this setting to the Bloch-type
space Bω(Bn), where ω is a normal weight on Bn ⊂ Cn.

A function f is said to be a multiplier for the Bloch space B(Bn) if f · g ∈ B(Bn) for all
g ∈ B(Bn). Arazy [1] characterized the multipliers of Bloch functions on the unit ball of C. Using
the fact that

β(x, y) = sup{|f(x)− f(y)| : ∥f∥B ≤ 1},

for x, y ∈ Bn, where β is the Bergman metric in Bn, Zhu generalized Arazy’s result to higher
dimensions [24, Theorem 3.21]. In a similar way, Galindo and Lindström gave conditions under
which f is a multiplier of B(Bn), where X is a Hilbert space [4, Theorem 3.1]. Furthermore, by
characterizing the growth of a function in B0(Bn) (the little Bloch space on Bn), they established
a relationship between multipliers of B(Bn) and B0(Bn).

Motivated by these results, in this paper we consider the multipliers of Bω(Bn) in the case
where ω is a normal weight on the unit ball Bn ⊂ Cn. This paper is organized as follows. In
Section 2, we recall the notation of the Bloch-type space Bω(Bn). In Section 3, we extend certain
growth estimates for functions f ∈ B(Bn). At the end of this section, we prove that the two
quantities

sup
{
|f(z)− f(0)| : ∥f∥BR

ω (Bn) ≤ 1
}

and

∫ ∥z∥

0

dt

ω(t)
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are asymptotic. We then study the multipliers of Bω(Bn), and, based on the ideas in [4, The-
orems 3.1 and 3.4], we estimate the growth of functions in B0(Bn). From Theorem 3.1 and
Proposition 3.1, we show that a function f ∈ H(Bn) is a multiplier of the Bloch-type space
B∇
ω (Bn) if and only if f is a multiplier of B∇

ω,0(Bn).

Finally, in Section 4, we investigate the condition for a function to be a multiplier of the
Zygmund-type space in the case ∫ 1

0

(∫ t

0

ds

ω(s)

)
dt = ∞.

Compared with Bloch-type spaces, Zygmund-type spaces involve the second radial derivative and
are naturally connected to Lipschitz-type conditions in complex analysis. They arise in the study
of fine boundary behavior of holomorphic functions, embedding theorems, and the boundedness
of various integral or differential operators. Although the multiplier problem for Bloch-type
spaces has been investigated extensively, the corresponding problem for Zygmund-type spaces
with general normal weights remains less developed. Our goal in this part is to provide sharp
necessary and sufficient conditions for multipliers on Zω(Bn), thereby extending and unifying
several known results in both the unweighted and weighted settings.

Throughout this paper, the notation a ≍ b means that there exist positive constants C,D
such that Ca ≤ b ≤ Da.

2 Background

Let Bn denote the open unit ball in Cn. The space H∞(Bn) consists of all bounded holomorphic
functions on Bn, that is,

H∞(Bn) =

{
f : Bn → C : sup

z∈Bn

|f(z)| <∞
}
.

The space H∞(Bn) is a Banach space with respect to the norm

∥f∥∞ := sup
z∈Bn

|f(z)|.

Definition 1. A positive continuous function ω on the interval [0, 1) is called normal if there are
three constants 0 ≤ δ < 1 and 0 < a < b <∞ such that

ω(t)

(1− t)a
is decreasing on [δ, 1), lim

t→1

ω(t)

(1− t)a
= 0, (W1)

ω(t)

(1− t)b
is increasing on [δ, 1), lim

t→1

ω(t)

(1− t)b
= ∞. (W2)

If we say that a function ω : Bn → [0,∞) is normal, we also assume that it is radial, that is,
ω(z) = ω(∥z∥) for every z ∈ Bn.

Strictly positive continuous functions on Bn are called weights.

The weighted Banach spaces H∞
ω (Bn) are defined by

H∞
ω (Bn) :=

{
f ∈ H(Bn) : sup

z∈Bn

ω(z)|f(z)| <∞
}
.
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It is easy to check that H∞(Bn) ⊊ H∞
ω (Bn). For example, the function f(z) = 1

1−⟨z,w⟩ ∈ H∞
ω (D)

but not belong to H∞(D) with ω(t) = 1− t2.

We define the Bloch-type space

Bω(Bn) := {f ∈ H(Bn) : ∥f∥Bω(Bn) := |f(0)|+ sup
z∈Bn

ω(z)|Rf(z)| <∞}

where Rf(z) =

n∑
k=1

zk
∂f

∂zj
(z) and the Zygmund-space space

Zω(Bn) := {f ∈ H(Bn) : ∥f∥Zω(Bn) := |f(0)|+ sup
z∈Bn

ω(z)|R(2)f(z)| <∞}

where R(2)f(z) = R(Rf)(z).

A function f ∈ Bω(Bn) (resp. Zω(Bn)) is said to belong to Bω,0(Bn) (resp. Zω,0(Bn)) if

lim
∥z∥→1−

ω(z)|Rf(z)| = 0 (resp. lim
∥z∥→1−

ω(z)|R(2)f(z)| = 0)

In the case ω(z) = (1− ∥z∥2)α with α > 0, we write Bα(Bn) instead of Bω(Bn).

It is known that for every f ∈ B(Bn), there exists a constant C > 0 such that

|f(z)− f(0)| ≤ C log
1

1− ∥z∥2

for all z ∈ Bn. A natural question is to consider the above result in the case Bω(Bn) where ω is
a normal weight on the unit ball Bn.

Proposition 2.1. Let ω be a normal weight on Bn. Then there exists a constant C > 0 such that

|f(z)− f(0)| ≤ C

∫ ∥z∥

0

dt

ω(t)
∥f∥sBω(Bn) (2.1)

for f ∈ Bω(Bn) and z ∈ Bn.

Proof. Since Rf(0) = 0 and by Schwarz lemma, we have

|Rf(z)| ≲
2∥f∥sBR

ω (Bn)

mint∈[0;1/2] ω(t)
∥z∥, with ∥z∥ < 1

2
.

Therefore, for ∥z∥ < 1
2 and let C1 =

maxt∈[0;1/2] ω(t)

mint∈[0;1/2] ω(t) , we have

|f(z)− f(0)| ≤
∫ 1

0

∣∣∣Rf(tz)
t

∣∣∣dt ≤ 2∥f∥sBR
ω (Bn)

mint∈[0;1/2] ω(t)
∥z∥

≲
2∥z∥

mint∈[0;1/2] ω(t)
|∥f∥sBR

ω (Bn) ≤ 2C1

∫ ∥z∥

0

dt

ω(t)
∥f∥sBω(Bn).

Next let z ∈ Bn with ∥z∥ ≥ 1
2 , we estimate

|f(z)− f(0)| ≤ |f(z)− f(z/2)|+ |f(z/2)− f(0)|
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≤
∫ 1

1/2

∣∣∣Rf(tz)
t

∣∣∣dt+ C1∥f∥sBR
ω (Bn)

≤ 4

∫ ∥z∥

0

dt

ω(t)
∥f∥sBω(Bn) + 2C1

∫ ∥z∥

0

dt

ω(t)
∥f∥sBω(Bn)

≤ C

∫ ∥z∥

0

dt

ω(t)
∥f∥sBω(Bn).

Hence, the proposition is proved.

From Proposition 2.1, we have the following result

Corollary 2.1. Let ω be a normal weight on Bn. Then there exists a constant C > 0 such that

sup
{
|f(z)− f(0)| : ∥f∥BR

ω (Bn) ≤ 1
}
≤ C

∫ ∥z∥

0

dt

ω(t)
. (2.2)

Now, by modifying from an original one in [5], we prove the converse inequality.

First, we consider the holomorphic function

g(z) := 1 +
∑
k>k0

2kznk , z ∈ D, (2.3)

where k0 =
[
log2

1
ν(δ)

]
, nk =

[
1

1−rk

]
with rk = ν−1(1/2k) for every k ≥ 1. Here the symbol [x]

means the greatest integer not more than x. By [7, Theorem 2.3], g(t) is increasing on [0, 1) and

|g(z)| ≤ g(|z|) ∈ R ∀z ∈ D,

0 < C1 := inf
t∈[0,1)

ν(t)g(t) ≤ sup
t∈[0,1)

ν(t)g(t) ≤ C2 := sup
z∈D

ν(z)|g(z)| <∞. (2.4)

In [5, Lemma 2.1], Hamada claimed that there exist the constants r1 ∈ (0; 1) and C3 > 0 such

that
∫ r1
0
g(t)dt = 1 and

∫ r

0
g(t)dt ≤ C3

∫ r2

0
g(t)dt for all r ∈ [r1, 1).

Lemma 2.1. There exists a constant C such that∫ ∥z∥

0

dt

ω(t)
≤ C sup{|h(z)− h(0)| : ∥h∥BR

ω (Bn) ≤ 1}.

Proof. For each z ∈ Bn \ {0}, lz ∈ Tz, we define

f(w) =

∫ ⟨w,z⟩

0

g(ξ)dξ.

It is easy to see that f ∈ BR
ω (Bn) and

∥fv∥BR
ω (Bn)

C2
≤ 1. Now, for all ∥z∥ ≥ r1, we have the following

estimate ∫ ∥z∥

0

dt

ω(t)
=

∫ ∥z∥

0

g(t)

g(t)ω(t)
dt ≤ 1

C1

∫ ∥z∥

0

g(t)dt ≤ C3

C1

∫ ∥z∥2

0

g(t)dt

=
C3

C1
|f(z)− f(0)| ≤ C3

C1C2
sup{|h(z)− h(0)| : ∥h∥BR

ω (Bn) ≤ 1}.
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From Corollary 2.1 and Lemma 2.1, we obtain

Proposition 2.2. Let ω be a normal weight on Bn. Then there exists a constant r ∈ (0; 1) such
that

sup
{
|f(z)− f(0)| : ∥f∥BR

ω (Bn) ≤ 1
}
≍

∫ ∥z∥

0

dt

ω(t)
, (2.5)

where z ∈ Bn and ∥z∥ ≥ r.

3 Multipliers of Bloch space

Now, we consider the multiplier of the Bloch-type space on the unit ball Bn of Cn.

Recall that a function f is said to be a multiplier of Bloch-type space Bω(Bn) if f ·g ∈ Bω(Bn).

Theorem 3.1. Let ω be a normal on the unit ball Bn and f : Bn → C be holomorphic function.
Then f is a multiplier of the Bloch space Bω(Bn) if and only if f ∈ H∞(Bn) and the function
h : Bn → R defined by

h(z) := ω(∥z∥)∥∇f(z)∥Iω(∥z∥)

is bounded, where Iω(∥z∥) =
∫ ∥z∥
0

dt
ω(t) .

Proof. As in the proof of [4, Theorem 3.1], it suffices to show that both f and the function

h(z) := ω(∥z∥)∥∇f(z)∥Iω(∥z∥),

are bounded whenever f is a multiplier of the Bloch-type space B∇
ω (Bn).

By [5], the Bloch-type space B∇
ω (Bn) is a Banach space.

Suppose f is a multiplier of B∇
ω (Bn). Then there exists a constant C > 0 such that

∥f · g∥B∇
ω (Bn) ≤ C∥g∥B∇

ω (Bn) for all g ∈ B∇
ω (Bn).

Fix z ∈ Bn. Let δz denote the point evaluation functional at z, that is, δz(g) = g(z) for
g ∈ B∇

ω (Bn). Then,

|f(z)| · |δz(g)| = |f(z)g(z)| = |δz(f · g)| ≤ ∥f · g∥B∇
ω (Bn) · ∥δz∥ ≤ C∥δz∥ · ∥g∥B∇

ω (Bn).

Taking the supremum over all g in the unit ball of B∇
ω (Bn), we obtain:

|f(z)| · ∥δz∥ ≤ C∥δz∥.

Thus, |f(z)| ≤ C for all z ∈ Bn, so f ∈ H∞(Bn).

Next, we estimate the gradient term. Since

∇(f · g)(z) = f(z)∇g(z) + g(z)∇f(z),

we have
ω(z)∥∇(f · g)(z)∥ ≤ ω(z) (|f(z)| · ∥∇g(z)∥+ |g(z)| · ∥∇f(z)∥) .
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Using the definition of the Bloch-type norm, we get:

ω(z)|g(z)| · ∥∇f(z)∥ ≤ ∥f∥∞ · ∥g∥B∇
ω (Bn) + C∥g∥B∇

ω (Bn).

Now take the supremum over all g in the unit ball of B∇
ω (Bn) satisfying g(0) = 0. By

Proposition 2.2, this gives the estimate:

ω(∥z∥)∥∇f(z)∥ · Iω(∥z∥) ≤ C ′,

for some constant C ′ > 0. That is, h(z) is bounded on Bn.

Since ω is positive, continuous on Bn, it is easy to see that there exists M > 0 such that

ω(z).Iω(z) < M, for all z ∈ Bn (3.1)

From (3.1) and Theorem 3.1, we have

Corollary 3.2. Let ω be a normal weight on the unit ball Bn. Then every polynomial is a
multiplier of Bω(Bn).

In [4, Lemma 3.1], Galindo and Lindström characterized the growth of a function in B0(Bn)
in the case ω(z) = 1− ∥z∥2. It is the key to characterize the equivalent of multipliers for B0(Bn)
and B(Bn). A natural question is whether this result still true for general weights. We modify

the proof in [4, Lemma 3.1] by adding the condition
∫ 1

0
dt

ω(t) = ∞.

Proposition 3.1. Let ω be a normal weight on the unit ball Bn such that
∫ 1

0
dt

ω(t) = ∞ and

g ∈ Bω,0(Bn). Then

lim
∥z∥→1−

|g(z)|
Iω(∥z∥)

= 0.

Proof. Without loss of genarality, we can assume that ∥g∥Bω(Bn) = 1 and g(0) = 0. This gives that
|g(z)| ≤ CIω(∥z∥) for some C > 0. From g ∈ Bω,0(Bn) we get directly that lim

∥z∥→1−
ω(z)∥Rg(z)∥ =

0. Given ε > 0 then there exists s ∈ ( 12 ; 1) such that ω(z)∥Rg(z)∥ < ε for ∥z∥ > s2.

Since
∫ 1

0
dt

ω(t) = ∞, there exists r > 0 such that for ∥z∥ > r then∫ ∥z∥

0

dt

ω(t)
>

∫ s

0
dt

ω(t)

ε
.

If ∥z∥ > s, from g(sz) ≤ Iω(sz) =
∫ s∥z∥
0

dt
ω(t) ≤

∫ ∥z∥
0

dt
ω(t) , we have

|g(z)− g(sz)| =
∣∣∣ ∫ 1

s

Rg(zt)

t
dt
∣∣∣ = ∣∣∣ ∫ 1

s

Rg(zt)ω(zt))

tω(zt)
dt
∣∣∣

≤ ε

∫ 1

s

dt

tω(zt)
dt = ε

∫ 1

s

∥z∥dt
t∥z∥ω(zt)

≤ ε

∥z∥2

∫ ∥z∥

0

dt

ω(t)
< 4ε

∫ ∥z∥

0

dt

ω(t)
.

Consequently,

|g(z)|
Iω(z)

=
|g(z)− g(sz) + g(sz)|

Iω(z)
≤ |g(z)− g(sz)|

Iω(z)
+

|g(sz)|
Iω(z)

< 5ε.

The proof is complete.
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Theorem 3.3. Let ω be a normal weight such that
∫ 1

0
dt

ω(t) = ∞. Then the function f ∈ H(Bn)

is a multiplier of the Bloch-type space Bω(Bn) if and only if f is a multiplier of Bω,0(Bn).

Proof. Suppose that f is a multipier of Bω(Bn) and g ∈ Bω,0(Bn).

It follows that lim
∥z∥→1−

ω(z)∥Rg(z)∥ = 0. By Theorem 3.1, we obtain

lim
∥z∥→1−

ω(z)|f(z)|∥Rg(z)∥ = 0. (3.2)

Since

ω(z)R(f · g)(z) = ω(z)f(z)Rg(z) + ω(z)Rf(z)g(z), (3.3)

by applying Theorem 3.1, we conclude that

lim
∥z∥→1−

ω(z)∥Rf(z)∥|g(z)| = lim
∥z∥→1

|g(z)|
Iω(∥z∥)

.ω(z)∥Rf(z)∥Iω(∥z∥) = 0. (3.4)

From (3.2) and (3.4), we obtain f · g ∈ Bω,0(Bn).

Conversely, suppose that f is a multiplier of Bω,0(Bn). We prove that f · g ∈ Bω(Bn) for all
g ∈ Bω(Bn). For each λ ∈ B1, we consider the function gλ : Bn → C defined by gλ(x) = g(λx).
It is easy to see that gλ ∈ Bω,0. Therefore, f · gλ ∈ Bω,0 for all λ ∈ B1. Thus, (f · g)λ(z) :=
f(λz)g(λz) ∈ Bω,0(B1) for λ ∈ B1. By [13, Theorem 2.2], we obtain that f · g ∈ Bω(Bn).

Remark 1. The multiplication Mf : Bω(Bn) → Bω(Bn) given by Mf (g) = gf is invertible if and
only if 1/f is a multipler of Bω(Bn).

Proof. If Mf is invertible then there exists h ∈ Bω(Bn) such that hf = 1. Thus, 1/f ∈ Bω(Bn).
Now, for each g ∈ Bω(Bn) then there is h ∈ Bω(Bn) so that hf = g. It follows that 1/f.g = h ∈
Bω(Bn).

Corollary 3.4. 1/f is a multiplier of Bω(Bn) if and only if 1/f ∈ H∞(Bn).

Proof. It suffices to prove the converse. By Theorem 3.1, we only need to check that

ω(z)∥R(1/f)(z)∥Iω(∥z∥) <∞.

Since 1/f ∈ H∞(Bn), there is a constan a > 0 such that a ≤ |f(z)| for all z ∈ Bn. This imples
that f is a multiplier of Bω(Bn). By Theorem 3.1, we have

sup
z∈Bn

ω(z)∥Rf(z)∥Iω(∥z∥) <∞.

Moreover,

|R(1/f)(z)| =
∣∣∣−Rf(z)
f2(z)

∣∣∣ ≤ 1

a2
.|Rf(z)|.

It follows that

sup
z∈Bn

ω(z)|R(1/f)(z)|Iω(∥z∥) <∞.
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4 Multipliers of Zygmund-type spaces of holomorphic func-
tions on the unit ball of Cn

In this section, we study pointwise multipliers on the weighted Zygmund-type space of holomor-
phic functions defined on the unit ball Bn ⊂ Cn.

We show that this condition is precisely characterized by the integral function

I(2)ω (∥z∥) :=
∫ ∥z∥

0

(∫ t

0

ds

ω(s)

)
dt.

Recall that a function f ∈ H(Bn) is said to belong to the Zygmund-type space Zω(Bn) if

sup
z∈Bn

ω(z)
∣∣∣R(2)f(z)

∣∣∣ <∞,

where the second radial derivative is defined by R(2)f(z) := R(Rf)(z) and

Rf(z) :=

n∑
j=1

zj
∂f

∂zj
(z).

We denote by Zω,0(Bn) the closed subspace of Zω(Bn) consisting of functions vanishing near
the boundary in the weighted second radial derivative sense:

Zω,0(Bn) :=

{
f ∈ Zω(Bn) : lim

∥z∥→1−
ω(z)|R(2)f(z)| = 0

}
.

Let ψ be a holomorphic function on Bn. We say that ψ is a pointwise multiplier of Zω(Bn)
if

Mφ(f) := ψf ∈ Zω(Bn), for all f ∈ Zω(Bn).

The set of all such multipliers is denoted by Mult(Zω(Bn)). We are now interested in giving
a necessary and sufficient condition for a function φ to define a bounded multiplier. For this
purpose, we first recall the formula for the second radial derivative of a product:

R(2)(ψf)(z) = ψ(z)R(2)f(z) + 2Rψ(z)Rf(z) +R(2)ψ(z)f(z).

Lemma 4.1. Let ω be a normal weight on Bn. Then there exist constants C > 0 and r ∈ (0, 1)
such that for all z ∈ Bn with ∥z∥ ≥ r, we have∫ ∥z∥

0

∫ s

0

dt ds

ω(t)
≤ C sup {|h(z)− h(0)| : ∥h∥Zω ≤ 1} .

Proof. Fix z ∈ Bn \ {0} and set ζ := z/∥z∥. Consider the function

h(w) :=

∫ ⟨w,ζ⟩

0

∫ t

0

dξ dt

ω(ξ)
, w ∈ Bn.

A direct computation shows that

R(2)h(w) =
1

ω(⟨w, ζ⟩)
.
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In particular, for w = z we have ⟨z, ζ⟩ = ∥z∥, hence

|R(2)h(z)| = 1

ω(∥z∥)
.

Therefore
∥h∥Zω

= sup
u∈Bn

ω(u)|R(2)h(u)| = 1.

Moreover,

h(z)− h(0) =

∫ ∥z∥

0

∫ t

0

dξ dt

ω(ξ)
= I(2)ω (∥z∥).

This shows that

I(2)ω (∥z∥) = |h(z)− h(0)| ≤ sup{|h(z)− h(0)| : ∥h∥Zω
≤ 1}.

Finally, since ω is normal, the above estimate holds uniformly for ∥z∥ ≥ r with an absolute
constant C > 0, giving the desired inequality.

Proposition 4.1. Let ω be a normal weight on Bn. Then

|f(z)− f(0)| ≤
∫ ∥z∥

0

∫ t

0

ds dt

ω(s)
= I(2)ω (∥z∥).

for all f ∈ ZR
ω (Bn) such that ∥f∥Zω

≤ 1.

Proof. Let f ∈ Zω(Bn) with ∥f∥Zω
≤ 1. Fix z ∈ Bn \ {0} and define the radial path γ(t) = tζ,

where ζ = z/∥z∥ ∈ ∂Bn and t ∈ [0, ∥z∥].
We can write the Taylor expansion of f along this radial line:

f(z)− f(0) =

∫ ∥z∥

0

Rf(tζ) dt =

∫ ∥z∥

0

(∫ t

0

R(2)f(sζ) ds

)
dt.

Taking absolute values and using Fubini’s theorem:

|f(z)− f(0)| ≤
∫ ∥z∥

0

(∫ t

0

|R(2)f(sζ)| ds
)
dt =

∫ ∥z∥

0

∫ t

0

|R(2)f(sζ)| ds dt.

Since ∥f∥Zω ≤ 1, we have:

|R(2)f(sζ)| ≤ 1

ω(s)
.

Hence,

|f(z)− f(0)| ≤
∫ ∥z∥

0

∫ t

0

ds dt

ω(s)
= I(2)ω (∥z∥).

Proposition 4.2. Let ω be a normal weight on Bn. Then there exists a constant r ∈ (0; 1) such
that

sup
{
|f(z)− f(0)| : ∥f∥Zω(Bn) ≤ 1

}
≍

∫ ∥z∥

0

∫ t

0

ds dt

ω(s)
, (4.1)

where z ∈ Bn and ∥z∥ ≥ r.
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This motivates the following characterization:

Theorem 4.1. Let ω be a normal weight on the unit ball Bn ⊂ Cn, and let ψ ∈ H(Bn). Then ψ
is a multiplier of the weighted Zygmund-type space Zω(Bn) if and only if ψ ∈ H∞(Bn) and the
function

H(z) := ω(∥z∥)
(
|R(2)ψ(z)| · I(2)ω (∥z∥) + |Rψ(z)|+ |ψ(z)|

)
is bounded on Bn, where

I(2)ω (∥z∥) :=
∫ ∥z∥

0

∫ t

0

ds dt

ω(s)
.

Proof. Assume first that ψ is a multiplier of Zω(Bn). Then there exists a constant C > 0 such
that

∥ψf∥Zω
≤ C∥f∥Zω

, ∀f ∈ Zω(Bn).

By the definition of the norm, we have

∥f∥Zω
:= |f(0)|+ sup

z∈Bn

ω(∥z∥) |R(2)f(z)|.

Step 1: Boundedness of ψ. Choose f ≡ 1 ∈ Zω(Bn). Then

R(2)f(z) = 0, f(0) = 1,

so

∥ψ∥Zω = |ψ(0)| <∞.

Thus, ψ ∈ H∞(Bn) since we can replace f with constants to estimate |ψ(z)| at any point by
evaluation as a multiplier.

Step 2: Boundedness of H(z). Let f ∈ Zω(Bn) be arbitrary. By the product rule for
holomorphic functions,

R(2)(ψf) = (R(2)ψ)f + 2(Rψ)(Rf) + ψ(R(2)f).

Hence,

|R(2)(ψf)(z)| ≤ |R(2)ψ(z)| |f(z)|+ 2|Rψ(z)| |Rf(z)|+ |ψ(z)| |R(2)f(z)|.

Now take supremum and multiply by ω(∥z∥):

ω(∥z∥) |R(2)(ψf)(z)| ≤ ω(∥z∥)
(
|R(2)ψ(z)| |f(z)|+ 2|Rψ(z)| |Rf(z)|+ |ψ(z)| |R(2)f(z)|

)
.

Therefore,

ω(∥z∥) |R(2)(ψf)(z)| ≲
[
ω(∥z∥)

(
|R(2)ψ(z)| I(2)ω (∥z∥) + |Rψ(z)|+ |ψ(z)|

)]
· ∥f∥Zω

.

Moreover, since

(ψf)(0) = ψ(0)f(0),

we have

|(ψf)(0)| ≤ ∥ψ∥∞ |f(0)| ≤ ∥ψ∥∞ · ∥f∥Zω
.
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Combining both parts, we get

∥ψf∥Zω
≲ sup

z∈Bn

H(z) · ∥f∥Zω
,

where
H(z) := ω(∥z∥)

(
|R(2)ψ(z)| I(2)ω (∥z∥) + |Rψ(z)|+ |ψ(z)|

)
.

So H must be bounded.

Conversely, suppose that ψ ∈ H∞(Bn) and H(z) is bounded on Bn. Then the above
estimates work in reverse and yield

∥ψf∥Zω
≤ C∥f∥Zω

, ∀f ∈ Zω(Bn).

Hence, ψ is a multiplier of Zω(Bn).

Proposition 4.3. Let ω be a normal weight on the unit ball Bn such that∫ 1

0

∫ t

0

ds

ω(s)
dt = ∞,

and let f ∈ Zω,0(Bn). Then

lim
∥z∥→1−

|f(z)|
I
(2)
ω (∥z∥)

= 0,

where

I(2)ω (r) :=

∫ r

0

(∫ t

0

ds

ω(s)

)
dt.

Proof. Without loss of generality, assume that ∥f∥Zω
= 1 and f(0) = Rf(0) = 0. Then we have:

|f(z)| ≤ CI(2)ω (∥z∥)

for some constant C > 0.

Since f ∈ Zω,0(Bn), we have

lim
∥z∥→1−

ω(∥z∥)|R(2)f(z)| = 0.

Fix ε > 0. Then there exists s ∈
(
1
2 , 1

)
such that

ω(∥z∥)|R(2)f(z)| < ε whenever ∥z∥ > s2.

Since
∫ 1

0

∫ t

0
ds

ω(s)dt = ∞,, it follows that I
(2)
ω (r) → ∞ as r → 1−. So we can choose r0 ∈ (0, 1)

such that for ∥z∥ > r0,

I(2)ω (∥z∥) > 1

ε

∫ s

0

(∫ t

0

ds

ω(s)

)
dt.

Now fix z ∈ Bn with ∥z∥ > max{s, r0}. Consider the Taylor expansion with radial deriva-
tives:

f(z) = f(sz) +Rf(sz)(1− s)∥z∥+
∫ 1

s

R(2)f(tz)(1− t)∥z∥2dt.
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Then:

|f(z)− f(sz)| ≤ |Rf(sz)|(1− s)∥z∥+
∫ 1

s

|R(2)f(tz)|(1− t)∥z∥2dt.

Note that |Rf(sz)| ≤ ∥f∥Zω = 1, and for ∥tz∥ > s2, we have |R(2)f(tz)| < ε
ω(t∥z∥) . So:

|f(z)− f(sz)| ≤ (1− s)∥z∥+ ε∥z∥2
∫ 1

s

1− t

ω(t∥z∥)
dt

≤ (1− s)∥z∥+ ε∥z∥2
∫ ∥z∥

0

(∫ t

0

ds

ω(s)

)
dt

= (1− s)∥z∥+ ε∥z∥2I(2)ω (∥z∥).

Also, since f(sz) is bounded by I
(2)
ω (s∥z∥) ≤ I

(2)
ω (∥z∥), we have:

|f(z)|
I
(2)
ω (∥z∥)

≤ |f(z)− f(sz)|
I
(2)
ω (∥z∥)

+
|f(sz)|
I
(2)
ω (∥z∥)

≤ (1− s)∥z∥
I
(2)
ω (∥z∥)

+ ε∥z∥2 + 1.

When ∥z∥ is close to 1, the first term tends to 0 (since denominator blows up), so:

lim sup
∥z∥→1−

|f(z)|
I
(2)
ω (∥z∥)

≤ ε · 12 + 1 · 0 = ε.

Since ε > 0 is arbitrary, the conclusion follows.
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