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On damping a delay control system with global

contraction on a temporal tree

Alexsandr Lednov

Abstract. We consider the problem of damping a control system with delay de-

scribed by first-order functional-differential equations on a temporal tree. The delay

in the system is time-proportional and propagates through the internal vertices. The

problem of minimizing the energy functional with account of the probabilities of the

scenarios corresponding to different edges is studied. We establish the equivalence

of this variational problem to a certain boundary value problem for second-order

functional-differential equations on the tree, possessing both the global contractions

and the global extensions, and prove the unique solvability of both problems. In par-

ticular, it is established that the optimal trajectory obeys Kirchhoff-type conditions

at the internal vertices.

Keywords. Pantograph equation, functional-differential equation, quantum graph, global
delay, temporal graph, variational problem, optimal control

1 Introduction

Krasovskii [14] has posed and studied the problem of damping a control system with aftereffect
described by an equation of retarded type with constant delay. Later on, Skubachevskii [23, 24]
considered a generalization of this problem to the case in which the equation contains the delay
also in the dominant terms, that is, belongs to neutral type (see also [1] and the references
therein). Recently, Buterin extended this problem to the so-called temporal graphs [4, 5, 6, 7].

Differential operators on graphs, often called quantum graphs, have been extensively studied
since the previous century in connection with modeling various processes in complex systems that
can be represented as spatial networks [18, 19, 15, 21, 3]. Such models typically involve Kirchhoff-
type conditions at the internal vertices. Studies [4, 5, 6, 7] have shown that analogous conditions
are satisfied by optimal trajectories on temporal graphs.

The concept of functional-differential operators on graphs with global delay was suggested
in [8]. In other words, the delay propagates through all internal vertices of the graph to the
subsequent edges. Specifically, the solution on the incoming edge determines the initial function
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for the equations on the outgoing edges. The global delay has become an alternative to the
locally nonlocal settings introduced by Wang and Yang in [25], where the equation on each edge
possessed its own delay parameter and could be considered independently.

The introduction of global delay made it possible to extend to graphs [4, 5] the mentioned
problem of damping a control system with aftereffect. This has led to the concept of a temporal
graph, the edges of which are parameterised by the time variable, while at each internal vertex,
several distinct scenarios arise for the further course of the process in accordance with the number
of edges emanating from that vertex. In [4, 6], a stochastic interpretation of control systems on
temporal trees was proposed. For example, such a system can be obtained by replacing the
coefficients in the equation on an interval with discrete-time stochastic processes having a finite
number of states in R. The countable number of states corresponds to an infinite temporal tree
[6]. In [7], a globally nonlocal integro-differential control system on a star-graph was studied.

In the present paper, we extend to graphs the problem of damping a control system described
by the so-called pantograph equation, which has many important applications [2, 10, 13, 20, 11,
12]. In this case, the delay is not constant but it is a time-proportional contraction. Recently,
differential equations with this type of delay have also attracted special attention in the inverse
spectral theory [9].

The case of the damping problem for a control system with time-proportional delay on an
interval was considered by Rossovskii [22] for the neutral equation:

y′ (t) + ay′
(
q−1t

)
+ by (t) + cy

(
q−1t

)
= u (t) , t > 0, (1.1)

where a, b, c ∈ R and q > 1, while u (t) is a real-valued square-integrable control function. The
state of the system at the initial time is defined by the condition

y (0) = y0 ∈ R. (1.2)

The control problem can be formulated as follows. Find such a control u (t) that would bring
the system (1.1) and (1.2) into the equilibrium y (t) = 0 for t ≥ T .

For achieving this, it is sufficient to find u (t) ∈ L2 (0, T ) leading to the state

y (t) = 0, q−1T ⩽ t ⩽ T, (1.3)

and to put u (t) = 0 for t ≥ T . Since such u (t) is not unique, it is reasonable to look for it trying
to minimize the efforts ∥u∥L2(0,T ).

This leads to the variational problem of minimizing the energy functional

J (y) =

∫ T

0

(
y′ (t) + ay′

(
q−1t

)
+ by (t) + cy

(
q−1t

))2
dt −→ min (1.4)

over the set of functions y (t) ∈ W 1
2 [0, T ] satisfying the boundary conditions (1.2), (1.3).

Solution of the problem (1.2)–(1.4) was obtained in [22], where the problem was reduced
to an equivalent boundary value problem for a second-order functional-differential equation. In
particular, it was shown that if the function y(t) ∈ W 1

2 [0, T ] satisfies conditions (1.2) and (1.3)
and minimizes the functional (1.4), then the integral identity∫ q−1T

0

((
1 + a2q

)
y′(t) + ay′

(
q−1t

)
+ aqy′(qt)

)
v′(t)dt

+

∫ q−1T

0

((
ab− cq−1

)
y′
(
q−1t

)
+
(
cq − abq2

)
y′(qt)

+
(
b2 + c2q

)
y(t) + bcy

(
q−1t

)
+ bcqy(qt)

)
v(t)dt = 0
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holds for all v ∈ W 1
2 [0, T ] such that v (0) = 0 and v (t) = 0 on

[
q−1T, T

]
.

This means that the function y(t) ∈ W 1
2 [0, T ] is a solution of the boundary value problem

for the equation

−
((
1 + a2q

)
y′(t) + ay′

(
q−1t

)
+ aqy′(qt)

)′
+
(
ab− cq−1

)
y′
(
q−1t

)
+
(
cq − abq2

)
y′(qt)

+
(
b2 + c2q

)
y(t) + bcy

(
q−1t

)
+ bcqy(qt) = 0, 0 < t < q−1T,

(1.5)

under conditions (1.2) and (1.3). Since this boundary value problem may have no solution in
W 2

2

[
0, q−1T

]
, the solution is understood in the generalized sense, that is,(

1 + a2q
)
y′(t) + ay′

(
q−1t

)
+ aqy′(qt) ∈ W 1

2

[
0, q−1T

]
.

The converse is also true: if y(t) ∈ W 1
2 [0, T ] is a generalized solution of the problem (1.2),

(1.3), (1.5), then y minimizes the functional (1.4).

The following theorem gives the existence and uniqueness of a generalized solution to the
boundary value problem (1.2), (1.3), (1.5), which also means the unique solvability of the varia-
tional problem (1.2)–(1.4).

Theorem 1.1 ([22]). Let |a| ̸= q−
1
2 . Then the boundary value problem (1.2)–(1.4) has a unique

generalized solution y ∈ W 1
2 [0, T ].

In the present work, we generalize this problem to an arbitrary tree. For simplicity, we
restrict our attention to the case a = 0, i.e. we consider a retarded-type control system. The
neutral system on a star-graph was briefly addressed in [17]. The case of an arbitrary tree requires
a separate investigation.

To illustrate the specifics of the problem on graphs, in the next section, we formulate the
obtained results on a star-shaped graph (see also [16]). In Section 3, we introduce the control
system with time-proportional delay on an arbitrary tree and formulate the corresponding vari-
ational problem. In Section 4, we establish its equivalence to a boundary value problem on the
tree. In the last section, the unique solvability of both problems is proved.

2 Star-shaped graph

Let up to the time point t = T1, associated with the internal vertex v1 of the graph Γm in Figure
1, our control system with time-proportional delay be described by the equation

ℓ1y (t) := y′1 (t) + b1y1 (t) + c1y1
(
q−1t

)
= u1 (t) , 0 < t < T1, (2.1)

where y1(t) is defined on the edge e1 = [v0, v1] of Γm with the initial condition

y1 (0) = y0. (2.2)

At the vertex v1, this system branches into m − 1 independent processes described by the
equations

ℓjy (t) := y′j (t) + bjyj (t) + cjyj
(
q−1 (t− (q − 1)T1)

)
= uj (t) , t > 0, j = 2,m, (2.3)
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Figure 1: A star-shaped graph Γm

but having a common history determined by equation (2.1) along with initial conditions (2.2)
and

yj (t) = y1 (t+ T1) ,
(
q−1 − 1

)
T1 < t < 0, j = 2,m, (2.4)

as well as the continuity conditions at v1 :

yj (0) = y1 (T1) , j = 2,m, (2.5)

agreeing with (2.4) as t → 0−.

As in the preceding section, we assume that q > 1, y0 ∈ R and bj , cj ∈ R, j = 1,m.

For j = 2,m, the jth equation in (2.3) is defined on the infinite edge ej of Γm. Conditions
(2.4) mean that the delay propagates through v1.

The problem (2.1)–(2.5) has a unique solution yj (t) ∈ W 1
2 [0, Tj ], j = 1,m, for arbitrary

fixed Tj > 0, j = 2,m, whenever uj(t) ∈ L2(0, Tj) for j = 1,m. Indeed, on the edge e1, it can be
reduced to solving a Volterra equation of the second kind with a piecewise-constant kernel and a
free term from W 1

2 [0, T1]:

y1(t) = f(t) +

∫ t

0

K(t, s)y1(s)ds,

where

f(t) = y0 +

∫ t

0

u1(s)ds,

K(t, s) =

{
−(b1 + qc1), s ≤ q−1t,

−b1, s > q−1t.

Then, the obtained y1(t) gives the common initial function (2.4) and the common initial condition
(2.5) for all equations in (2.3), which can be solved similarly.
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For definiteness, let Tj > (q − 1)T1 for all j = 2,m. Analogously to the preceding section,
one needs to bring the system (2.1)–(2.5) into the equilibrium state

yj (t) = 0, q−1 (Tj − (q − 1)T1) ⩽ t ⩽ Tj , j = 2,m, (2.6)

by choosing suitable controls uj(t) ∈ L2 (0, Tj) , j = 1,m. Then, letting uj(t) = 0 for t > Tj and
j = 2,m we will have yj(t) = 0 for such t and j. In other words, the system will be damped
on each outgoing edge. Since such uj(t) are not unique, it is natural to try reducing the efforts

∥uj∥L2(0,Tj)
as much as possible. In order to regulate the participation of each ∥uj∥2L2(0,Tj)

in

the corresponding energy functional by choosing a certain positive weight αj .

Thus, we arrive at the variational problem

m∑
j=1

αj

∫ Tj

0

(ℓjy(t))
2
dt → min (2.7)

under conditions (2.2) and (2.4)–(2.6), where αj > 0, j = 1,m, are fixed.

To choose the weights αj , j = 1,m, one can employ a probabilistic approach [4]. In this case,
it is assumed that α1 = 1, and the values of αj for j = 2,m are determined as the probabilities
of the scenarios defined by the equations in (2.3), so that

α2 + . . .+ αm = 1.

Coincidence of all the scenarios would lead to the interval case (see example 2 in [4]).

The following theorems hold.

Theorem 2.1. Functions yj ∈ W 1
2 [0, Tj ], j = 1,m, form a solution of the variational problem

(2.2), (2.4)–(2.7) if and only if they possess the additional smoothness

y1 (t) ∈ W 2
2 [0, T1] , yj (t) ∈ W 2

2

[
0, q−1 (Tj − (q − 1)T1)

]
, j = 2,m,

and solve the boundary value problem (which we denote by B) consisting of the equations

α1 (ℓjy)
′
(t) = α1bjℓjy (t) +


qα1c1ℓ1y (qt) , 0 < t < q−1T1,

q
m∑

k=2

αkckℓky (qt− T1) , q−1T1 < t < T1,

(ℓjy)
′
(t) = bjℓjy (t) + qcjℓjy (qt+ (q − 1)T1) , 0 < t < q−1 (Tj − (q − 1)T1) , j = 2,m,

along with the standing conditions (2.2) and (2.4)–(2.6) as well as the Kirchhoff-type condition

α1y
′
1 (T1) +

(
α1b1 −

m∑
j=2

αjbj

)
y1 (T1) +

(
α1c1 −

m∑
j=2

αjcj

)
y1
(
q−1T1

)
=

m∑
j=2

αjy
′
j (0) ,

additionally emerging at the internal vertex v1.

Theorem 2.2. The boundary value problem B has a unique solution. Moreover, this solution
satisfies the estimate

∥y1∥W 1
2 [0,T1] +

m∑
j=2

∥yj∥W 1
2 [0,q

−1(Tj−(q−1)T1)] ≤ C|y0|,

where C is independent of y0.



100 A. Lednov

These theorems establish the existence and uniqueness of an optimal trajectory [y1, y2, . . . , ym]
with account of all possible scenarios e2, . . . , em simultaneously. Substituting [y1, y2, . . . , ym] into
the equations (2.1) and (2.3), one can obtain the corresponding optimal control [u1, u2, . . . , um].

Below, we generalize Theorems 2.1 and 2.2 to the case of an arbitrary tree (Theorems 4.1
and 5.1). While the outgoing boundary edges of the tree are associated with temporal rays, we
actually deal with a compact tree T obtained by trimming the infinite edges at certain points Tj .

3 Statement of the variation problem on a tree

Consider a compact tree T with the set of edges {e1, . . . , em}, internal vertices {v1, . . . , vd}, and
boundary vertices {v0, vd+1, . . . , vm}. The vertex v0 is labeled as the root. The tree settings
adopted in this work follow the structure described in [4]. Under these settings, each edge ej ,
j = 1,m, emanates from the corresponding vertex vkj

and terminates at vj , where k1 = 0. For

each j = 0, d, the set {eν}ν∈Vj
, where

Vj := {ν : kν = j} , (3.1)

coincides with the set of edges emanating from the vertex vj . The unique simple path between
a vertex vj and the root is given by the chain of edges {ek<ν>

j
}ν=0,νj

, where k<0>
j := j and

k<ν+1>
j := kk<ν>

j
for ν = 0, νj ; the index νj is defined by k

<νj>
j = 1.

Each edge ej is parametrized by variable t ∈ [0, Tj ], where t = 0 corresponds to its initial
vertex vkj

and t = Tj to its terminal vertex vj . By a function y on T , we mean an m-tuple
y = [y1, . . . , ym] whose component yj is defined on the edge ej , that is, yj = yj (t), t ∈ [0, Tj ].

Throughout the rest of the paper, we use the notation

qj (t) := q−1
(
t− (q − 1)T̃j

)
, j = 1,m,

where T̃j :=
∑νj

ν=1 Tk<ν>
j

and q > 1. In particular, we have T̃1 = 0 and q1(t) = q−1t.

For definiteness, let
Tj > (q − 1) T̃j , j = 2,m. (3.2)

Consider the following Cauchy problem on T :

ℓjy (t) := y′j (t) + bjyj (t) + cjyj (qj (t)) = uj (t) , 0 < t < Tj , j = 1,m, (3.3)

yj (t) = ykj

(
t+ Tkj

)
, t ∈ (qj (0) , 0) , j = 2,m, (3.4)

yj (0) = ykj

(
Tkj

)
, j = 2,m, (3.5)

y1 (0) = y0 ∈ R, (3.6)

where bj , cj ∈ R and uj ∈ L2 (0, Tj) for j = 1,m. While the jth equation in (3.3) is defined on the
edge ej of T , relations (3.5) become matching conditions at the internal vertices. Relations (3.4)
are initial-function conditions for all equations in (3.3) except the first one. These conditions
mean that the delay propagates through all internal vertices. Condition (3.6) defines the initial
state of the system for the entire tree.

Since T̃j = T̃kj
+ Tkj

, we can observe that

qj(0) + Tkj =
(
q−1 − 1

) (
T̃kj + Tkj

)
+ Tkj = qkj

(
Tkj

)
, kj = 1, d.
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This, together with (3.2), shows that the argument t + Tkj
in the right-hand side of (3.4) is

positive.

We note that the problem (2.1)–(2.5), obviously, coincides with the problem
(3.3)–(3.6) for d = 1. As in the preceding section, one can show that the latter problem also has
a unique solution

[y1, . . . , ym] ∈
m⊕
j=1

W 1
2 [0, Tj ] .

Example 1. Let m = d + 1. In this case, we have T̃j =
∑j−1

ν=1 Tν , j = 1,m. Introduce the
notations

y(t) := yj

(
t− T̃j

)
, u(t) := uj

(
t− T̃j

)
, T̃j ≤ t ≤ T̃j + Tj , j = 1,m.

Additionally, suppose that b := b1 = · · · = bm and c := c1 = · · · = cm. Then the Cauchy problem
(3.3)–(3.6) takes the form (1.1), (1.2) with a = 0.

Analogously to the preceding section, we intend to find a control function

u = [u1, . . . , um] ∈ L2 (T ) :=

m⊕
j=1

L2 (0, Tj)

that leads to the equilibrium state

yj (t) = 0, t ∈ [qj (Tj) , Tj ] , j = d+ 1,m, (3.7)

and minimizes all ∥uj∥2L2(0,Tj)
with some positive weights αj , j = 1,m.

Thus, we arrive at the variational problem:

J (y) :=

m∑
j=1

αj

∫ Tj

0

(ℓjy (t))
2
dt → min (3.8)

for the functions y = [y1, . . . , ym] defined on T under conditions (3.4)–(3.7).

For brevity, we introduce the designation ℓy := [ℓ1y, . . . , ℓmy]. We note that conditions (3.4)
do not restrict the function y = [y1, . . . , ym] and agree that taking J (y) and ℓy as well as ℓjy
for j = 2,m of any function y on T automatically means the application of the initial-function
conditions (3.4).

4 Reduction to a boundary value problem

Consider the real Hilbert space W k
2 (T ) :=

⊕m
j=1 W

k
2 [0, Tj ] with the natural inner product

(y, z)Wk
2 (T ) :=

m∑
j=1

(yj , zj)Wk
2 [0,Tj ]

,

where y = [y1, . . . , ym] and z = [z1, . . . , zm], while

(f, g)Wk
2 [a,b] =

k∑
v=0

(
f (v), g(v)

)
L2(a,b)
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is the inner product in W k
2 [a, b] and (·, ·)L2(a,b)

is the one in L2 (a, b).

Denote by W the closed subspace of W 1
2 (T ) consisting of all m-tuples

[y1, . . . , ym] ∈ W 1
2 (T ) that obey the matching conditions (3.5), the target conditions (3.7), and

y1(0) = 0.

We also introduce a subspace

W k
2

(
T̃
)
:=

d⊕
j=1

W k
2 [0, Tj ]⊕

m⊕
j=d+1

W k
2 [0, qj (Tj)] ,

which differs from W k
2 (T ) only by replacing Tj with qj (Tj) for j = d+ 1,m.

Lemma 4.1. If y ∈ W 1
2 (T ) is a solution of the variational problem (3.4)–(3.8), then

B(y, w) :=

m∑
j=1

αj

∫ Tj

0

ℓjy(t)ℓjw(t)dt = 0 ∀w ∈ W. (4.1)

Conversely, if y ∈ W 1
2 (T ) obeys (3.5)–(3.7) and (4.1), then y is a solution of (3.4)–(3.8).

Proof. Let y ∈ W 1
2 (T ) be a solution of (3.4)–(3.8). Then for any w ∈ W, the sum y+sw belongs

to W 1
2 (T ) whenever s ∈ R, and obeys conditions (3.5)–(3.7). Put

F (s) := J (y + sw) = J (y) + 2sB(y, w) + s2J (w).

Since J (y + sw) ≥ J (y) for all s ∈ R, we have 0 = F ′(0) = 2B(y, w).

Conversely, for any y ∈ W 1
2 (T ) obeying (3.5)–(3.7), the fulfilment of (4.1) implies

J (y + w) = J (y) + 2B(y, w) + J (w) ≥ J (y)

for all w ∈ W, which gives (3.8).

We transform relation (4.1) by changing variables in the terms involving wj (qj (t)). Then,
in accordance with the definition in (3.3), the expression for B(y, w) takes the following form:

B (y, w) =

m∑
j=1

αj

∫ Tj

0

ℓjy (t)w
′
j (t) dt

+
m∑
j=1

αjbj

∫ Tj

0

ℓjy (t)wj (t) dt+ q
m∑
j=1

αjcj

∫ qj(Tj)

qj(0)

ℓjy
(
q−1
j (t)

)
wj(t)dt,

where q−1
j (t) = qt + (q − 1)T̃j is the inverse of qj(t). Further, applying (3.4) to

w = [w1, . . . , wm] ∈ W, one can represent∫ qj(Tj)

qj(0)

ℓjy
(
q−1
j (t)

)
wj(t)dt =

∫ qj(Tj)

0

ℓjy
(
q−1
j (t)

)
wj(t)dt

+

∫ Tkj

qkj (Tkj )
ℓjy
(
q−1
j (t)− qTkj

)
wkj

(t) dt, j = 1,m,

where T0 = 0, w0 = 0 and q0 = 0. According to (3.1), we have the summation rule

m∑
j=2

Aj =

d∑
j=1

∑
ν∈Vj

Aν ( for any values A2, . . . , Am) .
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Hence, multiplying the preceding relation with αjcj and then summing up, we obtain

m∑
j=1

αjcj

∫ qj(Tj)

qj(0)

ℓjy
(
q−1
j (t)

)
wj(t)dt =

m∑
j=1

αjcj

∫ qj(Tj)

0

ℓjy
(
q−1
j (t)

)
wj(t)dt

+

d∑
j=1

∑
ν∈Vj

ανcν

∫ Tj

qj(Tj)

ℓνy
(
q−1
ν (t)− qTj

)
wj(t)dt.

Thus one can rewrite (4.1) in the equivalent form

B(y, w) =

m∑
j=1

(
αj

∫ Tj

0

ℓjy(t)w
′
j(t)dt

+

∫ Tj

0

(
αjbjℓjy(t) + ℓ̃jy(t)

)
wj(t)dt

)
= 0, w ∈ W,

(4.2)

where

ℓ̃jy (t) =


qαjcjℓjy

(
q−1
j (t)

)
, 0 < t < qj (Tj) , j = 1,m,

q
∑
ν∈Vj

ανcνℓνy
(
q−1
ν (t)− qTj

)
, qj (Tj) < t < Tj , j = 1, d.

(4.3)

while for qj (Tj) < t < Tj , and j = d+ 1,m the expression ℓ̃jy (t) can be defined as zero.

Denote by B the boundary value problem for the second-order functional–differential equa-
tions

Ljy (t) := −αj (ℓjy)
′
(t) + αjbjℓjy (t) + ℓ̃jy (t) = 0, 0 < t < lj , j = 1,m, (4.4)

under conditions (3.4)–(3.7) along with the Kirchhoff–type conditions

αjy
′
j (Tj) + βjyj (Tj) + γjyj (qj (Tj)) =

∑
ν∈Vj

ανy
′
ν(0), j = 1, d, (4.5)

where the expressions ℓ̃jy(t) are defined in (4.3) and

lj := Tj , j = 1, d, lj := qj (Tj) , j = d+ 1,m, (4.6)

βj := αjbj −
∑
ν∈Vj

ανbν , γj := αjcj −
∑
ν∈Vj

ανcν , j = 1, d. (4.7)

The following lemma holds.

Lemma 4.2. If y ∈ W 1
2 (T ) obeys conditions (3.5)–(3.7) and (4.1), then y ∈ W 2

2

(
T̃
)

and it

solves the boundary value problem B. Conversely, any solution y of B obeys (4.1).

Proof. Taking into account that (4.1) is equivalent to (4.2) and applying Lemma 2 from [4] to
(4.2) under the settings (4.6), we get ℓjy(t) ∈ W 1

2 [0, lj ] for j = 1,m and

αjℓjy (Tj) =
∑
ν∈Vj

ανℓνy(0), j = 1, d. (4.8)
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Recalling the definition of ℓjy in (3.3) and using (3.4)–(3.5) and (4.6), we obtain the inclusion

y′j (t) = ℓjy (t)− bjyj (t)− cjyj (qj (t)) ∈ W 1
2 [0, lj ] for j = 1,m, that is, y ∈ W 2

2

(
T̃
)
. Hence, we

can rewrite (4.8) in the equivalent form

y′j (Tj) + bjyj (Tj)+cjyj (qj (Tj))

=
1

αj

∑
ν∈Vj

αν (y
′
ν(0) + bνyν(0) + cνyν (qν (0))) , j = 1, d, (4.9)

where, by virtue of (3.4), the right-hand limits

yν (qν (0)) := lim
t→(qν(0))

+
yν(t) = lim

t→(qν(0))
+
ykν

(t+ Tkν
) = ykν

(qkν
(Tkν

)) = yj (qj(Tj)) ,

obviously, exist. Thus, relation (4.9) along with (3.1), (3.4) and (3.5) give (4.5) with (4.7).

Finally, integrating by parts in (4.2) and using (3.5), (3.7) and the definition in (4.4), we
arrive at

B(y, w) =

d∑
j=1

wj (lj)

αjℓjy (lj)−
∑
ν∈Vj

ανℓνy(0)

+

m∑
j=1

∫ lj

0

Ljy(t)wj(t)dt = 0 (4.10)

which, by virtue of (4.8) and the variety of wj(t), gives (4.4).

Conversely, let y be a solution of the problem B. Since (4.5) is equivalent to (4.8), the second
equality in (4.10) holds, which gives (4.1).

Combining Lemmas 4.1 and 4.2, we arrive at the main result of this section.

Theorem 4.1. A function y ∈ W 1
2 (T ) is a solution of the variational problem

(3.4)–(3.8) if and only if it belongs to W 2
2

(
T̃
)
and solves the boundary value problem B.

5 The unique solvability

In this section, we establish the unique solvability of the boundary value problem B and thus,
according to theorem 4.1, of the variational problem (3.4)–(3.8).

We begin with the following two auxiliary assertions.

Lemma 5.1. There exists C1 such that

∥ℓw∥2L2(T ) ≤ C1∥w∥2W 1
2 (T̃ )

∀w ∈ W. (5.1)

Proof. Using the definition in (3.3) and the inequality

(a1 + . . .+ an)
2 ≤ n

(
a21 + . . .+ a2n

)
, a1, . . . , an ∈ R, (5.2)

for n = 3, we obtain

∥ℓw∥2L2(T ) ≤ 3

m∑
j=1

∫ Tj

0

(
w′

j(t)
)2

dt+ 3

m∑
j=1

b2j

∫ Tj

0

w2
j (t)dt+ 3

m∑
j=1

c2j

∫ Tj

0

w2
j (qj (t)) dt. (5.3)
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Then, applying (3.4) to w, we calculate∫ Tj

0

w2
j (qj (t)) dt = q∥wj∥2L2(0,qj(Tj))

+ q∥wkj∥2L2(qkj
(Tkj

),Tkj )
, j = 1,m, (5.4)

where T0 = 0, w0 = 0 and q0 = 0. This identity along with (5.3) gives (5.1) with C1 independent
of w.

Lemma 5.2. There exists C2 > 0 such that

J (w) ≥ C2∥w∥2W 1
2 (T̃ )

∀w ∈ W.

Proof. To the contrary, let there exist w(n) ∈ W, n ∈ N, such that

J
(
w(n)

)
≤ 1

n

∥∥w(n)

∥∥2
W 1

2 (T̃ )
.

Assuming without loss of generality that
∥∥w(n)

∥∥
W 1

2 (T̃ )
= 1, we arrive at the inequalities

J
(
w(n)

)
≤ 1

n
, n ∈ N. (5.5)

Using the definition of ℓjy and inequality (5.2) for n = 3, we obtain(
w′

j(t)
)2 ≤ 3

(
(ℓjw(t))

2
+ b2jw

2
j (t) + c2jw

2
j (qj (t))

)
, j = 1,m.

Integrate this inequality from 0 to Tj and multiply with αj . Then, summing up with respect to
j and recalling the definition in (3.8), we arrive at

1

3

m∑
j=1

αj

∫ Tj

0

(
w′

j(t)
)2

dt ≤ J (w) +

m∑
j=1

αj

∫ Tj

0

(
b2jw

2
j (t) + c2jw

2
j (qj (t))

)
dt. (5.6)

According to Lemma 5 in [4], the following inequality holds:

∥w′∥2L2(T ) ≥ C3∥w∥2W 1
2 (T̃ )

∀w ∈ W, (5.7)

where C3 > 0, w′ = [w′
1, . . . , w

′
m]. Combining (5.6) with (5.4) and (5.7), we obtain the estimate

αC3

3
∥w∥2

W 1
2 (T̃ )

≤ J (w) +K∥w∥2L2(T ), α := min
j=1,m

αj > 0. (5.8)

Further, by virtue of the compactness of the embedding operator from W 1
2 (T ) into L2(T ),

there exists a sequence
{
w(nk)

}
k∈N that converges in L2(T ). Inequality (5.8) gives

αC3

3

∥∥w(nk) − w(nl)

∥∥2
W 1

2 (T̃ )
≤ J

(
w(nk) − w(nl)

)
+K

∥∥w(nk) − w(nl)

∥∥2
L2(T )

.

Moreover, using (5.2) for n = 2 along with (5.5), we get

J
(
w(nk) − w(nl)

)
≤ 2

nk
+

2

nl
.
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Thus,
{
w(nk)

}
k∈N is a Cauchy sequence also in W 1

2

(
T̃
)
. Let w(0) be its limit therein.

By virtue of Lemma 5.1, the convergence of w(nk) to w(0) in W 1
2

(
T̃
)

implies

ℓw(nk) → ℓw(0) in L2(T ). Then, due to (5.5), we have∥∥ℓw(0)

∥∥2
L2(T )

= lim
k→∞

∥∥ℓw(nk)

∥∥2
L2(T )

≤ 1

α
lim
k→∞

J
(
w(nk)

)
= 0,

that is, ℓw(0) = 0. Thus, w(0) solves the Cauchy problem (3.3)–(3.6) with y0 = 0 and uj(t) ≡ 0

for j = 1,m. Hence, we have w(0) = 0, which contradicts
∥∥w(0)

∥∥
W 1

2 (T )
= 1.

We now proceed to prove the main result of this section.

Theorem 5.1. The boundary value problem B has a unique solution

y ∈ W 1
2 (T ) ∩W 2

2

(
T̃
)
. Moreover, there exists C such that

∥y∥W 1
2 (T ) ≤ C|y0|. (5.9)

Proof. Consider the function Φ = [Φ1, . . . ,Φm] ∈ W 1
2 (T ) determined by the formulae

Φ1 (t) =

{
y0

(
1− qt

T1

)
, 0 ⩽ t < q−1T1,

0, q−1T1 ⩽ t ⩽ T1,
Φj (t) ≡ 0, j = 2, . . . ,m.

By virtue of Lemma 4.2, for a function y ∈ W 1
2 (T ) obeying conditions (3.5)–(3.7), to be a solution

of the problem B, it is necessary and sufficient to satisfy (4.1). In other words, y is a solution of
B if and only if x := y − Φ ∈ W (which is equivalent to (3.5)–(3.7)) and

B(Φ, w) +B(x,w) = 0 ∀w ∈ W (5.10)

(which, in turn, is equivalent to (4.1)).

Since B(w,w) = J (w), Lemmas 5.1 and 5.2 imply that (·, ·)W := B(·, ·) is an equivalent
inner product on W. Moreover, we have the estimate

|B (Φ, w)| = α1

∣∣∣∣∣
∫ T1

0

ℓ1Φ (t) ℓ1w (t) dt

∣∣∣∣∣ ⩽ M |y0|∥w∥W , (5.11)

where ∥w∥W =
√
(w,w)W . Thus, by virtue of the Riesz theorem on the general form of a linear

bounded functional in a Hilbert space, there exists a unique x ∈ W such that (5.10) is fulfilled.
Hence, the problem B has the unique solution y = Φ+ x.

Finally, according to (5.10) and (5.11), we have

∥x∥W ⩽ M |y0|.

which along with Lemma 5.2 gives

∥x∥W 1
2 (T ) = ∥x∥W 1

2 (T̃ )
⩽

M√
C2

|y0|.

Using also the estimate

∥Φ∥2W 1
2 (T ) = ∥Φ1∥2W 1

2 [0,q
−1T1]

=
T 2
1 + 3q2

3qT1
y20 ,

we arrive at (5.9).
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