TAMKANG JOURNAL OF MATHEMATICS
Volume 57, Number 2, 109-121, 2026
DOI:10.5556/j.tkjm.57.2026.5949

A log-convex generalization of
Alzer—Fonseca—Kovacec type inequalities and

applications

Dang Vo Phuc

Abstract. We develop a multiplicative/logarithmic counterpart of the convex-
analytic scheme of Phung—Huy [9] for Alzer—Fonseca—Kovadec type inequalities. At
the scalar level, we establish comparison inequalities for strictly increasing log-convex
functions on the logarithmic scale. We also record a derivative-weighted estimate ex-
pressed via the logarithmic derivative r = (log¢)’, and we clarify parameter regimes
where this derivative factor can improve the universal constant. Concrete applica-
tions are presented for the function ' and the Gamma function I'. We then extend
the scalar comparison to commuting positive definite matrices under unitarily in-
variant norms with the universal constant :8:2; For the non-commuting case,
we obtain “envelope” bounds via spectral pinching onto finite-dimensional abelian
subalgebras, and we include a Heinz-centered quantitative estimate in the pinched
abelian setting, combining a Lipschitz control for g = logop with the Heinz norm

inequality under unitarily invariant norms.

Keywords. Log-convex function, multiplicative inequality, arithmetic—geometric mean,
Gamma function, spectral pinching, Heinz mean, Kubo—Ando theory

1 Introduction

For a,b> 0 and v € (0,1) set
aVyb:= (1 —v)a+vb, a#yb:=a'""b".

A recent and elegant contribution of Phung and Huy [9] provides a unified convex-analytic frame-
work to refine Young-type comparisons between aV,b and a#,b. If ® is increasing and convex,
then Phung and Huy [9] proved that the following inequality holds whenever (a — b)(v — 7) > 0,
and it is reversed otherwise:

®(aV,b) — ®(at,b) < v(l —v)
®(aV,b) — P(att.b) — T(1—7)°
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Remark 1 (Direction of (1.1)). Let a,b > 0 with a # b, and let ® : (0,00) — R be increasing
and convex. For v € (0,1), write z, := aV,b and g, := a#,b (equivalently, z, = (1 — v)a + vb
and g, = a'7b"), and set

Df(a»b) = ®(z,) — (gv).
By [9, Thm. 2.2] (take ¢ = id and ¢ = ®), for any v, 7 € (0, 1),

D®(a,b) _ v(l—wv)
D¥(a,b) = r(1—7)

whenever (a —b)(v —7) >0,

and the inequality is reversed otherwise. In particular, under 0 < v <7 < 1, (1.1) holds for a < b
and is reversed for a > b. Additionally, taking ® = id in (1.1) yields the refined AM-GM gap
control

aV,b — a#,b < v(l —v)
aV:b—a#,b = 7(1—71)

(a<b, 0<v<7<I). (1.2)

Inequalities of Alzer—Fonseca—Kovacec (AFK) type arise as special cases of this framework.

Question. What changes if we replace the convex class by the log-convex class?

This is not a cosmetic substitution: it switches the geometry from additive to multiplicative.
While convexity governs linear interpolation and additive gaps ®(z) — ®(y), log-convexity is
naturally expressed on the logarithmic scale through ratios

1og:jg§ — (logow) (z) — (log o) (v),

and underlies many special functions and information-theoretic quantities (e.g. the functions T,
tt, entropy-like terms tlogt).

More recently, Huy established sharp inequalities between mean quantities in a broader con-
vexity framework (covering in particular both convex increasing and convex decreasing functions);
see [5, Theorem 3.1]. Our results pursue a different direction by focusing on strictly increasing
log-conver functions and by developing operator extensions via pinching/envelope techniques.

In this paper, we develop analogues of (1.1)—(1.2) for a strictly increasing, log-convex ¢,
setting g := logogp, and give related applications. A brief summary of our main contributions
follows; full details are given in Sections 2 and 3:

o Scalar inequality (multiplicative AFK). We prove a base inequality comparing

w(aV,b) w(aV,b)
IOgicp(a#vb) and IOgiw(a#Tb)’

via the monotonicity of log-secants of g and the AM-GM normalization (1.2) (with the
correct direction as in Remark 1). See Theorem 2.1.

o A derivative-weighted estimate. Writing r := ¢'/p = (logy)’ and using the standard
bounds for monotone derivatives, we obtain an upper bound featuring a local factor

Sup[gv’zv] T

inf[g.r,xf] r

We also identify parameter regimes (e.g. x, < g,) in which this local factor is < 1 and
hence truly improves the universal constant. See Theorem 2.2 and Lemma 2.1.
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e Concrete applications. We specialize to ¢(t) = t' (so g(t) = tlogt, r(t) = 1 + logt) and
to @(t) = T'(t + ¢) (so r(t) = ¥(t + ¢)), obtaining explicit constants and domains. See
Corollaries 3.1 and 3.2.

e Commuting matriz extensions. In the commuting case, simultaneous diagonalization re-
duces the problem entrywise to the scalar result and yields unitarily invariant norm in-

equalities with the universal constant :8::3 See Theorem 3.3.

e Non-commuting operators via spectral pinching. For A, B € P, that are comparable in the
Lowner order (in particular, after swapping if necessary so that A < B), we pinch to a
finite-dimensional abelian subalgebra generated by a finite orthogonal partition of unity
and obtain “envelope” bounds controlled by the same universal constant; see Definition 2
and Theorem 3.6. Finally, we derive a Heinz-centered quantitative estimate in the pinched
abelian setting, combining a Lipschitz control for g = log o with a uniform norm-sandwich
for the Heinz mean under unitarily invariant norms (Theorem 3.7); see [2, Ch. 4] (see also
[6]) for Kubo-Ando/Heinz means and [2, Ch. 5, Thm. 5.4.1] for the Heinz norm inequality.

2 Scalar log-convex AFK-type inequalities and refinements

Definition 1 (see [8]). A function ¢ : (0,00) — (0,00) is strictly log-convex on an interval J if
g = log oy is strictly convex on J.

To streamline the exposition, we record three standard ingredients that will be used repeat-
edly.

Remark 2 (Weighted AM-GM and monotonicity of weighted means). For a,b > 0 and v € (0, 1)
set x, := aV,b and g, := a#,b. Then g, < x, (weighted AM-GM). Moreover, if a < b then
both v — z, and v — g, are strictly increasing and

a=go=20< gy <Ty <g1=x1 =0
If @ > b the maps are strictly decreasing and the inequalities reverse.
Remark 3 (Monotonicity of secant slopes for convex functions). If f is convex on an interval

and < y < %z, then
)~ f@) _ fG) @) _ fE) - i)

Yy—x - Z—T - zZ—1

Equivalently, for a1 < as < by and a; < by < by in the interval,
flaz) = fla) _ flb2) = f(b1)
as — a1 - by — b1 '

This is classical; see, e.g., [8, Sec. 1.3, Thm. 1.3.1].

Remark 4 (Differential inequality for C! convex functions). If f € C1([m, M]) is convex, then
form<z<y<M,

f@)y—2) < fly)—fl@) < f)y—2).
In particular, if ¢ > 0 and r := (log )’ is nondecreasing on [m, M], then g = log oy is convex on
[m, M] and the above inequality applies with f = g.

Remark 5 (No fixed order between g, and z,). In general there is no fixed ordering between
gy = a'7¥b” and 2, = (1 — 7)a + 7b. For example, with (a,b,7,v) = (1,4,0.2,0.8) one has
gy = 3.03 > x, = 1.6, while with (1,4,0.2,0.3) one has g, ~ 1.516 < z, = 1.6.
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2.1 Scalar multiplicative AFK inequality

Theorem 2.1 (Multiplicative AFK for log-convex ¢). Let a,b > 0 and let ¢ be strictly log-convex
and strictly increasing on an interval containing

{a#t.b, aV,b: o€ {r,v}}.
Then, for 0 < v, 7 < 1:

i ind v < log (¢(aV,b)/p(a#,b)) (1 —v)
fa<bandv<rt: og (9@ 0) fo(af ) = r=7) (2.1)
i wnd o> log (gp(aV b)/go(a#vb)) v(l — )
Fasbmdv 2T o (V) olatih) © T T) >

For a > b the inequalities reverse in (2.1)—(2.2).

Proof. Let f :=logoy. Since ¢ is strictly log-convex and strictly increasing, f is strictly convex
and increasing on the relevant interval.

Case a < b, v < 7. By Remark 2, we have
Go < Ty, Gr <Tr, Gu S Gry, Ty < Tr
Apply the secant-slope monotonicity in Remark 3 with

a1 = Gu, G2 1= Ty, bl = 9r, b2 =T,
to obtain
f(Iv)ff(gv) < f(zT)if(gT)
—Gv o Tr — Ggr
Equivalently,

IOg((p(xv)/@(gv)) < LTy — Gu

log(p(z7)/0(9:)) — xr—gr
Finally, apply Remark 1 in the regime a < b and v < 7 to obtain

Ty — Gu < ’U(l*’U)'
—g: — 1T(1—=7)
Combining this with the previous display yields (2.1).
Case a < b, v>71. Now g, < g, and =, < z, by Remark 2. Apply Remark 3 with

ai ‘= gr, a2 ‘= Tr, by = v, by = Ly,
to obtain
f(zr) — flgr) < f(zy) = f(g0)
—9gr - Ty — Gu ’
ie.

log(¢(20)/¢(90)) o Zv = g

log(p(z7)/w(9r)) — @r—gr
Finally, apply Remark 1 in the regime a < b and v > 7 (hence the Young-gap ratio inequality is
reversed) to obtain

9 v(l —v) .
—gr T(l - T)
Combining this with the previous display yields (2.2).

Case a > b. Swap (a,b) and replace v by 1 — v and 7 by 1 — 7 to reduce to the case a < b,
which yields the stated reversals. O
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2.2 A derivative-weighted estimate via r = ¢'/¢
Let x4, = aV,b and g, = a#4b.

Theorem 2.2 (A derivative-weighted bound). Assume 0 < a < b and ¢ € C*([a,b]) is nonde-
creasing and log-convex on [a,b]. Set

r(t) = (log)'(t) =

which is nonnegative and nondecreasing on [a,b]. Fiz 0 < v <7 <1 and assume

[inf ]r(t) >0 (equivalently, r(g;) > 0). (2.3)
telgr,xr
Then
sup 7r(t)
IOg (SD(:EU)/QO(gU)) < t€[gu,zv] . Ty — Go < T(b) . U(l — ’U) (2 4)
log (@(%)/@(gT)) - te[igan ]T(t) Tr—9gr T(gT) T(l - T)

Proof. Set g := logoyp and r := ¢’ = (logy) = ¢'/p, which is nondecreasing on [a,b]. By
Remark 4 (applied to the convex g), for g, < z, and g, < z, we have

9(zo) —g(g0) < ( sup r(®) (w0 —gu),  glar) —glgr) = (_inf r(t)) (vr — gr)
tE[Gu,Tv] te(gr,z-]
Since g(z) — g(y) = log(¢(x)/¢(y)), dividing these inequalities gives the first bound in (2.4).

Because r is nondecreasing and z, < b, we have supy, 17 < r(b). Also, since r is nonde-
creasing on [a, b], we have

inf r=r(g,),
[g+,2r]

and the assumption (2.3) ensures r(g,) > 0. Therefore,

SUPy, 0 T (D)

infiy 17 = r(9-)

Ty —go v(1l—w)
Tr—gr < T(1—7)

inequality in (2.4). O

Combining this with (1.2), namely for a < b and v < 7, yields the second

Lemma 2.1 (When the local factor can be < 1). Let 0 < a < b and 0 < v <7 < 1, and set
t:=b/a>1. Then

T, <gr <= ([Q1—-v)+vtt.

(
Equivalently, there exists a unique t, = t.(v,T)

> 1 solving t7 = (1 —v) + vt (and t. = 1 if
v=r1), and x, < g, holds precisely when 1 <t < t,.

In this regime, if r is nondecreasing, then

sup r < inf 7,
(9o, v] lgr,zr

so the derivative multiplier in (2.4) is < 1.
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Proof. Write b = at with ¢ > 1. Then z, = a[(1 — v) + vt] and g, = at”. Since a > 0, the first
equivalence follows.

For the existence and uniqueness of t., consider h(t) =" — (1 — v) — vt on [1,00). One has
h(1) =0, h'(1) =7—v >0, and h”(t) = 7(r —1)t"=2 < 0, so h is concave. Moreover, since 7 < 1
we have lim;_, o, h(t) = —0c0.

If 7 = v, then /(1) = 0 and concavity implies h(¢t) < 0 for all ¢ > 1; hence the unique
solution in [1,00) is ¢, = 1.

If 7 > v, then A'(1) > 0, so h(t) > 0 for t > 1 close to 1, while h(t) — —o0 as t — oo.
By continuity there exists t, > 1 with h(t.) = 0. Concavity rules out more than one zero in
(1,00), so this t, is unique. Since h is concave and h(1) = h(t.) = 0, we also have h(t) > 0 for
all t € [1,¢.].

Finally, when z, < g, we have
Gv va SgTSxT)

because a#,b = at® and aV,b = a[(1 — @) 4+ at] are increasing in « for t > 1, and a#,b < aV,b
for a € (0,1). Hence [gy,zy] C (—00,9;] and [gr, 2] C [gr,00), so if r is nondecreasing,

sup 7 <r(g;) < inf r

[gznxv] [gTva]

This gives the stated bound on the derivative multiplier in (2.4). O

2.3 Examples with numbers (illustrating the derivative factor)

We present concrete computations that quantify the possible “gain” brought by the derivative
factor in (2.4). Note that, in general, the multiplier (sup[gm%] r)/(inf[gﬁxf} 7‘) need not be < 1;
it is < 1 in the regime z, < g, characterized in Lemma 2.1.

Throughout, let

log (¢(x)/¢(g0)) Ty — o o(1 —v)
R = ,  Bagd = , Bpy i= ——,
IOg (@(ﬁ‘F)/@(g’F)) Tr — gr T(l - T)
and ®
su r
Buey 1= oPtelovae] "W

infte lgr.2r] T(t)

Example A: ¢(t) =t
Takea=1,b=2,v=0.3,7=0.7 (so v < 7 and indeed =, < g;). Then

T, = 1.300000, g, = 1.231144, =z, = 1.700000, g, = 1.624505,

v 1 v Jv 1 v
R= Lv 08Ty T v 089v _ () 7y7139,
x;logz, — gr log g,

v Yu 1 -
o =90 0019052, Bey = ") — 1.000000.
Tr — gr T(1—7)

Baaa =

For t* we have r(t) = 1+ logt. On the two intervals,
sup r =1+ logz, = 1.262364, inf r=1+1logg, = 1.485203,

[go,2v] [9r> T+
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hence sup /inf = 0.849961 and
Bier = (0.849961) - Baaq = 0.775209.
We obtain the chain

R =0.747139 < Bger = 0.775209 < Baqq = 0.912052 < Bpy = 1.000000.

Example B: o(t) = t' with closer endpoints
Take a =1.2,b=1.8, v=0.3, 7 =0.7. Then

x, = 1.380000, g, = 1.355216, ., = 1.620000, g, = 1.593841,
R =0.843811, Byqq = 0.947442, Bpy = 1.000000,
sup r =1+ logx, = 1.322083, inf r=1+logg, = 1.466147,

[ngw’u] [97,17]

Baer = 0.854346.

Example C: p(t) =T'(t +¢), c =2
Take a=1,b=2,v=0.3, 7=0.7. Then
z, = 1.300000, g, = 1.231144, «, = 1.700000, g, = 1.624505,

_ logI'(zy +2) —logT'(g, + 2)

~logT(z, +2) —logT(g, + 2)
Baaa = 0.912052, Bppy = 1.000000.

= 0.807214,

Here r(t) = 9(t + 2) (digamma), which is increasing. Moreover x, < g, in this example, so
sup /inf < 1.

3 Applications

3.1 Scalar applications: the functions t' and T’
Throughout this subsection we keep the notation
To = aVab, go:i=a#ad (o€ {r,v}),
and we apply Theorems 2.1 and 2.2 with the specific choices of ¢ listed below.
Corollary 3.1. Lete ! <a<band0<v <71 <1. Then
v(l —v)

z, log z,, gv log g,

( ) —( )

(z7logx:) — (g- log gr) = T(l—7) (3.1)
(xylogay,) — (g 1log gy) 1+logz, v(l —v) 1+logb v(l — o)

(z,logz,) — (g logg,) ~ 1+logg, r(1—7) = 1+loga 7(1—7)’ (3:2)
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Proof. Let p(t) = t'. Then logp(t) = tlogt is strictly convex on (0,00), so  is strictly log-
convex. On (e~ !, 00) one has (log )’ (t) = 1+logt > 0, hence ¢ is strictly increasing there. Thus
Theorem 2.1 applies and gives (3.1) since

)
p(x) ’

x
log =log— =zlogz —ylogy.
e(y) yY

For (3.2), apply Theorem 2.2 with r(t) = 1 + logt, noting that 1 +logg, > 1+ loga > 0. O

Corollary 3.2. Firc>2 andlet0<a<band0<v <7 <1. Then

IOg(P(xv + C)/F(gv + C)) v(1 —w) (3 3)
log(r(xT—Fc)/F(gT—l-C)) (1 77). .
lox( (s + /Tlgo +0) _ 6(b+0) v(1—v)

log(I'(zr +¢)/T(gr + ¢)) = Ya+c) 7(1-7) (34)

Proof. Set ¢(t) = T'(t + ¢). By the Bohr—Mollerup theorem (see also [7]), T' is log-convex on
(0,00), hence so is . Its logarithmic derivative is r(t) = (logT')'(t + ¢) = ¥ (¢t + ¢), and ¥ is
strictly increasing on (0, 00). For ¢ > 2 one has ¢ (t+c¢) > 0 for all t > 0, so ¢ is strictly increasing
on (0,00). Thus Theorem 2.1 applies and yields (3.3). The derivative-weighted estimate (3.4)
follows from Theorem 2.2. O
3.2 Matrix applications (commuting and noncommuting)
We now lift the scalar inequalities to the matrix setting. Write P, for the cone of n x n Hermitian
positive definite matrices.
Geometric mean notation (Kubo—Ando)
For A,B € P, and « € [0,1], we use the weighted arithmetic mean
AV,.B:=(1—-a)A+aB,

and the weighted geometric mean (Kubo—Ando) [2, Ch. 4]

Ao B = AV (AT2BATY2) A2,

If A and B commute, then A#,B = A'~*B2,

Commuting case

Let A, B € P,, commute and assume, in the common eigenbasis, that 0 < mI < A < B < MI
for some 0 < m < M. Let ¢ be strictly increasing and strictly log-convex on [m, M], and set

X, = AV.B, G, = A#.B, D, :=logp(X,) —log o(G,).

Theorem 3.3 (Commuting matrices: unitarily invariant norms). Let A, B € P,, commute and
satisfy 0 < mI < A< B < MI. Let ¢ be strictly increasing and strictly log-convex on [m, M].

Fiz0<v <7 <1 and set Cy := :8:;}% Then:
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(i) In a common diagonalizing basis, D, and D, are diagonal with nonnegative diagonal entries
and satisfy (Dy)i; < Co (D7) for all i.

(ii) For every unitarily invariant norm |||- ||, one has ||| Dy|l| < Co |llD-]l|-

(ii) For the trace, Tr D,, < Cy Tr D;.

Proof. Since A, B commute, there exists a unitary U and scalars a;,b; € [m, M| with a; < b;
such that A = Udiag(a;)U* and B = Udiag(b;)U*. Hence

Xo = Udiag(z)U*, 2@ = (1—a)a; +ab;, G = Udiag(g{)U*, ¢ = al=b2,
and therefore D, = U diag(dY)) U* with
d{) =log p(z)) — log p(g")-

Sir_lce a; < b;, the scalar Theorem 2.1 in the regime v < 7 gives de) < Cy d(Ti) for every i, and
d¥) > 0. This proves (i). For (ii) and (iii), use that unitarily invariant norms are symmetric
gauge functions of singular values (see, e.g., [1, 4]) and sum the diagonal entries for the trace. O

Two concrete commuting corollaries follow.

Corollary 3.4 (Commuting t'). Assume A, B € P, commute and satisfy e 11 < mI < A <
B < MI. For 0 <v <71 <1 and any unitarily invariant norm,

1—
16, 108 X, ~ Gulog Gyl < =2 X, og X, — G log G I

Proof. Take ¢(t) = t* on (e™!,00) so that log p(t) = tlogt. Then D, = X, log X, — G, log G,
by functional calculus. Apply Theorem 3.3. O

Corollary 3.5 (Commuting I'). Fiz ¢ > 2 and assume A, B € P, commute and satisfy 0 <
ml <A< B<MI. Then for any unitarily invariant norm,

(1

Il log (X, + ) =log T(G, + )| < (1_§ llog T+ + ¢) = log I(G + o)

Proof. Take p(t) = I'(t+c) (strictly increasing and log-convex for ¢ > 2) and apply Theorem 3.3.
O

Noncommuting case: spectral pinching and majorization

We recall the pinching map onto a finite-dimensional abelian C*-subalgebra; see [1].

Definition 2 (Pinching / conditional expectation). Let (P;)?_; be mutually orthogonal rank-one
projections on C" with >"" | P; = I. Define the pinching map

E(X)=> PXP, X eM,(C).
i=1

Then &£ is a trace-preserving conditional expectation onto the abelian C*-subalgebra A :=
span{Py,..., P,}.
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Remark 6. If the projections P; are not rank-one, then Ran(&) = @, P;M,,(C)P; is generally
non-abelian; the present paper only uses rank-one pinchings so that Ran(€) is abelian.

Lemma 3.1 (Pinching inequality). For every unitarily invariant norm |||-||| on M, (C) and every
X,

€< XN
Proof. This is the pinching inequality; see [1, Sec. IV.2, Eq. (IV.52)]. O

Let A,B € P, satisty 0 < mI < A< B < MI. For a € {v, 7} set
X, = AV,B, Gy := A#,.B, D, :=logp(X,) —log o(G).
Given a pinching map £ with range A as in Definition 2, set
A:=&(4), B:=E&B),
and for o € {v, 7} define
)?a =E(X,) = Xvaé, Gy 1= Z#aé, = HH log<p log<p ||||
We then define the envelope seminorm
AT = sup AL
A
where the supremum is taken over all finite-dimensional abelian subalgebras A arising from
orthogonal rank-one partitions of unity (pinchings); see [1, 2]. See also [3, Sec. 2.4] for background

on conditional expectations onto maximal abelian *-subalgebras of M,,(C) (e.g. diagonal algebras)
and the associated rank-one pinchings.

Remark 7 (Order of the pinched gap). Assume that g = log op is nondecreasing on [m, M] and
let £ be a rank-one pinching map with range A. For « € (0,1) set

A:=E(A), B :=&(B), X, = AV, B, Go = A#,B
Since g, Be A, they commute. Hence, in A we have the (weighted) AM-GM inequality
Go = ﬁ#aé = Almape < (1- 06)12{4’ aB = )Z'a,
so by functional calculus and the monotonicity of g,
0< g(Xa) — 9(Ga) (Léwner order in A).

Theorem 3.6 (Envelope control (noncommuting via commuting compression)). Let A, B € P,
with0 <ml <A< B<MI,let0<v<7<1, and let ¢ be strictly increasing and strictly

U(l ig Then for every unitarily invariant norm,

log-convex on [m, M]. Set Cy :=

Proof. Fix a pinching map £ with range A. Set A= E(A) and B = E(B). Then A B e A
hence commute, and since £ is positive we have 0 < mlI < A< B < M.
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For a € {v, 7}, note that

Xo = E(AVLB) = AVoB,  Go = A#.B

by linearity of £ and by definition of éa. Applying the commuting Theorem 3.3 to the commuting
pair (A, B) yields

A7 = [lllog ¢ (Xo) —log p(Gu) [[] < Co [[|log ¢(X,) —log p(G-) [[| = Co A7
Taking the supremum over all A gives AS™ < Cp AS™. O

Remark 8 (On operator convexity of g = logop). In this paper, the envelope comparison
AL < Cp A follows from commuting compression (Theorem 3.6) under the scalar hypotheses
(strictly increasing, strictly log-convex on [m, M]). If one additionally assumes that g is operator
convex on [m, M], then the operator Jensen inequality yields the stronger comparison g(£(Z)) <
£(g(Z)), which in turn implies bounds of the form A% < ||| £(Da) Il < |l Dal]- This operator-
convexity assumption holds, for instance, for g(t) = tlogt (hence (t) = '), but it should not be
presumed for g(¢) = logT'(¢t + ¢) on large intervals.

Lemma 3.2 (Lipschitz bound in the abelian setting). Let ¢ : (0,00) — (0,00) be Ct on [m, M],
set g :=logoyp and r:=g' = ¢'/p, and write L := sup,¢cp,, an7(t) < 00. If X,Y are commuting
self-adjoint matrices with spectra contained in [m, M|, then for every unitarily invariant norm,

Ilg(X) =gl < LlIX =Y.

Proof. Since X and Y commute and are self-adjoint, there exists a unitary U such that U *XU =
diag(x1,...,z,) and U*YU = diag(y1, .. .,yn) with x;,y; € [m, M]. Hence

U* (9(X) — g(Y))U = diag(g(z1) — 9(y1); - - -, 9(xn) — 9(yn)),

and similarly U* ()? — ?)U = diag(z1 — y1,..-,%n — Yn). By the scalar mean value theorem and
L = supy,, a) |9'] = supp,, ary s we have |g(2;) — g(yi)| < L|x; — y;| for each i. Therefore, for
every k, the Ky Fan k-norms satisfy

Hg(X) H(k) <L ”X Y”(k)
The Fan dominance theorem [1, Thm. IV.2.2] then yields
ll9(X) - @) < LUK -7 1
for every unitarily invariant norm. O

Theorem 3.7 (Heinz-centered sandwich bound). Let A, B € P, satisfy 0 < mI < A, B < MI,
and let o € [0,1]. Set

A+ B A#oB + At o B
X = AV, o8 = “; . Gi=A#pB,  Hy= T +2 71

Let ¢ : (0,00) — (0,00) be C on [m, M] and assume g := log ¢ is increasing on [m, M]. Write

©'(t)
L:= sup ¢'(t)= sup
te[m, M) te[m,M] o(1)

< o0
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For any rank-one pinching map £ with range A, define 7 = E(Z) for Z €e {A,B,X,G,H,}, and
set
AL =1 9(X) = g(Ha) ||

Then, for every unitarily invariant norm,

AY S LIIX = Hall < LI X = Ha I (35)

<[l A+ Bl -2l Za lll < WA+ B -2l (30

5 (I A+ Bl =2l Fa ) < 1% - £ | (37)
Consequently,

SLj\pAﬁ < L X —Ha || (3.8)

Proof. Inside the abelian algebra A the compressions commute. By Lemma 3.2,
AL = llg(X) = g(HIl < LIIX = Hall-
The pinching map is contractive for unitarily invariant norms, hence
IIX = Halll = NIEX = Ha|l < I1X = Halll  (by Lemma 3.1),

which proves (3.5). Taking sup 4 gives (3.8).
Next, since /1 B commute in A, we have H, = %(ﬁl’aga + gagl’o‘), G= gl/2§1/2, and
X = %(ﬁ—&— B). Apply Bhatia’s Heinz norm inequality ([2, Chapter 5, Theorem 5.4.1, Eq. (5.28)])
with X = I to obtain
2MGII < 20Halll < A+ Bl
which implies (3.6).
Finally, (3.7) follows from the reverse triangle inequality: for U := A+BandV := 2[?0”

HTW=Wvi <o =vill- = lIA+ Bl 2l Halll < (A + B) = 2Halll = 2/ X — Halll

O
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